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LARGE TIME ASYMPTOTIC BOUNDS OF L*® SOLUTIONS
FOR SOME REACTION-DIFFUSION EQUATIONS

SALAH BADRAOUI

ABSTRACT. We are concerned with the large time asymptotic bounds for
solutions of the reaction-diffusion system u; = aAu — vv™, vy = bAu +
dAv+uv™,0<a<d, b<0, in R" x (0,00), n > 1 with m > 2 an even
nonnegative integer and bounded uniformly continuous nonnegative initial
data uo,vo. In case d > a =1, b=0, and m > 1 a nonnegative integer, P.
Collet and J. Xin [5] proved the existence of global classical solutions and
showed that the L*° norm of v cannot grow faster than O(Inlnt) for any
space dimension. In the present work, we show that if 0 < a < d,b < 0
and vo > —2-uo, the L® norm of v cannot grow faster than O(Int) for

any space dimension.

1. INTRODUCTION

In this paper, we are concerned with the large time asymptotic bounds of
the reaction-diffusion system

(1.1a) up = aAu —uwv™, in R" x (0, 00),

(1.1b) vt = bAu + dAv + uv™, in R™ x (0, 00),
with the initial data

(1.2) u(z,0) = up(z) and wv(z,0)=vy(z), z € R".

Mathematics Subject Classification: 35B40, 35K55, 25K45, 35K 65.
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In (1.1), the constants a, b and d are such that a > 0,d > 0,b # 0. As
for m it is assumed to be an even nonnegative integer. Also we suppose that
4ad > b% this condition reflects the parabolicity of the system. A is the
Laplace operator in . The initial data wugp, vy are nonnegative functions in
Cup(R™), the space of uniformly bounded continuous functions on R”.

In what follows, we use the following notation:
(i) ||]| denotes the supremum norm on R", i.e., ||u|| = sup |u(z)|

(ii) For any 8 € L*(R"), we write /0 = / 0(z)dz.
Rn

The reaction-diffusion system

%) up = alAu + f(u,v)

vy = bAu + dAv + g(u,v
is well-studied in the literature. See (2], [3], [4], [5], [6], [7], [8], [9] and the
references therein.

On a bounded domain, b = 0 and g(u,v) = —f(u,v) = wv™ with m > 1,
under homogeneous Dirichlet or Neumann boundary conditions, the large time
behavior of solutions is that (u,v) converges uniformly in Q to a constant
vector (k1,kz), where k1 > 0, k2 > 0 and k1k2 = 0 (see K. Masuda [9]).

On a bounded domain, b # 0 and g(u,v) = —f(u,v) = uh(v), where the
function h(s) is continuously differentiable and satisfies lim 11n(1+h(s)) =0,
this system was studied by M. Kirane. In [7], M. Kirasneo:howed that if a >
d>0,b >0, b < 4ad, under homogeneous Neumann boundary conditions,

the solution (u,v) converges uniformly in Q to a constant vector (k;, ko) such
that ky > 0, k2 > 0 and k1h(k) = 0.

Motivated by thermal-diffusive models with Arrenius reactions [1], Berlyand
and Xin [3] considered system (%) with b = 0 and m = 2 for a class of small
initial data in (L' N L*®(R))? and showed that u, v are bounded from above
and below by self-similar upper and lower solutions. The results of [3] show
that u decays to zero in time with an algebraic rate faster than t"%“‘s, for

some ¢ > 0, and v decays to zero like O(t_%).
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More recently, J. Bricmont, A. Kupiainen and J. Xin [4] have studied the
system () where b = 0, g(u,v) = — f(u,v) = uv? and z € R. For non-negative
spatially decaying initial data of arbitrary size, and for any positive constant
d, they showed that if the initial data decay to zero sufficiently fast at infinity,
the solution (u,v) converges to a self-similar solution of the reduced system

() { e = —u?

VUt = UV

in the large time limit. In particular, u decays to zero like O(t'%"‘s), where
d > 0 is an anomalous exponent depending on the initial data, and v decays
to zero with normal rate O(t_%).

Also, P. Collet and J. Xin [5] have considered the system (x) with z € R",
d > a=1and m > 1is an arbitrary real constant. They proved the existence
of global classical solutions if the initial data are bounded uniformly, continious
and non-negative. Moreover, they showed that the L° norm of v cannot grow
faster than O(Inlnt) for any space dimention n.

