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LARGE TIME ASYMPTOTIC BOUNDS OF VXJ SOLUTIONS 
FOR SOME REACTION-DIFFUSlON EQUATIONS 

I 

SALAH BADRAOUI 

ABSTRACT. We are concerned with the large time asymptotic bounds for 

solutions of the reaction-diffusion system Ut = a.:lu - uvm, Vt = b.:lu + 
d.:lv + uvm, 0 < a < d, b < 0, in Rn x (0, oo), n ~ 1 with m ~ 2 an even 

nonnegative integer and bounded uniformly continuous nonnegative initial 

data uo,vo. In cased> a= 1, b = 0, and m ~ 1 a nonnegative integer, P. 

Collet and J. Xin [5] proved the existence of global classical solutions and 

showed that the L 00 norm of v cannot grow faster than O(ln ln t) for any 

space dimension. In the present work, we show that if 0 < a < d, b < 0 

and vo ~ a~duo, the L 00 norm of v cannot grow faster than O(ln t) for 

any space dimension. 

1. INTRODUCTION 

In this paper, we are concerned with the large time asymptotic bounds of 
the reaction-diffusion system 

(l.la) 

(l.lb) 

with the initial data 

Ut = al).u- uvm, in R.n X (O,oo), 

(1.2) u(x,O) = uo(x) and v(x,O) = vo(x), x E R.n. 

Mathematics Subject Classification: 35B40, 35K55, 25K45, 35K65. 
Key words: Reaction-diffusion systems, backward heat equation, large time behavior. 
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In (1.1), the constants a, b and d are such that a > 0, d > 0, b =/= 0. As 
for m it is assumed to be an even nonnegative integer. Also we suppose that 
4ad 2: b2; this condition reflects the parabolicity of the system. ~ is the 
Laplace operator in x. The initial data uo, vo are nonnegative functions in 
CuB(ffi.n), the space of uniformly bounded continuous functions on ffi.n. 

In what follows, we use the following notation: 

(i) 11·11 denotes the supremum norm on ffi.n, i.e., llull = sup lu(x)l 
xEJRn 

(ii) For any() E L 1(ffi.n), we write/()=/ JRn O(x)dx. 

The reaction-diffusion system 

{ 
Ut = a~u + f(u, v) 

(*) Vt = b~u + d~v + g(u, v 

is well-studied in the literature. See [2], [3], [4], [5], [6], [7], [8], [9] and the 
references therein. 

On a bounded domain, b = 0 and g(u, v) = - f(u, v) = uvm with m 2: 1, 
under homogeneous Dirichlet or Neumann boundary conditions, the large time 
behavior of solutions is that ( u, v) converges uniformly in n to a constant 

vector (k1, k2), where k1 2: 0, k2 2: 0 and k1k2 = 0 (seeK. Masuda [9]). 

On a bounded domain, b =/= 0 and g( u, v) = - f ( u, v) = uh( v), where the 

function h(s) is continuously differentiable and satisfies lim lln(1+h(s)) = 0, 
S--+00 S 

this system was studied by M. Kirane. In [7], M. Kirane showed that if a > 
d > 0, b 2: 0, b2 < 4ad, under homogeneous Neumann boundary conditions, 
the solution (u, v) converges uniformly inn to a constant vector (k1 , k2) such 

that k1 2: 0, k2 2: 0 and k1h(k2) = 0. 

Motivated by thermal-diffusive models with Arrenius reactions [1], Berlyand 
and Xin [3] considered system ( *) with b = 0 and m = 2 for a class of small 
initial data in (L1 n L00 (ffi.)) 2 and showed that u, v are bounded from above 
and below by self-similar upper and lower solutions. The results of [3] show 
that u decays to zero in time with an algebraic rate faster than C ~ _.,, for 

1 
some 5 > 0, and v decays to zero like O(C2). 
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More recently, J. Bricmont, A. Kupiainen and J. Xin [4] have studied the 

system ( *) where b = 0, g( u, v) = - f( u, v) = uv2 and x E R For non-negative 
spatially decaying initial data of arbitrary size, and for any positive constant 

d, they showed that if the initial data decay to zero sufficiently fast at infinity, 
the solution ( u, v) ~onverges to a self-similar solution of the reduced system 

{ 
Ut = -uv2 

Vt = uv2 

in the large time limit. In particular, u de~ays to zero like O(c~-8), where 

6 > 0 is an anomalous exponent depending on the initial data, and v decays 
1 

to zero with normal rate O(C2). 

