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Nonclassical properties for some intermediate states

M.Sebawe Abdalla and A.-S.F.Obada

ABSTRACT. In this communication we consider in some detail new classes
of states. These states are intermediate states either between the pure
number (Fock) state, and the (non-pure) chaotic state (thermal state), such
as geometric state, or between the coherent state and number state such
as binomial state. We extend our discussion to include some other states
such as even (odd) coherent states, even (odd) binomial states, phased
generalized binomial state...etc. In our study of these states we pay atten-
tion to a discussion of the nonclassical properties, besides the statistical
properties, for example correlation functions, squeezing, and quasiproba-
blity distribution functions (P-representation, W-Wigner, and Q-function).
Furthermore we consider the field distribution and the photon number dis-
tribution, as well as the phase properties. Finally, we give the scheme for
the production of these states in addition to some applications related to

some quantum optical systems.

1. INTRODUCTION

Since the earlier days of quantum optics, it is well known that the Fock
(number) state and the coherent state represent two of the most fundamental
states of a single boson mode [1, 2]. The number state |n) is determined
by its photon number and the phase is entirely random. In this state the
amplitude of the field has a zero expectation value. For the coherent state
|a) one can generate it from the action of the Glauber displacement operator
D(a) = exp(aal — a*a) on the vaccum state |0), such that
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_ At — ara)|0) = exp(—Liaf?) S0

(1.1) |} = exp(aal — a7)|0) = exp(—3]af );mlw

with @ (a') standing for the annihilation (creation) boson operator, with the
properties [a,a!] = 1, and o complex. For this state the phase is determined
and the amplitude of the field has a non-zero value. In fact the coherent state
is a linear combination of all |n) states with coefficients chosen such that the
photon counting distribution is Poissonian. To generate such a state one can
use the fact that a classical charge distribution radiates a field in a coherent
state, while a single atom in its first excited state in the absence of external
interactions radiates a field in the |n = 1) state. It is worthwhile to refer to
another state that is the choatic (thermal) state [3], whose density operaror
Py is given by

00 —n
n

(12) b= D rTin) (.

n=0

where (14;)2% is the Bose-Einstein distribution function.

Recently one finds a great deal of interest in producing and generating new
states in addition to the previous states. Most of these states are intermediate
states which can be generated from the above states. In fact they interpolate
between distinctive states, reducing them in different limits of the parameters
involved. In consequence, a unifying role is played by an intermediate state
describing the physical properties of its limiting states. The earliest exam-
ple in the literature is the binomial state [4], which interpolates between the
coherent state and the number (Fock) state. Another is the negative bino-
mial state [5], which bridges the coherent state and the quasi-thermal state
(i.e. Susskind-Glogower phase state [6]). The notions of the even binomial
states [7] ( between the even-coherent and the even-number state) and the g-
deformed binomial states [8] (between the g-coherent and the g-number state)
have been introduced. The negative binomial states were also generalized to
the even (odd) negative binomial states [9], which interpolate between the even
(odd) coherent state and the even (odd) quasi-thermal state. The logarithmic
state, as a special case of the negative binomial states with the n = 0 term
removed, was also investigated [10]. There are also many other intermediate
states, among which one can cite:
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(i) the generalized geometric state [11], between the number state and the
(nonpure) chaotic (thermal) states.

(ii) the intermediate number phase state [12], between the number state and
the Pegg-Barnett phase state [13].

(iii) the intermadiate number squeezed state [14], between the number state
and the squeezed coherent state; (iv) the even and odd intermediate num-
ber squeezed state [15], between the even (odd) number state and even (odd)
squeezed state. Most of the theoetical studies concerning these states have
focused on their construction and the possible occurrence of various nonclas-
sical effects exhibited by them. All the above mentioned states are grouped
under the category of nonclassical states of light, and the main purpose of the
present work is to review some nonclassical properties of some of these states.

However, to reach this goal we shall make our starting point the even and odd
coherent states.

2. EVEN AND ODD COHERENT STATES

2.1. Generation of the state: During their study of a singular nonstation-
ary one-dimensional oscillator Dodonov et al generated and introduced to the
physics world the even and odd coherent states [16]. They have shown that
these states separately form complete sets in the Hilbert spaces of even and
odd functions. These functions can be written as follows

1
(2.1) oo >4 = 5)\;&(‘& >+ -« >),

or, in terms of number states,

o0 o TL
(2.2) lo > = Ay exp ——|a| Z
= (2n
and
0 2n+1

(2.3) oo >_= A_exp ———lal Z n+1>,
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where A\ and A_ are the normalization constants for both even and odd
coherent states respectively, given by the formulae

1 _1 1 . _1
(24) A = exp(glaf)lcosh|af| 72, A = exp(5|al*)[sink |af?] 2

Several methods to construct these states are given in the literature, one of
them is to use the inversion operator f, which has the properties /a] = —a; and
Iatl = —a! where @ and a! are the boson annhilition and creation operators,
respectively. However, the displacement operator b(a) is not invariant with
respect to the coordinate such that ID(a)l = D(—a), therefore one can con-
struct two operators, each generating irreducible representations of the group
consisting of two elements, the unit operator and the inversion operator 1.

The first operator generates the symmetric representation of the group and
takes the form
(2.5) cosh(aal — a*a) =

[D(a) + D(=a)] = Dy (),

DO =

while the second operator generates the anti-symmetric representation of the
group, thus

(2.6) sinh(ed! — a*d) = =[D(a) — D(-a)] = D_(a),

[

and hence |a >4+= A+ D1 (a)]0 > .

It is easy to see that the parity of these functions with respect to « is the
same as with respect to the coordinate, therefore these functions completely
describe the even and odd coherent states. Here it would be interesting to
refer to the solution of the problem of the nonstationary oscillator with the
wall at the origin of the coordinates, which has been obtained in terms of odd
coherent states, for more details see [16].

Recently it has been shown that quantum interference between coherent
states leads to generation of states whose properties are as far as one can
imagine from classical states. For example one can see the superposition of two
coherent states (|a)4) can arise as a consequence of propagation of coherent
light through an amplitude-dispersive medium. Furthermore it has been shown
that the even coherent states exhibit ordinary (second order) squeezing as
well as fourth order squeezing. Also we find that the idea of superposition
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of coherent states has been extended to include the quadrature variances of
a continuous one-dimensional superposition of coherent states, which shows a
significant reduction of fluctuations in one of the quadratures. The nonclassical
properties of even and odd coherent states have been studied in details , see
for example [17, 18, 19, 20j.

2.2. Photon number. The photon number distribution for both even and
odd states can be obtained from equation (2.1). For the even case we have[17]

2n
Coshlloz|2 |a’ll.! n even
(2.7) P®(n) =

0 n odd
while the probability P()(n) of finding n photons for the odd state is

sinh1|o¢[§ Jgnl?_n n odd
(2.8) PO(n) =

0 n even

It has been shown that the photon number probability distributions are
oscillatory and also resemble those associated with the Poisson distribution of
the ordinary coherent state, (figure 1 of [17] may be referred to).

