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EXPONENTIAL DECAY FOR A SEMILINEAR PROBLEM
WITH MEMORY

NASSER-EDDINE TATAR

ABSTRACT. We consider the abstract semilinear evolution equation with a

memory term

z'(t) + Ax(t) = F (t,2(t), [y U(t, s) f(s,2(s))ds), teI=10,T),
:I:(O) =9, xg€ X.

By the semigroup approach and using some techniques based on some inequal-
ities we prove exponential decay in some norms for solutions of the Cauchy
problem. This is established for some functions f and F’ with unbounded time

dependent terms.

1. INTRODUCTION

In this paper we are concerned with the following initial value problem

W { z'(t) + Ax(t) = F (t,2(2), [§ U(t, s) f(s,2(s))ds), teI=10,T],
z(0) =0 € X,

where z € X, —A is the infinitesimal generator of a linear semigroup e *4 in
a Banach space (X, ||.||) and (¢, s) is a given kernel. The prime denotes time
differentiation and zg is a given initial value. The functions f: I x X — X

and F': I x X x X — X are assumed to satisfy
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(H1) There exist continuous functions ¢ : I — [0, o0) and g : I — [0, 00)
such that
IF& Wl < e@®O(llul), ue X, terl

where © : [0,00) — [0, 00) is a continuous nondecreasing function such that
O(a(t))? < q(t)O(a(t)?), Vo,t > 0.

This last condition is similar to condition (q) in [6].

(H2) There exists a continuous function % : I — [0, 00) such that

IE(t,w, o) < (@) (lell + lloll), w,ve X, tel

By mild solution of (1) we will mean a continuous function satisfying the
associated integral equation

z(t) = e tz(0) + /Ot e"(t=9)ARp (s,m(s),/os I(s— T)f(T,:I:(T))d’T) ds, t > 0.

In [9], Ntouyas and Tsamatos, using the Leray-Schauder alternative proved
the existence of mild solutions for a similar problem with delays and nonlocal
conditions provided that the semigroup is compact and the function F satisfies
some Caratheodory-type condition instead of the classical requirements that
F be locally Lipschitz, monotone or completely continuous.

In our case we shall consider the weakly singular kernel

(2) I(t,s) =1t —s)=(t—s5)Pe ) Be(0,1),7>0.

This kernel multiplied by 1/I'(1 — ) represents a fractional derivative
damping term modified to have exponential decay (see [1]). We intend to
prove exponential decay of mild solutions for problem (1). To prove global
existence we may mimic the argument in [9] which is based on a fixed point
result (see [2]) and consists mainly in

(a) obtaining a priori bounds for mild solutions of the problem

2 (t) + Mz (t) = AF (t,(t), J§1(t - 5) f(s,2(s))ds),
(3) tel, Ae (0,1),
:L‘(O) = X9


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


EXPONENTIAL DECAY . . . 31

and

(b) showing that the operator S : B = C(I,X) — B defined by

(Sy)(t) = e~z + /0 fe(t-94p (s,y(s), /0 (s —7) f(T,y(T))dT) ds, tel

is a completely continuous operator.

Part (a), however, must be modified to apply to our kernel. Indeed, observe
that the kernel defined in (2) is not bounded in a neighborhood of 0, while it
is assumed in [9] that

max{|l(t,s)] : 0< s <t < T} < oo.

Lemma 1 [6] If0<a <1 andw > 0, then

¢
/ (t—s)"%“*ds < T'(1 — a)e*t Jwl ™™ t > 0.
0

Theorem 2 Let f and F be two functions satisfying (H1) and (H2). Suppose

further that
T 0o ds
/0 B(s)ds < /C %5 1 6(s) o0s)

where B(t) := max{w + [L + M2?(t)]/2,2C%0%(t)q(t)}, ¢ := 2M? ||zo||* and
C :=TY?%(1 - 2,3)(27)%_[’. Then the problem (1) admits at least one mild
solution on [0,T).

For the reader’s convenience we present below a sketch of the necessary
modifications.

