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APPROXIMATION OF W (L?,¢ (t)) FUNCTION BY (N, p,q)C: MEANS
OF ITS FOURIER SERIES

Shyam Lal

ABSTRACT. In this paper, the degree of approximation of a function be-
longing to W (L?,£ (t)) class by product summability method (N, p,q) C:

of its Fourier series has been determined.

1. INTRODUCTION

Hardy [7] established a theorem on (C, ), (o > 0) summability of the series.
Harmonic summability is weaker than (C, a) summability. Iyengar [10] proved
a theorem on harmonic summability of a Fourier series. The result of Iyengar
[10] has been generalized by several researchers like Siddiqi [21], Pati [16],
Singh [26], Rajagopal [20], Hirokawa [8], Hirokawa and Kayashima [9], Tripathi
and Singh [28] and Singh [25] for Nérlund means. In 1959 Varshney [29], for
the first time, studied the sequnce {nB,(z)} by product summability of the
form (H,1)C;. Later on (N,p,)C; summability of sequence {nB,(z)} has
been studied by number of researchers like Sharma ([23] & [24]), Prasad [17],
Dwivedi [6], Dikshit [5] and Lal [12]. Working in the same direction, in 1996,
Bhatt and Kathal [2] obtained interesting results on (C,1) (E, 1) summability
of Fourier series and its conjugate series. These results are recently generalized
by Lal & Verma [14]. Here (N, p, q)C; summability is considered. (N,p,q)C;
summability reduces to (N,p,)C; if ¢, = 1 Vn and (N , qn) C,ifp, =1
Vn. The degree of approximation by Cesaro means , Norlund means, (N, p, q)
means and matrix means of a function f € Lipa, Lip(c,p), Lip(&(t),p) and
W(LP,£(t)) has been studied by number of researchers like Alexits [1], Sahney
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and Goel [22], Chandra (4], Qureshi [18], Qureshi & Nema [19] and Khan
(11]. But till now no work seems to have been done to obtain the degree of
approximation of the function f € W(LP,£(t)) by product summability means
of the form (N, p,q)Ci. In an attempt to make an advance in this direction,
in this paper, we study the degree of approximation of a function belonging
to W(LP,£(t)) class by (N, p,q)Ci means of its Fourier series.

2. DEFINITIONS AND NOTATIONS
Let > 7° , un be an infinite series whose n'! partial sum is S,,. Write

1 n
(2.1) U"_”“vz::os =(C,1)

means of the sequence {S,}.

For any two sequences {p,} and {g,} of real numbers such that py > 0, go > 0,
we write

1 n
th9 = =" pn_kqSk
Fniz

where R, = (p* q)n = Y j_oPn—k gk # 0 ¥Yn. The generalized Nérlund
transform (N, p, q) of the sequence {S,} is the sequence {th?}. If t89 — S as
n — 0o, then the sequence {S,,} is said to be summable by generalized Nérlund
method (N, p,q) to S (Borwein [3]) and is denoted by th? — S(N,p,q), n —
00.

The (N, p, q) transform of the (C, 1) transform defines the (N, p, q)C1 trans-
form of the partial sum {S,} of the series Z;’f o Un. Thus if

Prn—k4k

2 P01 = . =

(22) P Rﬂz:v KOk = Rﬂ T ZS
oo

tends to S as n — oo, then the series Zun or {S,} is said to be summable
n=0

by(N,p,q) C; to S. It is denoted by tB%C? — S((N,p,q) C1) as n — oo.
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The necessary and sufficient conditions for the (N, p, ¢) method to be regular
are

(2.3) Y IPn-kakl = O(Rn)
k=0
and

(2.4)  pn—k = 0(Rn), as n — oo, for every fixed k > 0, for which g # 0.

Cesaro summability of order 1 or (C,1) summability is also regular. Let us
verify the regularity conditions of (N, p, ¢)C; method.

1 n D k n
p’q,c —_ n qu —

where
1 Pn—k9qk k
Cn,k S -R_n (—k.+~l—> ‘Ugo 1’ k —<— n
0, k>n
and so 1
DPn—kqk Prn—kQk
e = — (2R (k =2-F for k < n.
Cnk Rn(k+1)( +1) R ork<n
Now,

(1) k20 1Cnkl = 7= (CheoProkak) = 1,

(i) Crk = ka‘ff—" — 0 as n — oo, for fixed k, by (2.4),

(i) Y52 [Crl = 1.