2.3. Quasidistribution function. The representation of quantum fields in
phase space in terms of quasiprobabilities is widely used in the field of quan-
tum optics, with particular emphasis on the W-Wigner [21, 22|, Q-function
(23], and the Glauber Sudershan P-representation [2, 24]. Therefore in this
subsection we shall be concerned with the W-Wigner and Q-function for both
even and odd coherent states. To find the W-Wigner and Q-functions we have
to calculate the characteristic function C(¢,s), which is associated with the
symmetrical order of the bosonic (photon) operators and is given by

(2.9) O(&,5) = Tripexp(éa’ — "a + ZJ¢P?),

where p is the density matrix for the desired state and s is a parameter
that defines the relevant quasiprobability distribution function which takes


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


34 M.Sebawe Abdalla and A .-S.F.Obada

the values —1,0,1 corresponding to Husimi Q-function, W-Wigner, and P-
representation, respectively. The quasi-distribution functions (8, s) are de-
fined through the Fourier transform of the characteristic function in the form

(2.10) 169 =% [ Peexpier ~€5)CE9),
where P(B) = 1(8,1), W(8) = I(8,0) and Q(B) = I(8, ~1).
For any state [1,) expanded in terms of the Fock states |n) as follows
(2.11) o) =D zaln),  with  p=[) (]
the generalized quasidist:ibution function I(f,s) of equation (2.10) can be
cast in the equivalent form [24]
e~ (725181

(2.12) I(8,s) = %—l_s—x

B () ()
Z CmCnTaen \l 1 L
ol |52 s—1 1-s

Hence the Wigner function becomes

n(fllﬁ_F
1—s/"
2

(213) W(B) =1(8,0) = =e 2" 3 " (—1)"cs e (28)™" \/%L;”""(‘Hﬁl?)

m,n

3

while the Husimi @-function takes the form

(2.14) Q(5)=I(ﬂ,—1>=lexp (=181) Zc cﬂﬁ\/”‘mﬂ:

where L3 (z) = > ﬂL < ngz is the associated Laguerre polyno-

mial. For P-representation one has to take the proper limit as s — 1.

For the even coherent states case we can write the expression for W-Wigner
as follows

©a _ exp(laf®* 2|8
(2.15) W(B) = 27 cosh |a|? 8

[6_2|a|2 cos2(af* + a*B) + el cos 2(af” — o p)].
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For the odd coherent states case we have

¢ a _ exp(lal* = 2|8]%)
(2.16) W(B) = 27 sinh |a? 8

[e™1 cos 2(aB” + a*B) — eV cos2(af” — a*p)).

Figures for these functions show negative values which is a sign of nonclas-
sical effects. Similarly we can write the Q-function in the case of the even
coherent states in the form

e €Xp(— /8 2 * * « * *
(2.17) Q”W*:a%ﬁﬁ%MMMa+am+é”%wmﬁ—aﬁm
while for the odd case we get

(218) Q(O)(B) — exp(_|/3|2)

Zrsinh a2 coS(@F" +a78) = eV cos(ap” — a*B)),

After this quick review of the even and odd-cherent states, we look at the
intermediate states; we begin with the binomial states.

3. THE BINOMIAL STATES

As a natural way to study the intermediate states, especially the states
that interpolate between coherent states and number states, one may tackle
the binomial state [4, 25]. The binomial state |7, M > is a linear combination
of the nnumber states [0 >, |1 >,........ |M > with coefficients chosen such that
the photon counting probability distribution is binomial with mean nM.

The binomial state is defined as
(3.1) [Wyar) = In, M EZBMM

where BM are the binomial coefficients given by

(32 B%=[(ﬁ{)wu—hﬁw“ﬂ%

The binomial state is quantum mechanical in nature and it produces light
that is antibunched and has sub-Poissonian behaviour, but cannot have the
minimum uncertainty product, where it contains a finite number of |n). To
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generate the binomial state different methods may be used [7]. One of these
methods is to use the Hamiltonian

where J; (J_) are the raising (lowering) operators related to the angular mo-
mentum operator, which satisfy the SU(2) commutation relation [Jy,J_] =
QJZ and [Jz, Ji] = :|:Ji.

The evolution operator of the Hamiltonian (3.3) can be written as
(3.4) U(t) = exp(¢ Ty — C*J.)

where ¢ = (—iut). Now if we use equation (3.4) to act on the state |I, -] >
where [ is the co-operation number, we find

(3.5) [¥) = UL, =) = exp(¢ 4 — ¢TI, —1)

By taking ¢ = fexp(—%¢) and define 7 = ¢~ tan %, equation (3.5) becomes
Lra N

(3.6) ) = (L+ 17! Zl( ) )

By setting 7 = 1/(1 — [9/*),l + m = n and 2l = M equation (3.6) takes the
form of equation (3.1). Thus, as one can see, there is an advantage to consider
the binomial state as a good example of the intermediate state. However we
shall concentrate on the so-called even and odd binomial states (7, 26, 27].
These states interpolate between even (odd) coherent states and even (odd)
number states. This will be seen in the following subsections.

3.1. The even binomial state. The even binomial state |1,) is defined as
follows

A
(BT o) = (1M, 0) + M, ~n))
(%) 1 (%)

M 2 n M-—2n
=nY (n ) -y 20) =0 3Bl

n=0

where [#1] is the largest integer less than or equal to (M/2), and A; is the
normalization constant given by

(3.8) Al? =201+ (1 - 2p)M) !
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As a limiting case when n — 0 and M — oo such that M|n|* — |of?,

equation (3.7) immediately reduces to equation (2.2), corresponding to the
even coherent state |a.).

i) Correlation function

To discuss anti-bunching we have to consider the Glauber second order (zero
time) correlation function
< af%a? >
<ata >2
From Equation (3.7) we calculate the expectation value of the photon number

7, as well as the second moment n2, from which we can rewrite equation (3.9)
as follows

(3.9) g (0) =

1+ @ =21 + (1 = 2Jn2)?]
1= (1 =2[n)M-1]2

1
(310) g(0) = (1-7)

Equation (3.10) goes to coth?|a|? if n — 0 and M — oo ,which represents
the value of the correlation function for the even coherent state case. Numeri-
cal investigation of equation (28) shows that the system has super-Poissonian
behavior for small value of the parameter n ,but for large value of M the inter-
val of the super-Poissonian diminshes,while the system shows sub-Poissonian
for large value of 1. This means that increasing the number of photons in the
even binomial state changes the distribution from super-Poissonian to sub-
Poissonian (see figure 1 (a,b)).

ii) Squeezing

The squeezing phenomenon represents one of the most interesting phenom-
ena in the field of quantum optics, and is a direct quantum effect of Heisen-
berg’s uncertainty principle. It reflects the reduced quantum fluctuations in
one of the field quadratures at the expense of the other corresponding stretched
quadratures. Our aim in the present subsection is to consider two cases of
squeezing. The first is the normal squeezing which can be discussed through
the fluctuations in the quadratures
(3.11) X:%(&wd); Y:%(a—aﬂ‘),

and afsatisfies the commutation relation [a, af] = 1, while [X, Y] = 5.
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The second case is to consider the amplitude squared squeezing, which arises
naturally in the second -harmonic generation and in a number of nonlinear
optical processes that is defined through

1
(3.12) dy = 2(a +a?); dy =

which satisfy the commutation relation [dy, do] = i(1 + 2n).