If e~*4 is a strongly continuous semigroup satisfying
He-“‘“ <Me”t, t>0,M>1,w>0
and z(t) is a mild solution of (1) then

@) < Me“* ||zol|
+Met [§emwsip(s) {||a:(s)l| + [o(s— T)_ﬂe_’Y(s_T)(p(T)@(”:E(T)”)dT} ds,
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or

ezl < M ||zol| + M / e™*(s) [l (s)]|
(4)

+ [ (s = my P p(m)0a(r)ldrds
We denote the right hand side of (4) by u(t), then
(@) = Me9e) { |l + ['(¢ = 1) P p(r) Ot}

By the definition of u and (4) it is clear that ||z(t)|| < e“*u(t) for all ¢ € I and
therefore

(5) w/(t) < Me=“t(t) {e“’tu(t) + /0 “ ~T)-ﬂe—%t-ﬂgo(T)e(ewu(T))dT}.

Let us first suppose that § < 1/2. The case 3 > 1/2 can be treated along the
argument to follow in the proof of part (ii) of our Theorem 5. Using Lemma
1 we may estimate the integral term in (5) as follows

[ 6=y Dpmeeumar < ¢ (f G ar)eEm(r)ir) :

Hence

(6) (1) < My() { etutt) + 0 ( [ (e (n)ar 5} .

Setting

o) = e+ [ Framereraryr)”,
we see that
(7) v3(t) < 2e2ty%(t) 4 202 /Ot goQ(T)q(T)@(e2“”u2(T))dT

Once again let x(t) denote the right hand side of (7). Then clearly

X (1) = dwe (1) + de* u(ty (£) + 2070 (£)q(t) (22 (1))
< [2w 4+ 1+ M22(t)]x(t) + 2C%02(t)q(t)O(x(t))-

Notice that we have used (6) and (7). Finally, we may write

X () < Be){2x(t) + O(x(1)}, tel.
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x(t) B(s
/X(o) 2s + 9(5 /

with x(0) = 2u?(0) = 2M? ||zo||> = ¢. Therefore, supposing that

/OTB(s)ds < /Coo Syt —:IZ)(S)’

we see that x(t) is bounded and consequently z(t) is also bounded.

So

In the next section we state and prove our main results. The proofs are
based on the semigroup approach and some ideas in [5], [6] and [7].

2. EXPONENTIAL DECAY

We consider the space X = LP(Q2), p € (—1, 00) with Q a bounded domain
of R". —A is a sectorial operator (see [3]) with Reo(A) > b > 0 where
Reo(A) denotes the real part of the spectrum of A. The fractional operator
A%, 0 < a <1, is defined in the usual way on D(A®) = X* and llz||, = [|[A%]],
r € X* It is known that (X2, |.||,) is a Banach space. e™*4 denotes the
semigroup generated by the operator A.

We will need the following Lemmas:
Lemma 3 [3] If0 < a < 1, then D(A*) C C*() for 0 < v < 2a — n/p.
Lemma 4 [3] If0 < a <1, then
HAae_tA“p < Clt_ae—bt, t>0
for some positive constant C,.
We have the following first result

Theorem 5 Let I(t,s) be as in (2) and O(r) = r™, m > 1. suppose that f
and F satisfy (H1) and (H2) respectively. Lety = (1 —a)/a, 0 < a < 1,
z=(1-p)/B,0< B <1 and £ = min{y, z}. If p, 1 € LT (0, 00) with

77 2 ¢>1,
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then any uniformly bounded mild solution of (1) decays exponentially as t —
400 and we have

l4%a(®)l, < O™ zo]l,, ¥t >a>0,
for some real number € such that 0 < e < b.

Proof. Let z(t) be a uniformly bounded mild solution of (1), that is a solution
of

8) z(t) = e~z (0) + /0 fe(t-9ap (s,a:(s), /0 “i(s — 1) f(T,x(T))dT) ds,
where t > 0.

Applying the operator A%, 0 < a < 1 on both sides of (8) and using Lemma,
4 we obtain

©) lAz(®)]l, < Crt=e™* Ilmoll
+C1 fo(t =)™ ””(t I |F (s,2(s 8), Jo U(s = 7)f (7, x(7)dr)]||,, ds.

From (H1), (H2) and (9) we infer that

P I14%2(0)l, < Crt Jool, + 01 i = s 2€u(s) (sl s
+C1 [3(t = 5) = (s) (f5 (s =) P p(r) [la(r) " dr) ds.