Also, P. Collet and J. Xin [5] have considered the system ( *) with x E JRn, 

d > a = 1 and m ~ 1 is an arbitrary real constant. They proved the existence 

of global classical solutions if the initial data are bounded uniformly, continious 
and non-negative. Moreover, they showed that the L00 norm of v cannot grow 

faster than O(ln ln t) for any space dimention n. 

The system (1.1)-(1.2) with a> 0, d > 0, b i= 0, m assumed to be an even 
nonnegative integer and 4ad ~ b2, was studied by S. Badraoui [2]. He proved 

that if the initial data uo, vo are nonegative functions in Cus(lRn), then 

(i) if b > 0, a > d and vo 2: a~duo ~ 0, the problem (1.1)-(1.2) admits global 
classical bounded solutions. 

(ii) If b < 0, 0 < a < d and vo ~ a~duo ~ 0, the problem (1.1)-(1.2) also 

admits global classical solutions which satisfy 

{1.3a) llu(t)ll ~ lluoll, 

(1.3b) 
b 

llv(t)ll ~ a_ d lluoll + llvoll 

+ (1 + _b_) we;t (~{~+1 + 2p tl-~) ' 
a - d 2q + n 2p - n 

for all t ~ 0, p > ~ and some constants w = w(n, d, uo, vo) > 0 and u > 0. 

The last estimates are based on the following nonlinear functional of the so

lution ( u, v) 

{1.4) L(u, v) =(a+ 2u -ln(1 + u)) ee:v, 
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where 

(1.5) a~ ln(1 + lluoll) +max { (1 + !;oll)2 (1 + 4(a + d)2), (1 + 2lluoll)2}, 

and 

( 6) . { 1 + 2lluoll 1 a } 
1. e :$ mm 2(a + 2lluoll)(1 + lluoll)' lbl (a+ 2lluoll)' 2lbl (1 + lluoll)2 · 

We proved that 

(1.7) ! I cpL :$I (cpt + df1cp) L- ~I cpLtUVm 

+I ((d- a)Lt + bL2) \lcp\lu 

- ~ j cp (~Lu1Vul2 + dL22IVvl2) 

for any smooth nonnegative function cp with exponential spatial decay at in
finity. Here, 

aL aL a2L a2L 82L 
Lt = ou' L2 = ov 'Lu = ou2 'Lt2 = ouov' £22 = ov2 . 

We also proved that there exist two constants {3, a> 0 such that 

(1.8) I cpL :$ f3errt' 

for all t > 0, where cp(x) = (Hix:xol2r. 

In the present work, we prove that the the L 00 norm of v cannot grow faster 
than O(lnt) for any space dimention n. 

2. LARGE TIME ASYMPTOTIC BOUNDS OF SOLUTIONS 

In this section, we improve the L 00 estimates (1.3b) from exponential growth 
in time to the order of logarithmic growth. 

Theorem 2.1. If b < 0, there exists a positive constant 'Y = -y(n, d, m) such 
that 

(2.1) llv(t)ll :$ 'Y ll(uo, vo)llln (ll(uo, vo)llm t +e), 

for all t > 0, where ll(uo,vo)ll = max{lluoll, llvoll)}. 
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For the proof we need some lemmas. 

Lemma 2.1 (See [5]) .. LetT > 0 be a positive number. The solution q> of 

the backward heat equation 

(2.2) q>t + d~q> = 0, (x, t) E 0 x (0, T). 

is given by 

(2.3) q> = q>(x; t, T) = (47rd)-~ (T- t)-~ exp(- 4d(1;1~ t) ), 
for 0 :S t < T . Moreover, the function q> has the following properties 

(2.4) 
Cl 1 JxJ 2 

~q> =-T- t q> + 4d2 (T- t)2 q>, 

and 

(2.5) 

for some two positives constants c1 = c1 ( n, d) > 0 and c2 = c2 ( n, d) > 0. 