To discuss squeezing we have first to calculate the expectation value of the

operator a?* with respect to the state given by equation (3.8). For 2s < M ,
we find

(313) (a) = |\ [P ——x

(-5 L9l

Z M (M_Zn) 2 | |4n( ! | )M Zn
2n (M —2n — 2s)! " 7

where s is a positive integer .

The field is said to be squeezed when AX’or AY* <1 7 and AX:AY? >ﬁ,
hold. From the numerical study one can see squeezmg occur for all values
of M , but it becomes more effective as M increases, however the maximum

squeezing is shfited to lower n as M increases. Also it is noted that as we
change the phase of the parameter 7 the squeezing changes between AX and

AY For the second case (amplitude squared squeezmg) the ﬁeld is said to
be an amplitude-squared squeezed state if Ad1 or Ad22 <M+ 2 and Ad1

Adg > (W + £)? hold. The numerical study of this phenomenon proves that
amplitude squared squeezing is effective for large value of M |, however the

point of maximum squeezing in this case moves slightly as M increases (see
figures 2 and 3 of [7]).

iii) Quasi-distribution function

As in the previous section we shall consider some statistical aspects related
to the even binomial state. We are only concerned with the quasiprobabil-
ity distribution function, W-Wigner and @-functions. This is because the P
representation is highly singular due to the non-classical charater of the even
binomial state. From equation (2.9) with p = |1, ) (1., together with equation
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(3.7), one can calculate the characteristic function C(¢)(¢, s) to be

(3.14) C@(¢g,5) = |A[2(1 = [n]H)M x

(5]

5 () [ oottt

n=0

where L, (z) are Laguerre polynomials of order n given by

(3.15) La(2) = 3 (4 g a7

~ (r)2(n —r)!

Now if we insert equation (2.13) into equation (2.14) and perform the inte-
gration we can obtain for s = 0 the W-Wigner functions, thus

(316) W) = 2 P(L~ [nf) x

(5]

M n 2 2n
> (on ) |T2g] exvl-isiiLantais)
n=0
For s = —1 we obtain the @-function in the form
[M] 2n
. A 2 2 M 5 2
a1 @We) =2ha-m Y (5 ) |12 exl-lor
n=0

where we have only taken the diagonal terms of the density matrix p. In figures
(5) and (6) we plot the Wigner function W () of equation (3.16) when |7 is
taken very small (~ 0.2). The distribution is almost Gaussian and the shape
of the field is insensitive to change in M . Increasing the value of M makes the
peak slightly sharper. However, if we increase || to 0.6, which means effects
due to higher excitations are of considerable importance, we note a remarkable
change in the shape of the function as M increases. Sharpening of the peak
as well as the appearance of shallower wobbles are signs of the contribution
due to higher excitations. In contrast to this we find that the Q— function
of equation (3.17) is insensitive to any change in either |n| or M. For more
details see figures 2-4.

3.2. The odd binomial state. The odd binomial state is the state which
interpolates between the odd coherent state and odd number state and is
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defined by [27]
(25

A
(318) o) = F(IMym) =M, =m) = X2 > B, |2n+1)
n=0

where ) is the normalization constant given by
(3.19) Aol =21 = (1 = 2jp")"]~

while B%H is of the form

1
M 2 M—2n—-1
(320) R A R (O
Since the linear combination of the odd binomial state does not contain the
vacuum state, the range of the parameter 7 will be between 0 and 1 such that
0 < |n|<1. By taking the limit M — oo and n — 0 equation (3.18) tends to
equation (2.3), corresponding to the odd coherent state.

i)Sub-Poissonian behavior

To discuss the sub-Poissonian behavior of the state one needs to find the
explicit expression of the Glauber second order correlation function (3.9). For
the odd binomial state we find

B 1 (1 =2[nH)™M=2(1 = |n|*)?
(3.21) g(g)(o) =(1-—)|1-4 M+ (1— 2|n|2)M—1]2

M

From the above function we can deduce that g(?)(0) is always less than one so
far as both 7 and M are finite. However, if we increase the value of M and
decrease the value of n at the same time, such that n — 0 as M — oo, then we
find the correlation function tends to tanh? |a|?, so that a sub-Poissonian effect
does exist for the odd coherent state. This emphasises that the odd binomial
state has sub-Poisonnian behavior. Also we may point that, for large values of
M with fixed value of 7, the function approaches unity more rapidly for n ~ 1
and persists and the system shows coherence behavior [27].
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ii) Squeezing

Since the normal squeezing is based on the definition of the field quadrature
operators given by equation (3.11), therefore in this case we find

2s
N n
(3.22) (%) = [\o|* ———x
@ = el ey
(M) —s 1
Z M (M —-2n-1)! ]2 I[4n 2 (1 — [p|?)M—2n-1
~ n+1 (M —2n—2s—1)! ’
while the expectation value of the photon number is
(3.23) (@'a) = [no>(M/2)[1 + (1 = 2In[>)M ).

Numerical investigation proves that the odd binomial state does not show
squeezing whatever the values of the parameters n and M . However for
amplitude -squared squeezing the situation is different where the squeezing
get more pronounced as M increases, and the maximum point moves toward
higher values of 7 (see [27]).

iii)Quasiprobability distribution

Following the same procedure as in the previous subsection we can calculate
the quasidistribution functions for the odd binomial state. Then, from equa-
tions (2.13,14) and (3.18), and after performing the integral over the whole
complex plane, we have the expressions of the W-Wigner function when s = 0
in the form

(M-1)/2]

) Aol g
(3.24) W()(B):—Q%e AN B P Liansy (4181
n=0
[(M-1)/2]
(2m+1)' n—m) r2(n—m
£2 30 G Bl BRI IE R L (418«
m,n=0 ’
m>n

cos {2(n —m)(¢ + ()}
where B! is the binomial coefficient given by equation (3.20).
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Similarly we can find the expression for the O-function when s — —1 in the
form
(M-1)/2] ,
Pal’ -apr Bl
2 © (g — | 28] o B
(=172 |ﬁ|2n+2m+2
+ 2 BMn BI\Z )
m,n=0 Vv (@2n+1)1(2m + 1)!] 2n+1l|Bant]
m>n

cos {2(n —m)(¢ + ()},
where we have taken 8 = |B]e¢ and n = |n|e*®.

The last two equations consist of two parts; the first part represents the
diagonal terms, while the second part represents the off-diagonal terms of the
density matrix p. On the other hand to, deduce the expectation value of
the density matrix p with respect to the coherent state 3, one may use the
relation (B[p|8) = mQ(B). From the numercial study of the odd binomial state
we find that when 7 has a small value (n = 0.1) and M = 5, the Wigner
function has a hole on the summit similar to that found of the geometric
state. However as we increase the value of n such that n = 0.6, keeping
the value of the parameter M fixed, we have four asymmetric peaks with a
chaotic behavior, where the interference between the component states results
in the selective preservation of the nonclassical effects during the amplification
process. Increasing the value of the parameterM (~ 17), and keeping the
parameter 1 with the same value, we find the four peaks are shifted and the
chaotic behavior becomes pronounced. With respect to the Q-function, we
find that when 7 is small (~ 0.1) and M (~ 5) the function represents the case
of the Fock state. However when we increase the value of the parameter i
then the probability of having single photons also increases, where we have
four adjacent deformed peaks at the center, (see figures 5 and 6).