From the inclusion D(A%) C LP(Q2) we have the inequality

(10)

lz@)ll, < CallA%2()]l, -
Let 6 be a real number in (0, 1), then

(11) lz@)ll, = @l llz(@)ll;~° < CallA%(@) I} =) °

Assume that m > 1 (if m = 1, it will be apparent that the estimate (11) is
not necessary and we arrive at the same conclusion). Choosing 6 in (11) such
that mf = 1i.e. § = 1/m and taking into account the uniform boundedness
assumption in LP(2) we deduce from (10) that for any a > 0

e’ || A%z(t)l, < Ca llwoll,, + Cs fi (t — )" e*¥(s) | Az (s)|,, ds

(12) +Co (6 = 5)2e=1(s) (Ji s — 7)PeTo(r) 1 A4%(r) | ) ds
=Cy ||£C0||p + CsI; + Cgla, YVt > a > 0.
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Let us denote the left hand side of (12) by u(t). We shall treat I; and I
separately.

(i) If £ > 1, then 0 < @ < 1/2 and 0 < B < 1/2. By Lemma 1, the
Cauchy-Schwarz inequality, and since o < 1/2

L < [t —s)"(s)u(s)ds
(13 < (= oreey(se ey
< Creft (fg w(s)26_253u2(s)ds>

Note that we have multiplied by e*5.e™%%. As in the theorem ¢ is a real number
such that 0 < e < b. The Cauchy-Schwarz inequality allows us to write

Jo (s = 1) P (1) | A2 (7) ||, dT < [5(s — T) PO o(r)u(r)dr
INCEED —Belr=b)7 o(T)e e ETu('r)d'r

(Ji(s = m)=2Be20rbt2) TdT) (3 P2 (r)e%Tu2(r)dr) " .

Assume that v > b. In the case 7 < b we choose an ¢ such that b — v < ¢ < b.
By Lemma 1, as < 1/2, it follows that

I3

IA

IN

Nl

t s
I, < Cg/ (t — 5) 7@l Nsy(5)elr-bte)s (/ @2(7)6_25Tu2(7')dT) ds
0 0
or .
t -
I < C’g/ (t—s)"%e**yY(s) (/ (p _257u2(7')d'r> ’ ds.
0
Once again, the use of Lemma 1 with o < 1/2 implies

(14) Ip < Cyett ( /0 “02(s) /0 ’ (p2(7)6—267u2(T)d7’d8)

The relations (12), (13) and (14) now yield for ¢ > a > 0 after taking the
square of both sides of (12)

wA(t) < Cuo{llmolly + €2 3 (s) e 2w (s)ds
+e%t [Tp2(s) [ 2 (T)e 2Ty (T)deS} .

Let us set v(t) = e~ 2'u2(t), then (15) may be written as

(15)

16) v() < Cuo (ol + [ w¥ehotedas + [ v2(s) [ G rotryaras),
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for all ¢ > a. Denoting the right hand side of (16) by vy (t), we get

(1) (0 = Co {#*00(0) + v*0) [ Foprlar]

and letting va(t) = [§ @?(T)v(7)dr, we find vh(t) = V2 ()v(t) < P (t)vy(2).
Next, observing that vy is increasing and making use of [6, Lemma 1], we

get
va(?) / (8) /
<
vi(t) ~ a
We deduce from (17) that

A9 < e {1+ 20} <o {1+ [ pas).

From which we infer

vi(t) < vi (0) exp {Clo Jor [+ [ t o (r)ar] ds} .

Since ¢, ¥ € L?(0,00) we conclude that

A2 ()5 < e (1) < Crre™ =9 |lzo|)Z, ¢t > a > 0.

(ii) If £ < 1, then putting ¢ = (26 +1)/(£ + 1) it is easy to see that

. . 1 &2
min{l — aq,1 — > min , > 0.
{=oa1 =5 {2(£+1> (§+1)2}
This relation will be needed to justify the application of Lemma 1 in the
estimates of I1 and I3 below. Indeed, by Lemma 1 and the Holder inequality
we have

(Jate = s)meveswsds) * (jeye(s et (s)ds) ™,

Kjet (f(f P (s)e™e9 s ud” (s)ds) ,

L

(18)

INA

where %—Fq% =1; and as

Jg (s = 1) B0 p(TYu(T)dr <
(o (s = 1) Paear=b+amar) ¥ (i o (r)eeamut” (r)dr) ™

*l""
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we see that

1

I, < Ky fg(t — 8)"%e%Y(s) (flg 07 (T)e= o0 Ty (T)dT) O
< Ko (Jit = s)tesneds) * ([ (o) Ji o (7T T ()drds)
< Kae ([ (5) fo o (m)e™= Tt (r)drds) T
(19)

The inequalities (12), (18) and (19) imply

e~ ttui(t) < Ky {llwolld + J§ 9(s)e o0 ut(s)ds
+ J9(s) J3 @ (r)esrmua(r)drds

The rest of the proof is similar to that of part (i).