Lemma 2.2. For the nonlinear functional L(u, v) = (a+ 2u -ln(1 + u)) ee:v 

and the test function q> defined above, there is a positive constant c3 = c3 ( n, d) 

> 0 such that 

(2.6) 

! j if>L oo; 2(d- a)c1 j if>uT ~ t exp { e (S(d- a)c1)._ (r ~ t) ._} dx 

11' - S q>ee:vuvm 

for any 0 :S t < T. 

Proof. Define the following functions 

(2.7) 

(2.8) 

and 

(2.9) 

g(u) =a+ 2u -ln(1 + u), 

go(u) = 2u -ln(1 + u) 

G(u) =(a+ 1) u + u 2 - (1 + u) ln(l + u), 

wherer a is the constant given in (1.5). The function G is an antiderivative of 

the function g. It is clear that the functions g, go, and G are nonnegative for 

all u 2: 0. 
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As <I> is a smooth nonnegative space-time function with exponential spacial 
decay at infinity, we can take <p = <I> in the relation (1. 7). With this choice we 
then get 

(2.10) :t J <I>L ~ (d- a) J L1 \7<I>\7u + b j L2 \7<I>\7u 

- ~d J <I>L22J\lvJ2 - ~ J <I>L1uvm. 

Integrating by parts, we find 

(2.11) j L1 \7<I>\7u =- j eo:v9oll<I>- c: j eo:v9o\7v\7<I> 

=h+h. 
From (2.4), it appears that 

( ) C1 J .iF. ( ) eV 1 J lxl 2 
.iF. ( ) eV 2.12a h = T _ t '±'90 u e - 4d2 (T _ t) 2 '±'90 u e . 

On the other hand, using (2.5) and 

cVvV<P < /¥jtv<Pt.cfj!tVvl 

< ~ j\7<I>J2 + e29<I> J\7vJ2 
9<I> 49o 

obtained by the Cauchy-Schwarz inequality, we get 

(2.12b) JI2J ~ J ~ j\7:12 eo:v + c:: J <I>9 j\7vj2 eev 

< c J 95 <I> JxJ 2 eev + c2 j <I>9 j\7vJ2 eev. 
- 2 9 (T- t) 2 4 

Integrating by parts again, we see that 

J bL2 \7<I>\7u = -c:b J GL\<I>e10v - c:2b J G\7v\7<I>e 10v. 

As b < 0, we can write 

(2.13) j bL2 \7<I>\7u = c: JbJ j GL\<I>e 10v + c:2 JbJ j G\7v\7<I>e10v 

= h +14. 

From (2.4), we conclude that 

) I = _ e JbJ C1 ;· <I>Geev c JbJ ;· JxJ 2 <I>Geev. (2.14a 3 T _ t + 4d2 . (T _ t)2 
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Similarly, using (2.5) and 

c2\7v\7<.L> < c~ [i IV <.PIc~ ti IV vi 

< ~ IV<i>l 2 + c:<.L> 1Vvl2 , 

obtained by the Cauchy-Schwarz inequality, it follows that 

1 ;· IV<.L>I2 lbl 9 ;· (2.14b) !4 S c4 lbl G-<1>-ec:v + 4 c4 <.L>G 1Vvl2 ec:v 

< ci lbl c J <.L>G lxl2 ec:v + c~ J!1 J <.L>G 1Vvl2 ec:v. 
- 2 (T- t) 2 4 

33 

Taking into account (2.12) and (2.14) in (2.10) and the fact that L1 = g' (u)ec:v, 

L22 = c2 gec:v, we get 

(2.15) 

d ;· J c:v lxl 2 ( d- a g5 c lbl l ) 
dt <.L>L S <.L>e (T _ t)2 - 4d2 go+ (d- a)c2g + 4d2 G + c4 lbl c2G 

+ J <.L>ec:viVvl2 (c2(d~a)g+c~I~IG-~c2dg) 

j .<.L> c:v ( (d-a)c1 clblclG 1 '() m) 
+ e go T - t - T - t - 2 g u uv 

= Jl + h + J3. 