4. THE PHASED GENERALIZED BINOMIAL STATE

Our purpose in the present section is to introduce a new class of the inter-
mediate states. The idea of introducing such states is not only to give a wider
range for studying the intermediate states, but also to generalize the so-called
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orthogonal even coherent state which is given by [28]
(4.1) | @) = BY?| a) 4+ | ia)+],
where B is the normalization constant and | ), is the usual even coherent
state given by equation (4). It is worthwhile to refer to the origin of the
orthogonal-even coherent state. This state is revealed by the study of the
definition of equation (4.1), where in the complex a-plane the vector repre-

senting (ia) is rotated 7/2 degrees from «, and therefore the even coherent
state | iar) 4 is orthogonal to the state | a),.

The state we shall introduce is called a phased generalized binomial state,
and is defined by [29]

(4.2) %) = AY2 [0, M) + 67 | e, b1)]

where A is the normalization constant, and ¥ and ¢ are two different phases,
that enable us to get different states. It is interesting to point out that the
phased generalized binomial state can be regarded as a generalization to the
previous states which have already been considered in the present work. Also
we can say the state |x) would generalize the result of [28], while the state
| 7, M) can be regarded as the usual binomial state or even binomial or odd
binomial state, but this depends upon the value of the phase parameters 1
and ¢. The normalization constant for the state (4.2) is given by

1 — — -1
(4.3) A=3 [1 + Ree™ (5, M | nei®, M)} ,
while for the usual binomial state, we find that A takes the form
1 — - M1
(4.4) Ap =3 [1 + Ree™ (1 + (e —1) |n |2> }

In the limiting case we find for M — oo ,and 7 — 0 such that M|n|? = |a|?
equation (4.4) tends to
— 1 _ _ - -1
(4.5) Ay = 5 [1 + {cos(¥+ | a |* sin qS)}e‘a'Z(COSd’—l)}
It is clear from the definition of | x) that when ¢ = 0 and ¢ ==l | =
1,3,5,... then the state (4.2) reduces to the even-binomial state (see equa-

tion (3.7)) and it reduces to the odd binomial state,when ¢ = ¥ = s,
s=1,3,5,...(see equation(3.8)).
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In the forthcoming subsections we shall consider, as usual, the statistical
properties of the state |x) given by equation (4.2), where we study the case
when | 7, M) is binomial, and even (odd) binomial states, provided we take

i

¢ = 5 and we call the state in this case a phased orthogonal binomial or even
(odd) binomial state.

4.1. Phased orthogonal states.

4.1.1. Ewven binomial state. In this subsection, we consider the case when ¢ =
7 in the state [x) equation (4.2). In this case the state |n, M), represents the

usual even binomial state, where equation (4.2) reduces to
(46) | ¥)e = A2 [Im, M) + 7 |in, ).

It is clear that
[M/2]

4D dn M= P Y ()61 PR g e

n=0
=M [P Re[l+ (i = 1) | n |},
and then the normalization constant A becomes
(48) Ao = {1+ | i P cosTReL + (i — 1) | [}
where Ay is the normalization constant for the even binomial state given by

equation (3.8).

As we stated above the even binomial state tends to the even coherent state
when M — oo,n — 0 such that M|n|? = |a|?. In this case we find equation
(4.8) tends to the form

_ 1 — —
(4.9) A, = ECOSh | a|? [cosh | & [ +coscos | a 2] !
For ) = 0 one can find equation (4.9) is exactly equation (5) of [28], and the

state | x)e reduces to the orthogonal-even coherent state.

Second and fourth order squeezing

Now let us employ the Hong-Mandel definition [30] to study the second and
the fourth order squeezing. To do so we have to calculate the expectation
values for different order operators using the state | x).. It is clear that the
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expectation values for both @ and a! vanish, and the expectation value for a2
is given by
M

(4.10) (a?), = —2iA. Z (B3 (BM,5) V/(2n + 2)(2n + 1) sin(¥ + nr),

while the expectation value for the photon number operator a'a is

(7]

(4.11) (a'a)e =240 " 2n | B 12 [1+ cos(¥ + n)).

n=1
Similarly we can obtain the expectation value for 41242
(4
(4.12) (a'a%)e = 2| Ac[*> 2n(2n —1) | B3L 2 [1 + cos(¥ + nr)]

n=1

The expectation value for a* can also be given as
0 1757
(@13) (at), = A2l I e s e
(I=1n*?* 4
x /(M —2n)(M — 2n — 1)(M — 2n — 2)(M — 2n — 3)
x [1 + cos(vp + n)]

Finally the expectation value of af3a is given by

[452]
el 2|A n 2 —20
(4.14) (aPa). = %[1”2— Z 2n | By, |

x \/ —2n)(M — 2n — 1) sin(¢p + nn),

where 1 = |n| exp(if)

Now let us define two quadrature operators for the field, X; =v2X and
X2 =v2Y where X and Y are given by equation (3.11). These quadratures
satisfy the commutation relation [X, X2] = i and play the same role as the

position and the momentum operators, ¢ and p respectively, where [§, p] = 1.
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For the second-order squeezing we may write the quadratures AX12 and
AX22 in terms of a,a! as follows:
(4.15) AX12 —1/2 = (ata)e + Re(a?).

Note that AX; (i = 1,2) stand for the dispersion evaluated in the orthogonal
even binomial state. It is interesting to point out that if we differentiate the
resulting expression with respect to 6 and set the result equal to zero, we find a
necessary condition for AX; (or AX3 ) to be extremum. That is (where sin
#0) cos 26 = 0, where the extreme values of § = 7/4, 37 /4 are independent of
| 7 ]. On the other hand the extreme values with respect to ¥ are ¥ = 0, .

The fourth order moments of X; and X5 in the state | x). are given by

__ 2
(4.16) DX, = % [1 + 2(a%a%) + §Re(&“)

+4(ata) + 4Re(a?) + gRe(dTBd)]

. 2
4.17) BX, = Z [1 + 2(at%a?) + §Re(&4)

8
+4(ata) — 4Re(a?) — gRe(&T3d)]
where the fourth order uncertainty principle must satisfy the condition

(4.18) AX: AX;' >9/16

To measure fourth order squeezing in the quadratures AXl4 and AXQ4
from zero, we can rewrite equations (4.16) and (4.17) in the form
4 4.
(4.19a) Q= §AX14 1, Q= §AX24 —1
Thus we may conclude that X; and X, will exhibit fourth- order squeezing
whenever

(4.19b) Qi1 <0 or @2<0

It can be shown by calculation that fourth-order squeezing coincides with
second order squeezing for both 6 and 1.
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To discuss the second and fourth-order moment of squeezing in the phased
orthogonal-even coherent state, we have to take the limit of equations (4.15-
17). After a long and tedious calculation one finds the following expressions:

—_— 1 9
420a) AXi" =+« =
( ) T ] cosh | o |2 4+ coscos | a |2

| a |2 cos | a |? sin® sin 26

[sinh |a > —sin | a |2 cos 7))

cosh | a |2 4 cos ) cos | o |2
and

2 2 [sinh | |2 —sin | o |2 cos V)

4.20b) AX —
( ) 2 cosh | a |2 4+ cospcos | a |2

_1+|
_2 e

| & | cos |  |? sin®)sin 260
cosh | a |2 4 cos ) cos | a |2

(4.21a) AX; = %[1 + 4fcosh | & |* +cosipcos | e |47 a |* [C cosh | o |?
— Dcostcos | a |2 —%sin | o |? sin 20 sin 9]

+ | a|?[sinh | @ |* —cosPsin | a |? +cos | o |? sin?sin 20]]]

(4.21Db) AXy = %[1 + 4[cosh | & |* +costpcos | o |37 a |* [C cosh |a|?
— 2 2 2 . . T
— Dcostcos | a | +§sm|a| sin 20 sin 1|

+ | a|?[sinh | & |2 —cos¥sin | o [* —cos | a |2 sin P sin 29]]}

where

(4.22) C= %(1 4 cosdf

Cos 40)
3

)a D= (1_

1
2

From the expression for A_)a4,m4, one can easily realize that there is a
fourth order simultaneous squeezing in the quadrature components for both
the phased orthogonal even binomial state and the phased orthogonal even
coherent state (see figure 12 of [28]).
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4.1.2. Odd binomial state. Now we turn our attention to the phased orthogo-
nal odd binomial state | x), , which is given by replacing | n, M), instead of
| m, M) in the expression (4.2) taking into account ¢ = 7/2 , 9 = ¥ + 7/2.
Hence the state |x) is

(4.23) X0 = AY? [0, M)y + €712 | in, 1),
The normalization constant A, is given by

1 — , -1
(1.2 Ao =3 1= 1 Peosla (-1 1 1]

where A is the normalization constant for the odd binomial state defined by
equation (3.8).

Second and fourth order squeezing

A similar discussion can be given as in the previous subsection. The extreme
values for the present case are identical with those obtained for the case of the
phased orthogonal even-binomial state. This is due to the fact that we take
the phase 1 of equation ( 49) equal to ¥ +7/2. Numerical investigations reveal
that the optimal case of # and 1) does not introduce fourth order squeezing.
This is in contrast to the phased orthogonal even binomial state, which has
simultaneous fourth-order squeezing.

For the phased orthogonal odd coherent state, the normalization constant
A, of equation (4.24) reduces to

J— 1 —
(4.25) A, = §sinh | o |? [sinh | & |2 — cossin | a |?] !

The second order moments of squeezing are given respectively as:

(4.260) AX; ==+ |a? [C?S |a| cosl_al‘ cos )]
2 sinh | a |2 — cossin | a |2
| o |* sin | « | sin 3 sin 20

sinh | o |2 —cos ¢ sin | o |2
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and

_ 1 2 2 —_
(4.26b) BXp2 = 1y |2 leoshla [ —coslaf”cos )]
2 sinh | & |2 —cos¢sin | o |2

| o |? sin | o |? sin sin 260

sinh | a |2 — cos'sin | a |2
while the fourth order squeezing are

(4.27a) AX, = %[1 +4[sinh | & |* —cos¥sin | a |7 ]| a |* [C'sinh | o |2

— 2 —
+ Dcossin | a |2 3 cos | o |? sin 20sin ]+ | o |? [cosh | o |?

—costpcos | a|? —sin | a | sint sin 29]]}

and
(4.27Db) AXy = i—[l +4[sinh | |* —cos¥sinh |« |7 a |* [Csinh | a |?
+ Dcossin | a |2 +§-cos | o |? sin 20sin )+ | o |? [cosh | o |2

—costpcos | a |? +sin | a |? sinysin 29]]}
where the constants C' and D are given by equations (4.22).

In comparing equations (4.20-21) with Eqs. (4.26-27), we come to the con-
clusion that the behaviour of 1) and @ in both cases is identical, provided we
replace (¢ + (7/2)) by .

4.1.3. The distribution functions. Here we pay attention to use the quasi-
probability phase-space distributions to examine the representation of the
phased generalized binomial states given by equation (4.2). By using equa-
tions (2.12) we will be able to get an explicit form for the quasiprobability
distribution function for different forms of phased orthogonal states. Thus
for the density matrix p generated by equation (4.2) we obtain the following
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expression for the quasiprobability function as

o - S 88 [ (227 1)

n=0
2 n 4 ﬁ2
X (.1 kﬂ]m?) P2L, < 1|_ $|2 ) "
S e (M) (MY RL (L s\l \TE 28\
erg;o(_l) <n><m>—nﬁ<1_3> <1_|77|2> (1—-9)

m>n
m— 4|5|2
X Py Py LC <1 = )|

where

(4.282) PPy, = 4[cos[(f — 6 — g)(m — )] cos(¥ +2n¢) cos(? +2m¢>)

The function LY (y) in equation (4.28) is the associated Laguerre polyno-
mial defined after (2.15). Note that in our calculations we have taken n = |n|e®
and 8 = |B|e?, where § and § are the phases of n and 3 respectively.

The Wigner function of the phased orthogonal even binomial state is

(M/2] 2 2n
24,
(4.29) W(B) = - (1 —[n|»)M exp(-2|8]%) {:;0 (é\i) (1 W||77|2)
(M/2]
2n! (M (M
X PinLan(418%) +2m;0 2ml <2n> <2m>
m>n

2 m+n
77 m—n m—n
X <1|_l|n|2> (4]c?) (™™ Py, Py L0 (4|5|2)l
and

(4.29a) Py Pay, = 4 cos[(20 — 28 — ¢)(m —n)] cos (% + nE) cos <% - mE) :
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The @-function is

(M/2) 9 mn,
430) Q) = 221 - M e8P | 3 (5,) (7257
n=0

n 1—1n|?
(M/2] (m+n)
(Iﬁl ) <M><M) < |n|? )
p2 L+ 2 —_—
2 mzn:o 1—n?
m>n
lﬁ]Q(M+n)
8 v 2n!12m! Pon Pom

Finally we would like to mention that, as a result of the non-classical char-
acter of the present state, we find the P- representation function highly sin-
gular . Therefore consideration of the P-representation for the state |x > is
meaningless. Now we shall make use of the Wigner function (4.29) to get the
probability distribution function P(z) by integrating W(3), with 8 = z + 1y,
over the imaginary variable y , where

(4.31) P(z) = /_ " Wie + iy)dy

Substituting equation (4.29) into equation (4.31), we get

7 N oany e ]
Y — ]2 I n2\M 9.2
(430 ) =\ ZA0- | nf) expl-22) > (5n) 02
2 [(M/2]
ey () (o)
THon
( i )’”*” b pr Hon(V22) Hon (V22)
2(1 = [nf?) e anm]
where H,,(z) is the Hermite polynomial of order m,
[%E] 1\ o ! m—2r

rl((m — 2r)!
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and

(4.32b) Py, Py, = 4cos[(20 + 7)(m — n)) cos (% + n%) cos <% + m%)

The characteristic function and the quasi-probability distribution functions
for phased orthogonal odd binomial state are calculated as previously.