The system (1.1)-(1.2) with a > 0, d > 0, b # 0, m assumed to be an even
nonnegative integer and 4ad > b%, was studied by S. Badraoui [2]. He proved
that if the initial data ug, vy are nonegative functions in Cypg(R"™), then

(i) if 5> 0, a > d and vg > Z25ug > 0, the problem (1.1)-(1.2) admits global
classical bounded solutions.

(ii) If b < 0,0 < @ < d and vg > 25ug > 0, the problem (1.1)-(1.2) also
admits global classical solutions which satisfy

(1.3a) @)l < lluoll

(1.3b) lv@)Il < lluoll + llvoll

a—d

+ 11+ b we?’ —2q—t2£q+1+——2£—t1_'2% ,
a—d 2q+n 2p—n

for all t > 0, p > 5 and some constants w = w(n,d,up,vp) >0 and o > 0.

The last estimates are based on the following nonlinear functional of the so-
lution (u,v)

(1.4) L(u,v) = (e + 2u — In(1 4+ u)) e,
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where
(1.5) a> ln(l + |luol|) + max {(—H%(M (1 +4(a+ d)z) ,(1+2 ||u0||)2} ,
and
: 1+ 2 ||uol| 1 a
(16) e < m‘“{:z(a T2 uol) (L + ol Tl (o + 2ol 2 6] (1 nuon)2} '

We proved that
d 1
(1.7) Ei/(pL < /(cpt+dAgo)L— -é/chluvm

+ / ((d - )Ly +bLy) VeVu

1 a
-3 / 0 <§L11 [Vul? + dLs |Vv|2)
for any smooth nonnegative function ¢ with exponential spatial decay at in-

finity. Here,

oL oL oL o’L 0L
= e— = e— L = —_—— = ————— = —_—
= 6u’L2 N T Bu2 Lz udv’ 2T G2
We also proved that there exist two constants 3,0 > 0 such that
(1.8) /goL < Be%,

1

for all t > 0, where p(z) = [ e—aal)™

In the present work, we prove that the the L% norm of v cannot grow faster
than O(Int) for any space dimention n.

2. LARGE TIME ASYMPTOTIC BOUNDS OF SOLUTIONS

In this section, we improve the L* estimates (1.3b) from exponential growth
in time to the order of logarithmic growth.

Theorem 2.1. If b < 0, there ezists a positive constant v = y(n,d, m) such
that

(2.) lv@Il < ¥ | (uo, vo) [l In (]| (uo, vo) ™ t + €),
for all t > 0, where ||(uo, vo)|| = max {||uo||, |vol|)} -
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For the proof we need some lemmas.

Lemma 2.1 (See [5]). . Let T > 0 be a positive number. The solution ® of
the backward heat equation

(2.2) O +dA® =0, (z,t) € Qx(0,T).
is given by

= . — -5 — -2 __i
(2.3) ® = ®(x;t,T) = (4nd)™2 (T — )~ 2 exp( (T = t))’

for 0 <t < T . Moreover, the function ® has the following properties

__ a5, 1l
(2.4) AD = T—t@+4d2 (T—t)2q)’
and
' P2 (T —t)¥’

for some two positives constants ¢; = c1(n,d) >0 and cz = cz(n,d) > 0.

Lemma 2.2. For the nonlinear functional L(u,v) = (o + 2u —In(1 4+ u)) e
and the test function ® defined above, there is a positive constant c3 = c3 (n,d)
> 0 such that

(2.6)

%/@L < 2(d—a)c1/@uT1_texp {s(s(d—a)cl)# <T1—t>£;}dz
1

-3 / deflur™

forany 0 <t <T.

Proof. Define the following functions

(2.7) g(u) = a+2u —In(1 +u),

(2.8) go(w) = 2u — In(1 + u)

and

(2.9) G(u) = (@+1)u+u? - (1+u)In(l+u),

wherer « is the constant given in (1.5). The function G is an antiderivative of
the function g. It is clear that the functions g, go, and G are nonnegative for
all w > 0.
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As @ is a smooth nonnegative space-time function with exponential spacial
decay at infinity, we can take ¢ = ® in the relation (1.7). With this choice we
then get

(2.10) Edz / OL < (d - a) /L1V<I>Vu + b/L2V<I>Vu

- %d/CDng |V)? - %/@Lluvm.

