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HYPERSURFACES IN THE EUCLIDEAN SPACE R*
SHARIEF DESHMUKH

ABSTRACT. For a compact and connected hypersurface M in the Eu-
clidean space R*, it is proved that, if the mean curvature is nowhere
zero and the scalar curvature S satisfies ||4||2S = 6, where ¥ is the
position vector field of M in R*, then M is isometric to a sphere. It is
also proved that if the Ricci curvature of the hypersurface M satisfies
0< Ric< %)\1, where A; is the first nonzero eigenvalue of the Laplacian
on M, then M is isometric to a sphere.

1. INTRODUCTION

In the geometry of compact hypersurfaces of a Euclidean space R",
one of the interesting questions is to obtain conditions under which the
hypersurface is isometric to a sphere in R®. This problem becomes more
interesting for the hypersurfaces of even-dimensional Euclidean spaces
R?™ owing to the complex geometry of R?>" and, in particular, of R*
which has quaternion structure. The motivation for the present paper
comes from the following considerations:

Let S™(c) be the n-sphere of constant curvature ¢ in R™*! centered at
the origin and v : S*(¢) — R™*! be the inclusion map. Then the mean
curvature o and the scalar curvature S of S™ satisfy:

a=-nyc<0 and |¢||*S=n(n-1).

This raises the question: Is a compact and connected immersed hyper-
surface 1 : M — R"*! whose mean curvature o is nowhere zero and
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whose scalar curvature S satisfies |[1]|2S = n(n—1), necessarily isometric
to a sphere in R*t1?

Also the Ricci curvature Ric of ¢ :S™(c) —» R™! satisfies
0 < Ric = in—;ll)\l, where ); is the first nonzero eigenvalue of the Lapla-
cian on S™(c). This raises another question: Is a compact and connected
immersed hypersurface ¢ : M — R"*! whose Ricci curvature Ric sat-
isfies 0 < Ric = ﬁ"T_ll/\l, where )\, is the first nonzero eigenvalue of the
Laplacian on M, necessarily isometric to a sphere in R™"*!?

In this paper we answer these questions in the affirmative for com-

pact and connected hypersurfaces of R*. Indeed, we prove the following
theorems:

Theorem 1. Let i) : M — R* be a compact and connected immersed
hypersurface. If the mean curvature a of M is nowhere zero and the
scalar curvature S of M satisfies ||1||2S = 6, then M is isometric to a
sphere.

Theorem 2. Let ¢ : M — R* be a compact and connected immersed
hypersurface. If the Ricci curvature of M satisfies 0 < Ric < %/\1, where
A1 1s the first nonzero eigenvalue of the Laplacian on M with respect to
the induced metric, then M is isometric to a sphere.

The proof of Theorem 2 depends heavily on the quaternion structure
of R*. However, it is surprising to note that we use no quaternion struc-
ture of R* in the proof of Theorem 1 though the proof works only for
this dimension and cannot be extended to v : M — R"*1.

2. PRELIMINARIES

Let < -,- > be the inner product on R* and V be the Euclidean
connection on R*. Let ¢ : M — R* be an orientable hypersurface with
unit normal vector field N. We denote by ¢ and V the induced metric
and the Riemannian connection on M, respectively. Then we have

(2.1) VxY =VxY 4+ g(AX,Y)N, VxN=—-AX, X,Y e EM),
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where A is the shape operator of M and ¥(M) is the Lie algebra of
vector fields on M. The shape operator A satisfies

(2.2) (VxA)(Y) = (Vy 4)(X),

(2.3)  g(VxA)Y),Z) =g((VxA)(2),Y), X,Y,Z e HM).

For a local orthonormal frame {e;, e2,e3} on M, the mean curvature
a is given by a = 1 3°2_, g(Ae;, ¢;) and it satisfies

(2.4) X(a) =22 9(VeA)(e:), X), X € XM).

1

|+

k3

The Ricci curvature tensor Ric and the scalar curvature S of M are given

by

Ric (X,Y) =3ag(AX,Y)—g(AX, AY), S =9*—|A|*>, X,Y eX(M),
(2.5)

where || A]|? = tr A%

For the orientable hypersurface 1 : M — R* we can treat ¢ as the
position vector field of M in R* and therefore it can be expressed as

(26) ¢:t+pN7

where t € (M) and p =< 9, N > is called the support function of M.
Using (2.1) and (2.6) one immediately obtains

(2.7)  Vxt=X+pAX,  X(p) = —g(AX,1), X cE(M).

If M is compact, we have Minkowski’s formula

(2.8) /M(l + pa)dv = 0.

We denote by Jy, J; and J3 the complex structures on R* which define
the quaternion structure of R*. Then we have

(29) J1J2 = —Jle = J3, J2J3 = —J3J2 = Jl, J3J1 = —J1J3 = JQ;
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(2.10) V=0, <J,Ji>=<,> i=123.