As 0 :S u :S lluoll, we can easily show that 

(2.16) G s )..go, 

for all ).. ~max {~a:+ 1, o: + 2lluoll 2}. Then, 

J c:v lxl2 ( d - a go c lbl 1 ) 
Jl S go<.L>e (T- t)2 - 4d2 + (d- a)c2g + 4d2).. + c4 lbl c2).. . 

We see that if o: is chosen large enough (which is possible according to (1.5)) 

and c sufficiently small (this is possible according to (1.6)), then 

(2.17) 

As G S )..go, then a fortiori we have 

as ;...g. 
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We deduce then that 

h - j <Peevl\7vl2 ( -e2 a;dg+e~l:la) 

< J g<Peev j\7vj2 e2 (-a: d + ei '!' >.) . 
Clearly, if e is small enough, then 

(2.18) 

Now, consider Ja; as 

and 

we have 

(2.19) 

If we put 

(d- a)c1 
90 T- t 

h:::; 0. 

I 1 
g (u) = 2- 1 + u ~ 1 

_ e lbl c1 0 < 0 
T-t - ' 

e jbj c1 G 1 1 ( ) m - -g u uv 
T-t 2 

(d- a)c1 1 
:::; (2u -ln(1 + u)) T _ t - 2uvm 

:::; 2(d- a)clu (r ~ t- 4(d ~ a)cl vm). 

O = { x E ]Rn: 8(d ~ a)c1 vm ~ T ~ t}' 
then (2.19) implies that 

Ja :S 2(d-a)cl fn <Pueev (r~t- 8(d~a)cl vm) dx- ~ J <Peevuvm 

:s; 2(d- a)CJ. j <PuT~ t exp { e (8(d- a)c,);!; ( T ~ t);!;} 
(2.20) - ~ J <Peevuvm. 

The inequality (2.6) follows now from the insertion of (2.17), (2.18) and (2.20) 
into (2.15). 0 

Lemma 2.3. Over the interval [0, T- 1), we have 

(2.21) JT-1 J 
0 

dt <P(x- ~; t, T)eevuvmd(.:::; ca(l + ln T), 

where ca = ca(n, d, uo, vo) > 0. 
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Proof As T~t :::; 1 and j <I>(x; 0, T)dx = 1, we have from (2.6) 

! J <I>L:::; 2(~ -_a;c1 lluoll exp { c (8(d- a)c1)~}- ~ J <I>eevuvm, 

which implies that 

(2.22) !! <I>(x;t,T)L(u,v):::; Tc~t -~! <I>(x;t,T)eevuvm, 

where c4 = 2(d- a)c1 lluoll exp {c (8(d- a)c1)} = c4(n, a, d, uo). Integrating 

(2.22) over (0, t), fortE [0, T- 1), we get 

/ <I>(x; t, T)L(u, v)- / <I>(x; 0, T)L(uo, vo) 

:::; c4lnT- ~ 1: dT J <I>(x;T,T)eevuvmdx. 

This inequality yields 

(2.23) ~ 1: dT J <I>(x; T, T)eevuvmdx + J <I>(x; t, T)L(u, v) 

:::; j <I>(x;O,T)L(uo,vo)+c4lnT. 

It follows from (2.23) that 

I: dT / <I>(x;T,T)eevuvmdx:::; SIIL(uo,vo)ll +8c4lnT. 

Thus, 

(2.24) 1: dT J <I>(x; T, T)eevuvmdx :::; c3(1 + ln T), 

where c3 =max {SIIL(uo, vo)ll, 8c4} > 0. By choosing <I>= <I>(x- ~; t, T), for 

any ~ E IR, we also arrive at (2.24) with the same constant c3. (2.21) is then 

proved. D 

Now, we consider t E [T- 1, T]. 