Integrating by parts, we find

(2.11) /L1V<I>Vu= -—/ee"goA{)—s/eevgonVQ
=0+ Is.
From (2.4), it appears that

%! w1 ||® cv
T—t / RO by T =2 290(w)e™.
On the other hand, using (2.5) and

eVOVE < % V| e /ﬂ Vol

(2.12a) I =

)
< B pop .o ~ Vo’
obtained by the Cauchy-Schwarz 1nequahty, we get
2 e2
gO IVQI P / 2 _ev
. < d
ey jn< [BEe S [agmpe

2 2
<c /QOQ(TI_It)2 ev+%/¢glvvl2eev_

Integrating by parts again, we see that

/ bLyVOVu = —eb / GA®e™ — % / GVuV e,
As b < 0, we can write
(2.13) / bLVEVu = e [b] / GADE + 2 [b| / GVvVDe

= I3+ 1.
From (2.4), we conclude that

_ ElblC] . v €|b| / 'SL'|2 ev
(2.14a) I3 = —ﬁ/q)Ge + el (T—t)zéGe .
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Similarly, using (2.5) and

2VuVed < s%\/§|V<D|s%\/§ V|

< |V<I>| +£= |Vv|

obtained by the Cauchy-Schwarz mequahty, it follows that
|V‘I>l L

4
1 L o [b| 2
_ﬁiwwa/éG ev+ﬂ-/¢GWw|é9

(T —1)?

Taking into account (2.12) and (2.14) in (2.10) and the fact that L; = ¢ "(u)es?,
Loy = €2ge?, we get
(2.15)

jaf? (d a e )
— <I>L</¢>e“’ + (d—a)eya= + G+e bl oG
/ —E \ A % ( )2g |6] c2

+ /<I>e“ |Vo|? (62(d—;—glg +s%|jilG - %62dg>

' (d—a)ey elbla 1.
EV _ — m
+/<I>e <g0 T—1 T—tG 2g(u)u'u

=J1+ Jo+ Js.

(2.14b) I < ek |b1/G /@GWUF e

As 0 < u < ||ug||, we can easily show that
for all A > max {%a +1lLa+2 H’U0||2} . Then,

2> ([ d-a go gl
< EV
hs /g0<I>e GEDANET R taprretblar).

We see that if « is chosen large enough (which is p0551b1e according to (1.5))
and ¢ sufficiently small (this is possible according to (1.6)), then

(2.17) J1 <0.

As G < \go, then a fortiori we have
G < \g.
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We deduce then that
B = /@ew |Vv|2( 2 ng+ g'b'G)

4
< /géesv |Vv)? €2 (—9-}:5 +e*i|£—|)\) .

Clearly, if ¢ is small enough, then
(2.18) Jo <0.

Now, consider J3; as

/ 1
=92 - >
g()=2 14w~ 1
and bl
C1
<
— T G’ 0,
we have
(d a)01 lbl C1 1, m
(2.19) 90— T—tG 59 (w)uv
< (2u —1In(1 +w)) (dT—__aicl - %uvm
1 1
< _ — m
<2(d a)clu(T_t 4(d—a)c1v )
If we put

1 1 ]
= R™: m<
@ {"”6 Sd—a)’ = T—t}’
then (2.19) implies that

1 1 1
< EV m EV,,, M
J3 2(d - a)q / Pue (T ¢ - 8( )c1 v ) dx — —8 /<I>e uv

< 2(d—a)c1/<I>uT1_texp {s (8(d - a)cy)

3
/N
~
|-
o~
N——
3
——

(2.20) - %/@e“uvm.
The inequality (2.6) follows now from the insertion of (2.17), (2.18) and (2.20)
into (2.15). a

Lemma 2.3. OQuer the interval [0,T — 1), we have

T-1 -
(2.21) /0 dt/ Q(z —&t, T)euv™dé < c3(1+InT),

where c3 = c3(n, d, ug, vg) > 0.


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


LARGE TIME ASYMPTOTIC BOUNDS OF L* SOLUTIONS FOR SOME ... 35

Proof. As 7~ <1 and /<I>(a:;O,T)d:c =1, we have from (2.6)

d 2(d - a)c; 1 1
—_ << _ =\ _ = ev,, m
7 DL < T—3 |luol| exp {5 (8(d —a)e1) } 3 /<I>e w™,

which implies that

d Cy 1
) = . T < = . V™
(2.22) 7 /fb(m, t,T)L(u,v) < T3 &(z;t, T)e uv™,

where ¢4 = 2(d — a)c; ||uol| exp {e (8(d — a)c1)} = ca(n,a,d, up). Integrating
(2.22) over (0, t), for t € [0,T — 1), we get