Define the vector fields &;,&;,63 on M by & = —J;N, © = 1,2,3 and set
JiX = ¢ X + n:(X)N, where ¢; is a (1,1)-tensor field on M and 7; is a
I-form dual to & on M,7 = 1,2,3. It is easy to verify that each triplet
(¢i7€iani) Sa'tiSfy

(2.11) ¢ =—-T+n®& ¢i(&)=0, niod: =0,

(2.12)  g($:iX,8:Y) = g(X,Y) = ni(X)ni(Y), XY € HM).

For a local unit vector field e on M satisfying g(e, &) = 0 for a fixed ¢,
{e, di(e), &} is a local orthonormal frame and such a local frame will be
referred to as an adapted frame. Using (2.1) and (2.10) with & = —J; N,
we obtain Vx¢, = ¢,AX, X € ((M). From this equation, using an
adapted frame, we get

(2.13) divg =0, i=1,23.

Using the complex structures J; and the position vector field ¢ of M
in R*, we define the smooth functions p; : M — R by p; =< J;iib, N >
and the vector fields t; € ¥ M) by setting J;ip = t; + p;N. Using (2.1),
(2.10) and J;3p = t; + p; N, we now obtain

Vili = 6:X + pAX,  X(ps) = —g(At, X) + mi(X), X € EM).
(2.14)
We also have
g(ti, &) =< Jip — piN, & >= — <. JE>= — <p, N >= —p.
(2.15)

3. PROOF OF THEOREM 1

Let ¢ : M — R* be a compact and connected immersed hypersurface
of R*. We define F : M — R by F = 1||¢||>. Then, using (2.6) and
(2.7), we obtain
(3.1) AF = 3(1 + pa),
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where A is the Laplacian operator on M. Using (2.6) and (2.7), we
compute Ap to obtain

(3.2) Ap = =3t(a) — 3a — p|| A

We have X(F) = ¢g(t,X), X € %(M), and consequently grad F = t.
Also from the second equation in (2.7), we get grad p = —At. Thus,
using (3.1) and (3.2), we obtain

A(pF) = FAp+ pAF + 2g(grad F,gradp)
= —3Ft(a) —3aF — pF||A|?
+3p(1 + pa) — 2g(At, t)
Since div (fX) = X(f)+fdivX, Xe (M), fec®(M) and
t(p) = —g(At,t), we have
A(pF) = =3[div (Fat) — a div(F't)]
—3aF — FpllA||* + 3p + 3ap® + 2[div(pt) — pdivt]
= —3dw(Fat)+ 2dwv(pt) + 3a[t(F) + Fdiv t]
—3aF — Fp||A|> + 3p + 3ap® — 2pdivt
= —3dwv(Fat)+ 2dwv(pt) + 3a“t“2 + Fp[goz2 — ||A||2]
+6Fa — 3p — 3p%a,

where we have used t(F) = ||t||* and divt = 3(1 + pa). Consequently,
with |[4||* = ||t||* + p?, we have

A(pF) + 3div(Fat) — 2div(pt) = 3a(||t|]* — p* + 2F) + FpS — 3p
= Gafjt]* + Slllel* - 6.

Integrating this last equation over M and using the hypothesis of the
theorem we get

/M alt||?dv = 0.

Since a is nowhere zero and M is connected we must have o < 0 (as there
1s a point where all eigenvalues of A are negative; indeed this point is
where the height function of M attains its maximum). Hence the above
integral givest = 0 on M. Then, the equations in (2.7) yield pAX = — X
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and p = constant. That p # 0 follows from ¢ = pN (as t = 0). Hence
A= :pi[, that is, M is a totally umbilical hypersurface of R* and, as
such, it is isometric to a sphere.

Remark: If we take M to be a hypersurface of R**! and proceed with
the computation as in the above proof, we arrive at

: . n + 1 n—3
A(pF)+3div( Pat)~2divpt) = na(t*("F) 42 )
which suggests that the conclusion of the theorem works only for n = 3,
and therefore this cannot give information beyond dimension 3, unless

some additional assumptions are made. It will be an interesting problem
to generalise the theorem for a compact and connected hypersurface of

Rn—i—l

)+p(FS—n),

4. PROOF OF THEOREM 2.
First we prove the following

Proposition. Let ¢ : M — R* be a compact and connected immersed
hypersurface of R* with non-negative Ricci curvature. If p; = 0, ¢ =
1,2,3, then M is isometric to a sphere in R*.