The Wigner function W (/) has been investigated for different values of
M,n and . For small values of i (~ 0.1), we find that the contribution of the
vacuum state is the dominant one for 1) = 0 and 7/2. For ¥ = 7 where the Fock
state 2) is the only existing state when M = 4, the figures for W (/) represent
this state clearly whatever the value of . For the intermediate n = 0.5 we
find for ¢ = 0 and M = 4 that the Gaussian is deformed slightly with the
appearance of shoulders. This is due to the slight effect of the state |4) in this
case to the vacuum, while for ¥ = 90 and M = 4 the figure is assymmetric the
effect of the state |2) deforms the Gaussian of the earlier case (see figure.2a of
[29]). The nonclassical effect is apparent. Increasing M adds more states to be
considered. The central peak is surrounded by wobbling circles, and changing
¥ changes the symmetry (the case of M = 16 and v = 180 are presented in
figure.2b of [29]). When 7 is increased ( to ~ 0.9) the effect of the Fock state
with higher excitations, especially when M takes larger values, is pronounced.
This is shown in figures. 3c and 3d of [29]. Increasing the value of M shows
breaking up of the outer engulfing circles. Changes in v result in assymmetry
in the figures, especially when we take 1) = 5. Therefore the shape of the
quasiprobabilities is very sensitive to the choice of the phase 1.

Investigations of the formula (2.25) for the Q-function reveal that for small
value of  we find the Gaussian form that characterizes the vacuum state for
all values of M and v = 0 or 7/2. However when we take ¢ = 180, and
M ~ 4, the case of the state |2) results and the figure for the @Q- function is
representative of this case whatever the value of 7 (see for example figure 4d
of [4], which represents the Fock |5)). For intermediate values of n = 0.5 we
find a displacement towards the centre(a = 0) which is a sign of squeezing.
This effect is pronounced for the case ¢ = 90 and M(~ 4). However when
M is increased one finds a split into four summits, choosing 1 makes the
interference between the summits greater (¢ = 0 ) or the split clearer (as
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when we take 1 = 90 or 7). As 7 increases to ~ 0.9 one finds that the height
of these summits depends on the choice of .

4.1.4. Phase properties. The notion of the phase in quantum optics has found
renewed strong interest because of the existance of phase-dependent quantum
noise. The new measurements [32] in this field opened the way to deeper
understanding of the quantum nature of the phase. There are many different
approaches to this problem [33]. To calculate the phase properties for the
even and odd phased orthogonal binomial states we adopt the Pegg-Barnett
formalism [34]. In this approach, and on the (s+ 1) dimensional subspace, one
chooses the (s + 1) orthonormal phase states as bases, thus defined by

1 S
4.33 0,,) = exp(ind,,)|n),
(4.33 o) = g 2 exinn) )
where

2mm
(433&) Qm—90+H—1, m—0,1,2....,s

The phase operator is then defined as
2
(434) Bo="3" OrmlOm) (],
m=0

which has the eigenstate |6,,) as its eigenstate with the eigenvalue 6,,. The
probability distribution for any state |¢) is given by

(4.35) P(0m) = |{Oml9)|?

This can be used to compute various moments and then the limit s — oo is
taken. The continuous-phase distribution function P(6) is introduced by

(4.36) P(6) = lim 200,12

s—oo 2T

For any state of the form |v)) = )" c,|n), we find that P(6) takes the form

(4.37) PO) == [ 1+ 3 emct expli(n — m)e]

~or
m¥#n


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


54 M.Sebawe Abdalla and A.-S.F.Obada

From this phase probability function the moments can be calculated. When
the phase reference angle 6 is put equal to zero, we find that

(0) =0
7T2 . —1)m—n
(4.38) @) =5 +2) Cmcng_m'z_w

n#Em

When the function P(6) of equation (4.37) is plotted we note the breaking
up of the figure for the probability distribution funtion for the case of ¥ =0.
This is only due to the presence of the states |4n) in the state, and hence we
get a four- fold degenercy. This is in general trend with the case of the even
states where the probability is split only on two, (see [29]).

5. GENERALIZED GEOMETRIC STATE

As we have stated earlier the geometric state presents the gradual behavior
of some quantum optical systems where the state of the field changes from
the pure number (Fock) state to the non-pure chaotic state [11, 35, 36]. This
means a field state that interpolates between the number state |n) and the
chaotic state with density given by equation (1.2).

5.1. Definition. We define the normalized generalized two parameter state
|Y, M) as follows:

M
(5.1) Y, M) =23 Yin)

n=0
where Y is a complex parameter and its phase is random in general and the
normalization constant )\ satifies

1-1Y]
2 _

(5.1a) [ Xol” = To v Y| #1

The limiting cases of the definition in equation (5.1) follow:
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(a) Chaotic state. For [Y| <1 (= 1%) and M — oo, the density operator
in this case is

(5.22) Py = lim [¥, M)(Y, M|

= lim [)\g|? YIY*T ’
Jim Aol > YEIY*Tin)(n|

U
n,n =0

If Y = |Y]e*¥ and % is a random phase, then the average over ¥ gives

. 1 [
(5.2b) (PY,¢)av = %/0 Py,qud)
(27[')_1 > n nl /27\' ( _ ’)w /
L S Y| 2 (n—n d
Tow 2 | = bin)(n

- ;(ﬁﬁ%m ><nl.

This is identical with the single-mode chaotic state with mean photon num-
ber 7.

(b) The number state. For |Y| — co and M finite, equation (5.1) reduces
to the number state |M > .

(¢) The vacuum state |0). This is either obtained by taking the limit |Y| — 0
or equivalently, by taking M = 0.

(d) The phase state |0,,) (see equation (4.33)) of Pegg and Barenett [34].
For y = €% |Y| =1 and s = M. This is the partially coherent phase state,
and when s— oo the coherent phase state [33] results.

5.2. Properties. The mean value for the mth moment of the photon number
operator in the generalized geometric state is given by

M
(5.3) (™) = [Mo[* > n™my ™
n=0
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In particular, for m = 1,2 we have
M

(5.3a) () = |Xo* ) _n[Y|"

n=0
=YIQA- 1Y) Q = [y = (M + DY M+ My M,

and

M
(5.3b) (A%) = [Ao]* > _n2|Y|"
n=0

_ YA +1Y]) = (M + D?[Y[MH 4+ (2M2 4+ 2M — 1)[Y |M+2 - M2|y |M+3)
- (1= YD1 = [y M) '
Note that from (5.3a) and (5.3b) we have in the chaotic-state limit (7) — 7
and (A?) — (27 + 1), and in the number state |M > limit (7)) — M, and
(R?) — M2

To calculate the normalized second-order correlation function one can use
equation (3.9). In this case we have the expression

(54) g2(0) = (A~ [YI™M) 1+ MY M - (14 M)y M)
2= MM+ DY M+ 2(M? - DY M - M(M - 1)y |V,

which goes to 2 for chaotic state and goes to (1 — Xl/[—) for the number state
|M).