/ (z;t, T)L(u, v) — / B(; 0, T) L(uo, vo)

t
<cgInT - %/ dT/<I>(1:;T, T)e*’uv™dx.
0
This inequality yields
1 t
(2.23) g/ dT/<I>(:z:;7', T)e* uv™dx +/<I>(a:;t,T)L(u, v)
0
< /<I>(3:;0, T)L(uo,vp) + c4InT.
It follows from (2.23) that
t
/ dT/fb(m;T,T)eS”uvmdx < 8||L(uo, vo)|| + 8caInT.
0
Thus,
t
(2.24) / dT/@(z;T,T)e”uvmdm <e3(l+1nT),
0
where c3 = max {8 || L(uo,v0)|| ,8¢c4} > 0. By choosing ® = &(z - &;t,T), for
any ¢ € R, we also arrive at (2.24) with the same constant c3. (2.21) is then
proved. O
Now, we consider ¢t € [T —1,T].

Lemma 2.4 (See [5]). Let T > e. Then for any t € [T — 1,T] we have

(2.25) / &(z — &1, T)ePuv™de

<es (T =% +(T—9)75) (A +[s)) 7D 75 (nT) 7D,
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where p > max {1, %} and q is its conjugate, s = pm, [s] is the integer part of
s and cs5 = cs(n, d, ug,vp) > 0.

Lemma 2.5. There ezists a constant cg = cg(n,d, ug, vg) such that

(2.26) /:_1 dT/<I>(w =&, T)uv™ (£, 7)dE < cg (lnT)% ,

where p > max {1,%
Proof. An integration of (2.25) from T — 1 to T shows that

/ dt/ =& t, T)uv™(&, t)dE
T-1
<ecs ( 2 + 2P ) ((1+ [3])!),,(1:}51) £ (lnT)% .

n+2q 2p—n
If we put
o = o5 oty + o) (@ + LY &5,
n+2q 2p—n
then we get (2.26). O

Proof of theorem 2.1

The function v (see [2]) satisfies the integral equation

bduo>
S /51t~7' Y™ (T)dT

+ [ sat6=m) (utryome) + gty o)) ar

where S;(t), Sa2(t) are the semigroups generated by the operators aA, dA in
Cuys(R) respectively. Whence

(2.27)

v(z,t) = - E dsl(t)uo + Sa(t) (v

b b T-1
< —_— _ m
(o T) < gog ol + ool + (14 525 [ SuT =y

(1 + Ld) /;_1 So(T — T)uwv™ (7)dr.
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One can compute that

(2.28) /S’z(t—— T)uv™ T)dT—/ dT/ =& 1, t)uw™ (€, T)dE.

Also from (2.21) it is easy to see that

T—1
(2.29) / o / B(z — &7, yur™ (€, T)dE < ¢ (1+1InT).

Then, taking into account (2.26), (2.28) and (2.29) in (2.27) we get for any
T>e
(2.30) v(z,T) <A+ BInT.

Here,

b b
A=~ Jluoll + [loo] + 3 (1+a___d>,

and b
B = (c3 + cg) (1+—d)

From the estimates (2.30) and the estimate (1.3a) of the global existence, we
can prove that there exists a constant c; = ¢7(n, a,d, ug, vg) > 0 such that

(2.31) v(z,T) < c7In(T +e)
for all T > 0. As in [5], we can drop the dependence of ¢7 in (2.31) on ug,vg
to get finally (2.1). O

Consider more general nonlinear reaction terms of the form uf(v), where
f(v) is nonnegative and continuous in v € R and nondecreasing in v > 0,
f(0) = vl{fg+ f(v) =0, and vl}‘r{.lo f(v) >0, vh/rgo =In(f(v)) =0. Then

Corollary 2.6. Under the same assumptions in theorem 2.1, there exists a
positive constant C = C(n,a,d, ||(uo, v0)||, f) such that

(2.32) lo@)|| < Cln(t+e),

forallt > 0.

In particular, this form includes the Arrhenius reaction, i.e.

F(u,0) = w0 exp(—2),

for any m an even nonnegative integer and E > 0.
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Proof. We replace everywhere v™ by f(v). Hence in (2.6)

exp {e(S(d —a)er)w (T 1_ t)#}

exp {ef-1<8(—if,,—“_ijﬂ)} .

The condition f(v)being nondecreasing in v is used to derive an analogue to
inequality (2.22). The remaining estimates are carried out without significant
changes. a

is replaced by
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