Thus s, — s implies 0, — s as n — o00. Consequently tﬁ’q’cl — sasn — 0o.
Hence (N, p, q)C; summability method is regular.

Some important particular cases (N,p, q)Cy means are

(i) (N,pn)Cy, if g, = 1 V¥n,
(ll) (Na Qn)Cly if DPn = 1 Vn,

n+a-—1

(iii) (C’,a)C’l,ifpn=( o1 ),a>0,qn=1Vn.
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Let f(t) be a periodic function with period 27, integrable in the sense of
Lebesgue over (—m, 7). The Fourier series of f(t) is given by

(2.5) f(t) = ao + Z an cosnt + by sinnt).

n=1

We define the norm || ||,by

2
| f llp= {/ If(ﬂi)l”dw} ;p > 1,
0

and let the degree of approximation E,(f) be given by (Zygmund [30])
E.(f)y=Min|| f-talp,

where t,, () is some n'" degree trigonometric polynomial.

A function f € Lipa if f(z+1t) — f(z) = O(t%),for 0 < a < 1. f €

1

Lip (v, p) if{f(f"x(xqut) f(z )|de} —0(t%),0<a<1,p>1(def 538
of McFadden [15]).

Given a positive increasing function £ (t) and an integer p > 1, we find that

feLipE(t),p) if {f (z+1t) - f(z )|de}5 = O(£(t)). When € () = t,
the class sz (& (t), p) coincides w1t1h Lip(a,p). f € W(LP,£(t)) (Lal [13])
if {f |(z+1t) — (x)|psinﬁptdt} O(t), 8 >0. Incase § =0, we

notice that W (LP, € (t)) concides with Lip (€ (), p).

We shall use the following notations:

(2.6) ) =Ff(z+t)+f(z—1t)—2f(z)
Pk Sin ( k+1)£
(2.7) (NCR( Q,arZ T R

3. MAIN THEOREM

Quite good amount of work is known on degree of approximation of func-
tion belonging to Lipa, Lip (o, p), Lip (€ (t),p), W (LP, & (t)) class by Cesaro’s
means, Norlund means, (N, p, q) means and matrix summability method. The
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purpose of this paper is to determine the degree of approximation of a function
f e W(LP,£(t)) class by (N, p,q) Cy means of its Fourier series. In fact, in
this paper, we shall prove following theorem:

Theorem 3.1. Let {p,} be a non-negative, non-increasing sequence and {gn}
be a non-negative, non-decreasing sequence such that

pn—kaZO( R, )

paard k+1 n+1

If f : R — R is 2m-periodic, Lebesque integrable on [—m, 7| and W (LP, £ (t))
class function then the degree of approximation of function f by ALAL -

'Rl—n an_quak i.e. (N,p,q) Cy-summability means of the Fourier series (2.5)
k=0
s given by

6D @ -r@l,=0 (w0 e(2e)),

n+1

provided & (t) satisfies the following conditions:

on [T (L) } ~o(=L)
o9 ([ (Y Wl o)

n+1

where § is an arbitrary number such that g(1 —J) — 1 > 0, conditions (3.2)
and (3.3) hold uniformly in x.

4. LEMMAS

For the proof of our theorem following lemmas are required
Lemma 4.1. Let (NC)Y?(t) be given by (2.7), then

1
p.q — —_—
(NOYI(t)=0(n+1), for0<t< —T
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Proof.
(NC)P,q (t) = 1 zn: Pn—kqk sin? (k+1) %
1 R, k=0 k+1 sin? %
1 N~ Pokk 5 sin? £
= k+1 2
) 27arlc=0 k+1 (k+1) sin2%
1 n
= 9T R. an—qu (k+1)
27 R, pe
(n+1) <
= an—lch
2T R, o
_ (n+1)
B 2
= O(n+1)
a
Lemma 4.2. Let (NC)]* be given by (2.7) then
1
NCYI(H)=O [ — o
Proof.
(NCYI() = 1 ~pnkgesin®(k+1) %
1 =