Remark. From the above proof it is clear that when m = 1 we do not need
the uniform boundedness assumption. Below we shall meet another situation
where we do not impose this condition.

In the next result we will consider the following class of nonlinearities

(H3) There exist a continuous function ¢ : [0,00) — [0,00) and p > 0
such that

160l < o) [l ¢ 0,ue 17, m>1.

A similar class (with ||A%ul|7" instead of ||ul;") has been considered in [7,
p187] for the problem

T (t) + Az(t) = f(t,z(t)), telI=][0,T],
z(0) = xo.

(H4) There exist continuous functions 1, ¥ : [0,00) — [0,00) and o7y,
g9 > 0 such that

1E(E, w,0)ll, < 7 b (2) lully” + t72402(2) v, , ¢ > 0; w, v € L7, m > 1.
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Lemma 6 ([4] or [5]). Ifé, v, 7> 0 and 2 > 0, then

A7 [(a = Qe < K (v 87)

0

where K (v,6,7) = max{1,2'7}T'(6)(1 + 6/v)T~°.

Definition 7. We say that the initial data z¢ and the data v, g and h satisfy
condition L[C, g, h| whenever

LiC,g,h] <1
where
L[C,g,h] = 3™&-DCI™CT (m—1) ||x0||;1)*(m—1)
{CE7% [ uf (s)ds + C [5° g7 (s) Jg b (r)drds} .
Here C; and Cj are the best constants in Lemma 4 and in the inequality

le@)ll, < M|Az@)l,,
aq,1+ q(o1 — ma),bg(m — 1)); g and ¢* are conjugate exponents determined

respectively. The constant C3 is equal to K(1 —

as in Theorem 5.

For the reader’s convenience we shall denote by C;, i = 4, ..., 8 the following
constants

Cy = K(1 — Bq,1 + q(p — mar), q(bm — 7)),

Cs = K(1 - ag,1+q(02 — B),q(y — b)),

Ce = K(1 — aq,2+q(02 — B+ pp — ma), gb(m — 1)),
Cr = K(1-fg,1+q(p—ma),q(a+bm — 1)),

Cs =K(1—-aq,1+q(o2—¢),qb(m — 1)),

where K is the constant appearing in Lemma 6, B is the Euler Beta function
and € > 0 is to be determined later.

Now we are in position to state and prove our result.

Theorem 8 Assume the same hypothesis as in Theorem & with (H3) and
(H4).
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(a) If b <y < bm, we suppose that 1+ q(o1 —ma) > 0, 1+q(p—ma) > 0,

1+ g(og — B) > 0 and the data satisfy condition L [(0405)’1*/‘1,1,&2(15),@(15)] .

(b) If v = bm, we suppose that 1 +q(o1 —=ma) > 0, 1 +q(p—ma) > 0 and
the data satisfy condition L [Cg /qB‘J*/q(l - Bq,1+ q(p — ma)),a(t), cp(t)] .

(¢) If v > bm, we suppose either that: 1+ g(o01 — ma) > 0,
1+ q(p—ma) >0,14+q(o2—B)>0

and the data satisfy condition L [(C5C’7)q'/q, Pa(t), e“ttp(t)] ,or 1+q(o1—ma) >
0 and the data satisfy condition

M)‘” T i
t [(Csp(v —myipa)  F Pa(t), " p(t)
for some € > 0 satisfying 1 + q(og — 6) >0

Then we have

1A%z (®)]l, < Ot~ ||zoll,,, t > 0

by

for some positive constant C.

Proof. Let z(t) be a mild solution of (1). Then on account of (H3), (H4)
and Lemma 4 we have

| 4%(®)], < Crt=2e™ |lzol, + C1 fy (¢ — 5)=2e™H )57 by (s) [a(s) Il ds
+C1 fy (t = 5) e =524y (s) (fy (s — ) Pe 1= rkep(r) () [ dr ) dis
or
txe | A%a(t)], < Ci [lzoll, + CrCat® [§(t — s)~ets™apu (s) A% (s) ;' ds
(20) +C1Ct™ fot(t - s)_”‘e(b“'Y)‘ss”?z/)z (s)x
(J5 s =) Permrrp(r) | A%a(r) " dr ) ds,

where the constants C; and C; are as in the Definition 7.