Lemma 2.4 (See [5]). LetT;::: e. Then for any t E [T- 1, T] we have 

(2.25) J <I>(x- ~; t, T)eevuvmd~ 

:::; c5 ((T- t)~ + (T- t)-~) ((1 + [s])!)P<f.H.JJ c-~ (lnT)P<f.;:[.JJ, 
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where p >max { 1, ~} and q is its conjugate, s = pm, [s] is the integer part of 
s and c5 = c5(n, d, uo, vo) > 0. 

Lemma 2.5. There exists a constant c5 = c5(n, d, uo, vo) such that 

(2.26) JT dr J <I>(x- e; T, T)uvm(e, r)de :s; C6 (In T) ~ ' 
T-l 

where p > max { 1, ~} . 

Proof. An integration of (2.25) from T- 1 toT shows that 

j ·T dt ;· <I>(x- e; t, T)uvm(e, t)de 
T-l 

If we put 

:S C5 -- + ((1 + [s])!)P(H[•ll c-P (lnT)P. ( 2q 2p ) __E!!!.._ 8 1 

n+2q 2p- n 

C6 = c5 ( 2q + 2P ) ((1 + [s])!)P(f_H•D c;-~, 
n+2q 2p-n 

then we get (2.26). 

Proof of theorem 2.1 

The function v (see [2]) satisfies the integral equation 

v(x, t) =a: dS1(t)uo + S2(t) ( vo- a: duo) 

b ;·t - --d S1(t- r)u(r)vm(r)dr 
a- o 

+ 1: S2(t- r) ( u(r)vm(r) +a: du(r)vm(r)) dr, 

0 

where sl ( t)' s2 ( t) are the semigroups generated by the operators a~, d~ in 
CuB (JR) respectively. Whence 

(2.27) 

v(x, T) :S a: d lluoll + llvoll + ( 1 +a: d) j~-l S2(T- r)uvm(r)dr 

+ (1+ a:d) J:_1 S2(T-r)uvm(r)dr. 
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One can compute that 

(2.28) J: S2(t- T)uvm(T)dT = J: dT J ~(x- e; T, t)uvm(e, T)de. 

Also from (2.21) it is easy to see that 

(2.29) JT-1 J 
0 

dT ~(x-e;T,t)uvm(e,T)de~c3 (1+lnT). 

Then, taking into account (2.26), (2.28) and (2.29) in (2.27) we get for any 
T?:. e 

(2.30) v(x,T) ~ A+BlnT. 

Here, 

A= a: d lluoll + II vall+ c3 ( 1 + a: d) , 
and 

B = (c3 + C6) (1 +a~ d). 
From the estimates (2.30) and the estimate (1.3a) of the global existence, we 
can prove that there exists a constant C7 = c7(n, a, d, uo, vo) > 0 such that 

(2.31) v(x, T) ~ c7ln(T +e) 

for all T ?:. 0. As in [5], we can drop the dependence of C7 in (2.31) on uo, vo 
to get finally (2.1). 0 

Consider more general nonlinear reaction terms of the form uf(v), where 
f(v) is nonnegative and continuous in v E lR and nondecreasing in v ?:. 0, 
f(O) = lim f(v) = 0, and lim f(v) > 0, lim ~ ln (J(v)) = 0. Then 

v'\,O+ v/'oo v/'oo 

Corollary 2.6. Under the same assumptions in theorem 2.1, there exists a 
positive constant C = C ( n, a, d, II ( uo, vo) II , f) such that 

(2.32) llv(t)ll ~ Cln (t +e), 

for all t ?:. 0. 

In particular, this form includes the Arrhenius reaction, i.e. 

E 
f(u,v) = uvmexp(--), 

v 
for any m an even nonnegative integer and E > 0. 
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Proof We replace everywhere vm by f(v). Hence in (2.6) 

ex+ (S(d- a)C!);!; (r ~ l} 
is replaced by 

{ f _1(8(d-a)cl)} exp c T _ t . 

The condition f(v)being nondecreasing in v is used to derive an analogue to 
inequality (2.22). The remaining estimates are carried out without significant 
changes. 0 
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