Proof. Note that for an adapted frame {e, ¢;(€), &}, for a fixed 1, we
can use (2.11) to obtain ¢?(e) = —e as e L &. Thus if {e1, €3, €3} is such
a frame, we have

1) 229(9iles), Ales) = g(dile), Ae) + g(4i(4i(e)), A(i(e)) = 0

Since p1 = p2 = p3 = 0, the second equation in (2.14) gives At; = &;, 1 =
1,2,3. As & are globally defined unit vector fields on M and A is a
linear operator, it follows from At; = ¢;, that ¢; are nowhere zero on M.
Moreover, using (2.9), we have

g(t1,t2) =< Jip, Jop >= — < o, JiJyp >= — < ¢, J31p >=0,

and similarly g(t2,t3) = 0, g(¢3,¢1) = 0, that is, the vector fields t;,1,,t3
are mutually orthogonal. Thus the unit vector fields #; along t; give the
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orthonormal frame {#;,,,%5}. Using (2.13), and At; = &, we get

NE

3
0 = dw(At;) = ) _ g(V., Aty e;) Z (Ve A)(ti), ;) + g(Ve ti, Aej)].

1

.
Il

Using (2.4), (2.14) and (4.1) in the above equation we get 3t;(a) = 0
or {;(a) = 0,7 = 1,2,3. This proves that the mean curvature o is a
constant.

Then the equation (3.2), after integration, gives

(4.2) /M(?)a + ptrA®)dv = 0.

The integral formula (2.8) with « a constant can be restated as
(4.3) /M(3a + 3pa?)dv =0

The integrals (4.2) and (4.3) give

(4.4) /M p(3a? — trA*)dv = 0.

We use (2.5) and At; = &, to arrive at Ric (¢1,t;) = 3ag(t:, &) — ||&])?,
or Ric (t1,t1) = —3ap — 1 > 0, as the Ricci curvature is non-negative
from the hypothesis. This last inequality suggests that there is no point
p € M such that p(p) = 0. Thus, M being connected, we have either
p > 0or p < 0. Moreover the Schwarz inequality states that 3a? < trA2?,
with equality holding at a point if and only if it is an umbilic point.
The integral (4.4) gives 3a® = trA? proving that M is an umbilical
hypersurface of R*, and this proves the proposition.

Now we proceed to prove Theorem 2. Let ¢ : M — R* be a compact
and connected immersed hypersurface of R*. We assume that the center
of mass of M is at the origin of R* (for otherwise an isometry ¢ : R* — R*
can be chosen which maps the center of mass of M to the origin of R*,

and then 3’ = ¢ o ¢ will be the desired immersion). Thus, using the
minimal principle with [, ¥dv = 0, we get

A < 3vol(M)//M ]2,
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where A; is the first nonzero eigenvalue of the Laplacian operator on M.
Consequently we have
3vol(M) )

(4.5) Iy < =25

We use (2.3), (2.4), (2.14) and (4.1) to compute div(At;) :
3
div(At;) = 3 g(V., Ati, e;) = 3ti(a)+pil|Al|> = 3[div(at;)—adivt]+pi]| Al|>.
=1

This gives
(4.6) div(At;) = 3div(at;) + pi[|| Al|* — 902,
where we have used div(t;) = 3p; as a result of (2.14). Now the second
equations in (2.14) and (2.15), yield
div(piati) = pidiv(ati) + Otti(pi)

= pidiv(at;) — ag(Ati, ti) — ap,
that is,
(4.7) 3pidiv(at;) = 3div(piat;) + 3ag(At;, t;) + 3ap.

Finally we use (2.14), (4.6) and (4.7) to compute div(p;At;) and ob-
tain
div(p; At;) = Ati(p:) + pidiv(At)
= (At A + (AL + Bpdiv(aty) + 22 A]12 - 902]
= —||At||* + g(At;, &) + 3div(piat;) + 3ag(Ati, t;)
+3ap — p3S.

Since g(Ati, &) = —[—g(Ati, &)+ni(&)—1] = —[&(pi)—1] = —div(p:&i)+

1, (where we have used (2.13)), the above equation becomes
(48) dz’v[piAt,- - 3piat,~ + piéi] = Ric (ti, ti) - p?S + 3pa + 1.

Let #; be the unit vector field defined on the open subset of M where
t; # 0. Using ||¢||2 = ||t:]|* + p?, which follows from J;ip = t; + p; N, in

equation (4.8), we arrive at

div[p;At; — 3piat; + pi&i] = —p?[Ric(Ei, 1) + S] +||]|? Ric(ti, &) +3ap+ 1.
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From the hypothesis of the theorem that 0 < Ric < %/\1, we obtain

. T 2
div[p;At; — 3piat; 4+ pi&i] < —p?[Ric(iy, 15) + 5]+ §A1||¢||2 + 3ap + 1.

Integrating the above inequality and using formula (2.8), we get

A a 2
/ p?[Ric(t;, t;) + S)dv < —2vol(M) + §A1/ ¥ |*dv.
M
This, together with (4.5), give
/ P?[Ric(L, ;) + S]dv < 0.

Since Ric > 0, this integral inequality gives p; = 0 ¢ = 1,2,3, and the
above proposition completes the proof.
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