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APPROXIMATION OF CONJUGATES OF ALMOST LIPSCHITZ 
FUNCTIONS BY MATRIX-CESARO SUMMABILITY METHOD 

SHYAM LAL 

ABSTRACT. In this paper a new theorem on the degree of approximation 

of conjugates of functions in an almost Lipa class by the Matrix-Casaro 

(T)C 1 summability method of the conjugate series of a Fourier series has 

been proved. 

1. DEFINITIONS AND NOTATIONS 

oo n 
Let L: Un be an infinite series with nth partial sum Sn = L: u~.~. If 

n=O v=O 

00 

1 n 

CJn = -n 1 LSk ~ s, as n ~ oo 
+ k=O 

then L: Un is said to be the ( C, 1) summable to s. 
n=O 

Let T = (an,k) be an infinite triangular matrix satisfying the Silverman
Toeplitz [9] conditions of regularity, i.e., 

and 

n 

L an,k ~ 1 as n ~ oo, 
k=O 

n 

an k = 0 for k > n 
' 

L ian,ki :S M, a finite constat. 
k=O 
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The sequence-to-sequence transformation 
n 

mn = :2: an,kSk 

k=O 

SHYAM LAL 

defines the sequence { mn} of matrix means of the sequence { sn} generated by 
00 

the sequence of coefficients ( an,k). The series I: Un is said to be summable 
n=O 

to the sum s by matrix method if lim mn exists and equal to s. If 
n--+oo 

n 

tn = :2: an,kO"k -t s, as n -t 00 

k=O 
00 

then we say that I: un is summable to s by Matrix-Cesaro means (T) C1 . It 
n=O 

is denoted by tn-t s((T)C1), as n -too. 

Thus, if the method of summability (T) is superimposed on the Cesaro 
means of order 1, another method of summability (T) C1 i.e. Matrix-Cesaro 
summability is obtained. 

The important particular cases of Matrix-Cesaro summability method are 
given by 

1. (C, <5) c1, 

2. (H, 1) c1, 
3. (N,pn) C1 

4. (N, p, q) c1 

( n-k+<S-1) 
<5-1 

if an,k = -'-----,(,--n-~--=-<5-=)--=-

if a - 1 
n,k - (n-k+l) logn 

if a k = Pn-k 
n, Pn 

Let 0 < a ~ 1 and let f : R -t R be almost Lipschitz function of order a, 
a 

f E Lip a, in the sense that there is a constant M = MJ 2: 0 and for each 
x E R, there is a subset Ax C [0, ~] of measure zero, such that t E [0, ~] \Ax 
implies 

If (x + 2t)- f (x- 2t)l = M t0 
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a 
Remark: Almost Lipschitz class of order ex, denoted by Lip ex, generalizes 

Ct 

greatly the class Lip ex. Every Lip ex function is trivially Lip ex but the con-
verse is not true. For example, let g denote the characteristic function of the 
irrationals. Take 

Ax = { t E [ 0, iJ : at least one of (x + 2t) and (x- 2t) is rational}, 

so that Ax being countable has measure zero. 

For each x and each t E [0, ~]\Ax both (x + 2t) and (x- 2t) are irra-
a 

tional and so lg (x + 2t) - g (x- 2t) I = 0. Hence g is Lip ex for every ex. But, 
obviously, g is not Lipschitz function of any non-zero order. 

a 
Iff is Lipex function, 21r-periodic on Rand Lebesgue integrable on [-1r,1r] 

then its Fourier series is given by 

1 = 
( 1.1) f ( x) "" 2 ao + L (an cos nx + bn sin nx) 

n=l 

where 
1 j"Tr 1 ;·1!' an=- f(u)cosnudu, bn=- f(u)sinnudu 
7f -1!' 7f -1!' 

and the conjugate series of the Fourier series (1.1) is the series 
00 

(1.2) L (an sin nx - bn cos nx). 
n=l 

For 0 < t :S ~ , since sin t 2: ~ so for each x E R, we have 

11/!x(t) cot ti :S Mtc. ;t = M~tc.-1, t E [o, ~]\Ax, 
where 

1/!x (t) = f (x + 2t)- f (x- 2t). 

Since Ax has measure zero, it follows at once that f has its conjugate function 
], (Zygmund [10]), defined and finite for each x E R by the improper Lebesgue 

integral 

- 1 /'11'/2 1 i'1l'/2 f (x) = -- 1/!x (t) cot t dt =--lim 1/!x (t) cot t dt. 
7f . 0 7f c:-->0 . c: 
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The degree of approximation of a function f : R -+ R by a trigonometric 
Polynomial tn of order n is defined by, (Zygmund [10]), 

lltn- flloo =sup {itn(x)- f(x)l: X E R}. 