For the special case of M = 1, ¢(®(0) = 0, an expected result since the state
|Y, 1 > does not contain in its expansion the photon number state |2 > . figures
7a and 7b show the behavior of g(?)(0) against |Y| < 1. For M = 2 (figure Ta),
0.69 < ¢®@(0) < 1.94. In the range 0 < |Y'| < 0.36, there is a partial coherent
property ‘2 (0) > 1. For 0.36 < |Y| < 0.9 the antibunching effect (¢(?(0) < 1)
is clear but it is less, compared with the photon number state [ g(*(0) = 4 for
the state |2 >]. For higher values of M = 10, the chaotic behavior is exhibited
(9@(0) = 2) for |Y] < 0.3 . In fact, as M — 100, ¢ (0) = 2 for the whole
range of 0 < |Y| < 0.95. The ratio of the variance function of the photon
number (A7)? to the mean photon number ( the Fano factor) is defined as
(AR)?  <A? > — <p >2
<> <A>

(5.6) F=
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(For a number state, ' = 0.). In the special case of M =1,

| 1
C14Y] 1+Y
the generalized geometric distribution shows sub-Poissonian behavior (figure
8a). For M = 2 (figure 8b) the sub-Poissonian behavior is shown in the range
0.37 < |Y| < 0.9. The cases of M = 10,100 indicate the chaotic character of
the state (F' > 1). See figure 8.

(5.6a)

< 1,

5.2.1. Squeezing. Now, as usual, we shall examine the squeezing property for
the generalized geometric state. To reach this we have to use equation (3.11).
In this case we need to calculate the expectation value for both quadrature

variances X = v/2X; and X5 = \/2Y. Thus we find the variance (AXl)Q takes
the form

(5.7a) 2(AX1)? =< a® +4a? > +2(A) + 1—- < a+al >?
Similarly for X5 we have.

(5.7b) 2(AXy)? = - <a?+al? > 42(A) + 1+ <a—al >?
On the other hand we find

(5.8a) (@%) = | Mo?(Y*)™ Zm Vn(n —1)

This leads to

(5.8b) (a% + at?) = 2|\ |yr2cos¢z|y; Vn(n —1),

where Y = |Y|e*®, and (¢ = 21). Similarly we can show that

M
(a+at) = 2rol2lY |} %‘é YA,
L o
(5.8¢) (a—al) = Zi]/\0|2|Y|”5sin—2—;|Y|”\/’ﬁ

The numerical results for the variance expressions,

(5.9) S, =2(AX)> =1,  S;=2(AY)? -
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where S 2 < 0 signify squeezing, are presented in figure 3 of [11]. In the case
M =1 the component Sy shows squeezing for ¢ = 0 up to |Y| ~ 0.98, but for
¢ = % alesser squeezing occurs for shorter range of |Y| ( namely, 0 < |Y| < 0.7
). There is no squeezing at all for ¢ = 7. In conformity with the case M = 1,
the component Sy does not exhibit squeezing for the same values of ¢. For
M =10, S3 shows some squeezing for ¢ = 0, % - The same is true for the case
M = 50, but the magnitude of squeezing is less. In both cases of M = 10 and
M = 50 there is no squeezing in S; as expected. Note that for |Y| > 1, both
S1,2 are positive for all ¢ hence there is no squeezing. This is consistent with
the fact that as, |Y| — oo, the generalized geometric state tends to a Fock
(number) state which does not exhibit squeezing in S1.2, see figure 9.

5.3. Quasiprobability distribution function. As we have done in the pre-
vious sections of the present work, we shall consider the quasiprobability dis-
tribution. From the characteristic function equation (2.10) we shall be able to
find these functions, therefore if we take the parameter s = 1 corresponding
to normally ordered characteristics function, and we take the density matrix
p =Y, M)(Y, M|, where |Y, M) is the state given by equation (5.1), then after
some calculations we have

M :
nl o n'—n) 7 (n —n
(520)  Gyl&) = Mol Y 4V EYTER L - (ep?)
n' ,n=0 '

where L;m)(z) is the associated Laguerre polynomial given earlier.

Although the P representation affords a convenient way of evaluting the en-
semble averages of normally ordered operators, the function is highly singular
as a results of the nonclassical charater of the state (5.1). Therefore we shall
consider the Wigner function which can be calculated if one uses equation
(2.13). In this case we have

(5.11) W(B) = %|/\0|26”2|5'2><

M

n n' n/-—n R *l/. ’I’L,—TL
> (DM @A) Iy EY T L (48P

!
n ,n=0
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where we used the generating function [36]
(5.11a) (1+ k) exp[—kz] = > K7LY™™(2)]
n=0

As a special case if we take the phase 1) = 0, then equation (5.11) reduces
to
M

2 2
(5.12) W(B) = =™ (~1)"Y " La(416]%)
n=0
In the chaotic state where M — o0, |Y| < 1 we get
(5.122) W (B)len = — expl~(m + )76

Figures 10-12 show the Wigner function W () as a function of 8 = Re() +
iIm(B) for different values of M and |Y|. See also figures 4-6 in [35]. From
equation (5.12) it is clear that W(f) is a symmetric function in both Re(3)
and Im(8). For |Y| = 0.1, W(B) is insensitive to M and its Gaussian-like form
has its peack at Re(8) = Im(8) = 0. As f increases and for M = 1,2, W ()
exhibits a hole at its center, and eventully W () behaves as a Gaussian similar
to that of the chaotic state. In all cases W (/) is positive for |Y| < 1. As for
|Y'| > 1 and for increasing M the presence of the Laguerre polynomial term
in equation (5.12) is more effective and hence W (f3) becomes negative around
its center. In fact, equation (5.12) reduces to that for a number (Fock) state
|M), namely, in the limit [Y]| > 1 and for fixed M,

(5.12b) W ()] ek = 2(=) L (4181 expl~2|8]?

which tends to zero for || > 1.

Finally we calculate the @ function, which can be used to express the en-
semble averages of antinormally ordered operators as a simple intergal. After

carrying out the integration in equation (2.10) with s = —1
Aol? _
(5.13) Q) = PL O o1 52171 expl .

When M tends to infinity and |Y| < 1, we have the corresponding formula of
the @ -function in the chaotic state,

(5.13a) (QB)en = @+ 1) expl~(m + 1) 5P
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Now let us discuss the probability distribution function for the generalized
geometric state P(x) associated with the quadrature = . To do so let us use
equation (5.11) to calculate the integral given by equation (4.31). With the
aid of equation (5.11a) we obtain the following result

(614) P) = (2) e x

M !
S (') @) 3 YRV R B (VEz) i (V33)
n,n' =0

The function H,(z) in equation (5.14) is the Hermite polynomial. The
behavior of P(z) is discussed in [35] in the average state, i.e., terms with
n =n in the summation in equation (5.14). For very small |Y| = 0.1, P(x)
is insensitive to M (the same for the Wigner function W(8) ) and P(z) is of
Gaussian-like form. For increasing |Y| = 0.8 , the hole exhibited in W (8) for
M =1 is now reflected in the non-monotonic decay of P(z). The emergence
of a peak in W(a) for N = 2 at its center results in the monotonic decay
of P(z). For M > 1, the Gaussian behavior of P(z) is reached as expected
for the chaotic state field. Now, for [Y| > 1, the negative values of W(8) at
its center,due to the Laguerre polynomials, results in the relatively reduced
initial value of P(z = 0). As M increase, P(x) has an oscillating behavior of
growing envelope for some range of z before it vanishes. For greater |Y|, the
behavior of P(x) coincides with that for a Fock state |M >, namely

(5.14a) Proei(z) = (%)%(QMM!)”H?V,(\/%) exp(—222)

To complete this subsection we shall consider the non-average Wigner func-
tion. It will be convenient for us to use the series representations of these
quasiprobability distributions in the form

619 FER = () | <vmb@m >
n=0

where b(ﬁ) is the Glauber displacement operator. Evaluating the matrix
elements in the above equation we find that F(3,p) for the generalized geo-
metric state can be expressed as an expansion over the associated Laguerre
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polynomials as

_ 2exp[=28%/(1-p)] 1-|Y]?