We denote the right hand side of (20) by u(t), then clearly

u(t) < Ct ||lzoll, + C1Cat® f(t — 5)~*ebU=m)2s71=mpy (5)u™(s)ds + C1Cot™
4Gt — 8) 65 5034h5(5) (i (5 — )~ BelromIru=ma(r)um(r)dr) ds
<Ci “CL‘()HP + C1Cot* J; (t) + C1Cat™ fg(t — 8)_0‘6(17_7)5802'(/12(S)Jz(s)ds,

(21)
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where .
(1) = [ (6 = )7t mmisgoimmag () (s)ds
0

and s
Jo(s) = / (s — 1)~ Pely=bm)T ri=ma g, 1Yy ™ (1) dr
0

The relation (21) will be our reference inequality. Here after, we estimate J1(t)
and Ja(s).

(a) Let b < v < bm. By the Holder inequality we find

t) < (/Ot(t - s)_“qebq(l_m)ssq(al—ma)ds) (/ z,bq (8)u™ (s )ds)
and

Ja(s) < (/Os(s - 7')_ﬂqeq(V_bm)TTq("_m”‘)dT) (/ o7 )dT)

Note that as in Theorem 5 (proof of (ii)), 1 — ag > 0 and 1 — B¢ > 0. This
fact together with the conditions stated in part (a) of the theorem allow the

1
*

-x-l"‘

use of Lemma 6. This leads to

L
q

u(t) < Cillzollp + C1C2 K19 (f(f wi’*(S)umq*(s)ds) ¥
a1
FOLC it = )2y (KN (f5 7 (1) (1)) .

Once again, the Holder inequality yields

1
u(t) < 1 looll, + CLOKL* (Jo 91 (s)um (s)ds) ™ + 1t B

1

(fo(t—s) aqgq(b=7)s ga(o2~h) ds) (fo 1/)2 (5 I o7 (T)u™ (1 )des)" ,
and by Lemma 6
1/ t * * '17
u(t) < Ci||oll, + CrCoKL T (J3 9 (s)um (s)ds)?

(22)
+C1Co Ky K (308 (s) 5 7" (T)umd (r)drds) T,

*I"‘

where
K, = K(1-aq,1+ q(o01 — ma),bg(m — 1)),

K = K(1 - fq,1+ q(p — ma),q(bm —v)),
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and
K3 = K(l —ag,1+ q((f? - 5)7 Q('Y - b))
As in [6, p354], using the inequality
(a1 +ag + ... +a;)F <j* (b +ab+ .. + a?), j>1
we infer from (22) that
u?” (t) <37 71CF {|lolld + C‘I*Kf‘/fl JEpT (s)umd" (s)ds
+CF KUK [egd () f3 o (1w (7)drds }

If v(t) denotes the right hand side of (23), then

(23)

v'(t) <301CT {Cf KT /%Y ()om(2)
+Cf K§UKS Y (1) [ o7 (rom(r)dr )
Let w(t) = [¢ o9 ()v™(7)dr, then w'(t) = ¢7 (t)v™(t) and

w(t) tw'(s) [t T ($\ds
@) = vm(s)ds_/o o (s)ds.

Thus

v'(1) g —1,vq* ~q* q*/q 4" a*/97-9%/4,,9" ¢ q
) 20 <0 it of (KTt O« KR @) o e

Integrating (24) over [0, t], we get

fg vvm&ss ds

< 3 _1Cq Cq {Kil /a fo qu (s)ds + Kg*/qu*/q fot % fo 90'1 deS}
Therefore,

1
o(t) < [ = (m = 1)GE)] T,
where G(t) is the right hand side of the latter inequality and
vo = 371CF |zl -

In view of the condition L [(0405)‘1*/ 2 9ho(t), cp(t)] and the definitions of v(t)
and u(t) it is clear that

(e a2@,)” <70 < v(0) < Clanly
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or
1A%z (®)]l, < Ct™e™™ [lzoll, -

(b) Let v = bm, then the integral term

t
I E/ (t — 5) %5524y (5) Jo(s)ds
0
in (21) reduces to

fg(t — 5)"eb(1=m)s 5724) (5) (fos(s - T)_ﬁT“_macp('r)um(T)dT) ds
= it — 5)"*et1=m)s5924h9(5) J3(s)ds.