2. MAIN THEOREM 

The degree of approximation of a function f E Lip a by Cesaro means, 
Norlund means, Generalized Norlund means, KA-means and (e.c.) means has 
been studied by Alexits [1], Siddiqi [7], Qureshi [5], Sahney and Gael [6], Chan
dra [2], Lal [4] and Srivastava and Verma [8]. Working in this direction Gat 
and Goginava [3] discussed some general methods with respect to summabil
ity of Norlund-logarithmic means of Lipschitz type functions. But till now 
nothing seems to have been done for the approximation of conjugate func-

- a 
tion f of the function f E Lip a by product summability means of the form 
Matrix-Cesaro (T) C1 . Matrix-Cesaro summability method includes ( C, 8) C1 , 

(H, 1) C1, (N,pn) C1, (N,p, q) C1 means as particular cases. In an attempt 
to make an advance in this paper, we study the degree of approximation of 

- a the conjugate functions f of the function f E Lip a by Matrix-Cesaro (T) C1 
product means of the conjugate Fourier series off in the following form: 

Theorem 2.1. LetT= (an,k) be a lower triangular matrix with finite norms 

and E ~+~ = 0 ( n~l). Iff : R-+ R is 21r-periodic and Lebesgue integrable 
k=O 

a 
on [ -1r, 1r] and it is almost Lip a, f E Lip a, then the degree of approximation 

n 
of its conjugate function 7 by Matrix- Cesaro product means tn = L:: an,kUk of 

k=O 
the conjugate Fourier series (1.2) satisfies, for n = 0, 1, 2, · · ·, 

{ 
o(~), 

iltn (x) -711 00 = 
O (log(n+l)) 

(n+l) ' 

0<a<1 

a=l. 
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3. PROOF OF THE THEOREM 

The rth partial sum of the conjugate series (1.2) can be written as 

sr (x) = 1 (x) + .!_ {-rr/2 7./Jx (t) cos (2.r + 1) t dt 
7r}o smt 

so the ( C, 1) means of the series ( 1. 2) are 

1 k 

O'k (x) = k + 1 I:)r (x), k = 0, 1, 2, · · · 
r=O 

k 

·-rr/2 L cos (2r + 1) t 
1 (X) + ( k +11) 7r 1 7./J x ( t) r=O sin t dt 

= 1 (x) + 1 r/2 7./Jx (t). cos (k + l).tsin (k + 1) t dt, 
(k + 1) 1r } 0 sm2 t 

1 (x) +.!. r/2 7./Jx (t) cos (k + 1) tsi~ (k + 1) t dt, 
7r Jo (k + 1) sm2 t 

~ (2 1) cos(k+1)tsin(k+1)t) 
~cos r+ t = . . 
r=O sm t 

Therefore, the Matrix-Cesaro (T) C1 product means of the series (1.2) are 

or, 

n 

tn (x) = L an,kO'k (x) 
k=O 

1 (x) +.!. r 12 7./Jx (t) t an,k sin (k + 1).t cos (k + 1) t dt 
7r J o k=O ( k + 1) sm 2 t 

tn (x) -1 (x) = .!. r 12 7./Jx (t) t (kan,k) . sin (k + 1).t ~OS (k + 1) t dt 
7r J o k=O + 1 sm t 

= .!. r n~l 7./J (t) t an,k . sin (k + 1) t cos (k + 1) t dt 
7r J o x k=O ( k + 1) sin 2 t 

+ .!_ ;·-rr 12 7./J ( t) ~ an,k . sin ( k + 1) t cos ( k + 1) t dt 
1r 1 x ~ ( k + 1) sin 2 t 

' n+l k=O 
(3.1) := h + h 
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Since, here sin t ~ ~' I sin ej :::; e and Ieos ej :::; 1, if follows that 

II I< .!:_ln~ 1 l"'' (t)l~ an,k jsin(k+1)tllcos(k+1)tldt 
1- 7f 'f/x L..Jk+1 I' 2tl o k=O sm 

1 j ,_1 2 ( n ) n+1 7f a 
<- Mta- ""'~ (k+ 1)t dt 
- 7f 0 4t2 L..J k + 1 

k=O 
1 

M1r in+1 1 =- ta- dt 
4 . 0 

(3.2) 
M7r 

Also, 

1 j"rr/2 2 n ( ) lhl = - Mta · ~""' an,k dt 
7f 1 4t2 L..J k + 1 

n+1 k=O 

M7r ;·7r/2 = ta-2dt by the hypothesis of the theorem 
4(n + 1) _1 ' 

n+1 

__ { 4(~__:ra) [ (n;1)" - (n~l) ( ~) 1-a] ' 0 < a < 1 
(3.3) 

4(~;1 ) [log (n + 1) ~], a= 1 

Combining (3.1), (3.2) and (3.3), we have 

ltn (x) -f (x)i = { 

M1r M1r [ 1 1 (2)1-a] 
4a(n+1)" + 4(1-a) (n+1)" - (n+1) :;;: ' 

~7r (n~1) + 4(~;1) log (n + 1) ~' 

{ 

M1r ( 1 (2)1-a) 1 :::; 4 a(l-a) + :;;: (n+1)"' 0 < a < 1 

~ 7r [ 1 + log ( n + 1) ~] , a = 1 

Thus, we obtained that 

0<a<1 

a=1 
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This completes the proof of the theorem. 

4. FINAL REMARK 

The following corollary can be derived from the main theorem. 

Corollary 1. Iff E Lip a, then the degree of approximation of its conjugate 
function 1 by matrix- Cesaro means is given by 

{ 
0 (cn~l)")' 

lltn (x) -1 (x)IL)O = 
0 ( log(n+l)) 

n+l ' 

O<a<l 

a=l 

Remarks: 

1. Independent proof of the corollary can be developed along the same 
line as the theorem 

2. Results similar to main theorem and corollary may be derived for prod
uct summability methods (C, c5) C1, (H, 1) C1, (N,pn) C1 and (N,p, q) C1. 
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