2R, paard k+1 sin? %

1 ~puokgr (1 —cos(k+1)t)
ARy £ k+1 sin? £

1 - Pn—kqk 2 .. 1
AnRp £ k+1 ¢

IA

— <
sin 5

NE

, by Jordan’s lemma>

7T < Pn—kQk
2
4Rt pord k+1

T R, )
= 4Rnt20 (n n 1) , by the hypothesis of the theorem

= ()
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5. PROOF OF THE THEOREM

Following Titchmarsh [27], the n'! partial sum S, of the Fourier series (2.5)
at t = z is given by

1 [ sin (n+ )t

50) 1 (@) = o [ o 22t )t

dt.
2m Jo (®) sin%

The (C 1) is transform i.e. o, of S, (z) is given by

3 (5@ = 1 @) = gy [ ¢r(2 (kX::o (’”;) )‘”

or
1 ™ sin? (n+ 1) &
n - = t)dt.
In () = f () 2(n+1)7r/0 sin2-§- ¢ (t) dt
Denoting (N, p, q) transform of o, i.e. the (N, p,q) C; transform of S, (z) by
291 we have
1 & §~ Po- kg sin’ (k+1)
= ~ ¢
By oot on @) = £ ) = [ g 3% Bk S 2 )
or

™

(NCY? () ¢ (t) dt

T woRt e+ [ (voRtms@a

n+1

J
r

(5.1) I + I, say.

Applying Holder’s inequality and the fact that ¢ (t) € W (LP, € (t)), we have

= ([ (Y ] ([ fihoerrol of
~o() [T (om089) ]

by Lemma (4.1) and cond. (3.2)
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1 T dt
=O(£ (n+1>) { . tq(B+1)]’

by the mean value theorem, where 0 < € <

1 t—a(B+1)+1 =T §
(7)) \=rmoe)
1 ) 113

1
n+1

oo —of(er ) o(cky)) (e3+3-1)

Similarly, as above, we have

nl < [, wortweta

(1 (1) P e ORI N\
< {/;L—h( 0 sin® ¢ dt} {/—%( P )dt}
( t} { t5+/3 (n+1 ) t2 dt} '

by lemma (4.2) & cond. (3.3).

\_/

1
T dt q
. ta(2+8-6)
[ —q(24+8-6)+1 ]”

t~
—-q(2+B8-6)+1] |
Fs
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0 ((n +1)5 e (-n—-lrl')> ((n + l)q(2+ﬁ—a)—1)%
o ((n +1)PHae (ﬁ))

(5.3) = 0((n+1)ﬂ+%§(nil>> (asi—-f—%:l).
By (5.1), (5.2), and (5.3), we have

|29 (2) - f (z)| = O <(n +1)*5e ( 1 )

n+1

|
S i)

or

Il
Q
—~
3
+
0—‘
S
+
a3 -
I
/‘\

= ((n+1ﬂ+r’§<

This completes the proof of the theorem.

6. COROLLARIES

The following corollaries can be derived from the theorem.

Corollary 1. If § =0 and § (t) = t*, then the degree of approximation of a

thCH m) I_ ( — )
(n+1)

224 (@) - f @) = O((n+1)ﬁ+%-5( - ))
1

function f € Lip(a,p) i

Proof.

which completes the proof. a
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Corollary 2. If p — oo in Corollary 1, then we have, for 0 < a < 1,

2% @)~ 1 @) =0 (e ) -

n+1)
Remarks:

(1) An independent proof of Corollary 1 can be developed along the same
lines as the theorem.

(2) Results similar to the main theorem and Corollaries 1 and 2 may be
derived for f € Lip(a,p) and Lipa for (N,p,) Cy taking g, = 1 Vn.

Example 6.1. Consider the infinite series.
oo

(6.1) L+4) n(-1)".
n=1

The n'* partial sum of (1) is given by

sno= 144) k(-1
k=1

sn = (2n+1)(-1)"

and so
n

1 k n
= n+1k2:0(2k+1)(—1) =(-1)".
Therefore the series (6.1) is not (C, 1) summable. Since {(—-1)"} is (N,p,q)
summable therefore, the series (6.1) is (V, p, q) C; summable. Hence the prod-
uct summability (N, p,q) C; is more powerful than the individual methods
(N,p,q) and (C,1). Consequently (N,p,q) C; mean gives better approxima-
tion than individual methods (N, p,q) and (C,1).
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