J3 is estimated using the Euler Beta function in the following manner

( /05(5 — 7)~Paralu—me) dr) a ( /05 o () (T)d7'> 1

< Bia(1 - fg,1 + q(u — ma))si—Barat=—mel/a ( / T (ryum (T)dT)
0

J3

IN

1
q*

Using Holder’s inequality, again, we obtain

I< Bé(lﬂﬁq,1+q(u—ma))

bt — 5)~9eab(1-m)s ggo2+1-qf+q(u—ma) 4 g '
ht=s)

1

(8 (5) J3 7 (ryume” (r)drds) ™ .

Observe that goa+1—gB8+q(1—ma) > —1 since (1—¢f)+(1+q(p—ma)) > 0
from the hypothesis. Hence

1
7

1< B (- po 1+ ou-ma) K ([0 o) [ o (urr ryaras) "
where K4 = K(1 — 8q,2 + q(02 — B+ 1 — ma), gb(m — 1)).

The rest of the proof is the same as in part (a) and we obtain exponential
decrease of the solution of (8) under the conditions in the theorem.

(c) Let v > bm, then either

(i) we multiply by e*".e™" inside the third integral in (21), or
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(ii) we multiply by s°.s~ inside the second integral in (21).

Let us first consider case (i). We have
S
I = / (s— 'r)_ﬂe(”’_bm)TT“_m"‘e”.e“‘”go(’r)um('r)dv'
0

1 s
= (/ (s — 7) "W etlr—bm=a)r ra(u=ma) gy ) q (/ e? Tl (T)u‘l*’"(T)dT) o
0 0

Since a > y—bm, 1 —gf > 0 and 1+ q(u — ma) it follows from Lemma 6 that

1
q_"'

S
I< K;/qs‘ﬁ (/ el T ('r)uq'm('r)d7> ,
0
where K5 = K(1 — p83,1+ p(p — ma),p(a + bm — 7)). Therefore

1
u(t) < C ||woll, + CLCK (J§ ¥ (s)uwm (s)ds)
+C1CKG 1t [§(t — 5)72e=724)y(s) s~ (fos e Tl (T)ume (T)dT) = ds,

L
*

< Ci|fzoll, + CLCo KL (34T (s)um (s)ds) ?
+0102K51/qta (fot(t — 3)—aqeq(b—7)ssq(az—ﬂ)ds)

1

(J i (5) "o (rpun” (r)drds)

Q=

As 1+ q(o2 — ) > 0, we get

ll"'

u(t) < Ch ||zoll, + C1C2K11/q (f(;t 1/1‘11* (s)um™a" (s)ds) ?
+C10o K3 Ky (Jy 0 (5) Jy o9 @7 (T)u (r)drds)

1
7

Next we proceed as in part (a).
(ii) Multiplying by s€.s~¢ inside the second integral of (21) we find
U=
ff’) (t — 5)@e(b=1)s 5922554y (5) (f(sJ (s — 7')_ﬂe(7'bm)TT“—m"go(T)um('r)ld'r) ds
< f?) (t — 5)~%e(b=1)s 5727 sq) (5) (fg(s - T)_qﬁeQ(V'bm)Td'r> a

1

(fa 79" (h=ma) pd" (1)y™e* (T)d’/") -
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or
1
I'(1—qp q
(t—s —aeb(l~m)ssﬂz—€se¢2 S g Tq*(u_ma)soq* - umq* r d';' il ds.
0 0
Then X
5 1
o< el (- o)
1
(fg s 4pd (s) fg 79" (B=ma) 0" (1)yma" (T)des) -
therefore
1
1 I'(1—-qpB) ¢
U < Kg' l -
[g(y = bm)]

L
q*

t * s * * *
te (/ sfq*'ng (s)/ T4 (“_ma)goq (T)u™ (T)de.S)
0 0

where Ké/p = K(1 - aq,1 + q(o3 —€),qb(m — 1)). The rest of the proof is
similar to part (a)

Remark 2 (i) Note that the results in Theorem 8 hold without the uniform
boundedness assumption.

(ii) In case (b) the theorem holds true without any condition on ¢ other
than the nonnegativity.

Remark 3 We did not address here the issue of the equivalence between (8)
and (1). In fact, it is possible to impose some conditions on F(t,u,v) (like
Holder continuity in t, Lipschitz continuity with respect to v and v) and use
the results in Theorem 8 to see that mild solutions of (1) with (H3) and (H4)
are actually strong solutions. Moreover, we can establish regularity properties
for the solution. For these matters we refer to [3] or the paper of Hoshino and
Yamada [4].
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