(5.16) F(8,p)

(1 —p) R
1
> a2 o+ I\ e (4182
y*myngm-n [ m-n (m—n)
2 () e () e (1)

The quasiprobability distributions F (3, p) will be the W — Wigner function if
p = 0,the @—function if p = —1 and the P— function if p = 1. The Wigner
function for the generalized geometric function is now given by

2 2 1- |Y|2 - n 2n 2
(5.17) W(B) = — exp[-2|5| ]TW{Z(—) [Y'|"" L (4]8]%)
n=0
1\ 3
+2Re (-1 (%) Yy (2B)m L (4]8)2))
mon .

where L5 (z) is the associated Laguerre polynomial.

The Wigner function is particularly important as it gives the correct prob-
ability for a chosen observable by integration over the conjugate observable.
It is a complete representation of the state of the system since there is a one-
to-one correspondence between the Wigner function and the wavefunction of
the state. Thus, if we can map the Wigner function, then we have a complete
representation of the state. Investigations of the Wigner quasiprobability func-
tion of equation (5.17) reveal that it has an almost Gaussian shape for small
values of [Y'| (< 0.3) and is largely insensitive to any change in the values of
M. This is due to the dominance of the effect of the vacuum state over the
effects of the higher excitations. As |Y| increases, however, distinct regions
appear for which the Wigner function displays (non-classical) negative regions.
The structure changes dramatically once |Y| exceeds unity. For these values
the vacuum state no longer has the highest probability in the number state
expansion and we see the appearence of crescent-like structures which occur at
radii characteristic of the photon number states is noticed. For some different
values of M such that M = 2 and the M = 12 one can see the characteristic

number state rings and the anisotropy characteristic of a preferred phase.
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5.4. phase properties of the generalized geometric states. The Her-
mitian optical phase operator is defined in finite-dimensional state space v,
by equation (4.34). The use of the phase operator involves evaluating ex-
pectation values and moments as function of s before letting s tend to infin-
ity. The importance of this limiting procedure has been discussed in detail
(see for example [38]). Since equation (4.36) can be used as a probability
density for calculating the moments of the Hermitian optical phase operator,
therefore if we take the argument of Y to be zero so that Y is real and positive,
then one can find that the phase probability density is

1 1-|YP 1-2YMHlcos[(M +1)8] + Y2M+D

T or 1 — |YPOMHD) 1—2Y cosf + Y?2

(5.18)  P(8)

We also choose the value of 0 in equation (4.33) to be —7 so as to ensure
the sensible result that the expectation value of the phase operator is the
argument of Y. With these choices equation (4.34) gives
(5.19)

) ) 2 4 M y2(M+1)
< gy >=0, A¢§=7r_ Zcosmem XY

3 T T ye0rey m? y2m

m=1
It is worth noting that, in the limit as M tends to infinity, this variance
becomes

R 2
(5.19a) Ao (M — o0) = % + ddilog(1 +Y),

where dilog(.) is the dilogarithm function. The form of this variance is similar
to that found for the variance of the phase sum associated with the two-mode
squeezed vacuum state. This is a consequence of the similarity between the
form of the coefficients in the number state expansions for the coherent phase
state and the two-mode squeezed vacuum.

Investigation of P(#) of equation (5.18) for different values of M shows that
for the values 0 < [Y] < 0.99, 1.01 < |Y| <20 and —7 < § < 7, P(f) is almost
constant (‘about 5= ) for |Y'| < 0.2 whatever the value of M, which means that
the vacuum is the dominant state in this case ( compare with the discussion
of the Wigner function for small values of |Y| ). However, as |Y| increases,
a peak is produced at around # = 0. This peak sharpens as M increases,
tending towards a delta function as M — c0,Y — 1 (the phase states). As |Y|
increases and takes values greater than unity, this peak gradually disappears.
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Finally it settles to a constant value ( about % ) as Y > 10 (it tends to the
Fock state |[M > as |Y'| — oo, and hence phase information is lost). Discussion
of the fluctuations in < A(}ﬁz > and < Ar? > for different values of M show
that [37], as M increases, the fluctuations in n are increased near |Y| = 1. It
is to be noted that both < An2 >or < A&Z >gotozeroas |Y| —Oor|Y]|=1
and M — oo. This is expected, since Y| = 0 is the vacuum state and |Y| — 1
with M — oo is essentially the phase state |#,, > and, as has been reported,
the expectation value of the commutator [, gAb] vanishes for both these states
(see [37] for details).

5.5. Production schemes. In this subsection we present two schemes for
production of such states. first one depends on a generalized Jaynes Cummings
model while the second relies on the SU(1,1) algebra. Generalizations to the
JC model that include nonlinear interactions (in boson and spin variables)
have been proposed recently. An interaction Hamiltonian for one of these gen-

eralizations that describes multiphoton processes in finite-level atomic systems
is of the form

(5.20) iy =Y 2{(aS4) + ('S},

j=
where 53,5, and S_ are the inversion, raising, and lowering operators which
describe the atomic systems having (25 + 1) states. They satisfy the com-
mutation relations [S3,S4] = +£S1 and S3 has the eigenvalues m such that
S3lm >= m|m > where —S < m < S. The field operators d and a' satisfy the
usual commutation relation [a,a!] = 1. The coupling constants g; couple the
atomic system to the field; finally r < S. This Hamiltonian produces the JC
model for r = %-, S = % When r = %, and S = % it gives the model discussed
by Senitzky [39]. Several values for S were investigated by Buck and Sukumar
[40]. The case for general S and r = 1 is the well-known Dicke model and the
Tavis-Cummings model [41]of cooperative two-level atoms. Taking r = 1, and
S =1, equation (5.20) describes a three-level atom in interaction with a single
mode in which transitions between neighboring levels are effected by single-
photon processes, while the transition between the upper and lower levels is
effected through a two-photon process; which is a special case of a Hamilton-
ian considered for the three-level atom system. Thus we may say the that
interation model (5.20) then represents a (2r + 1)-level atom interacting with
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one mode of the radiation field where one-photon transitions occur between
neighboring levels , two-photon transitions occur between levels as indicated
i and i+ 2, 4 < 2r 4+ land so on, where 2r-photon transitions occur between
the two extreme levels of the atom. The model (5.20) can be used to describe
some processes such as multiphonon transitions in a two-level atomic system,
multiphonon lasers, and Ramann and hyper-Ramann processes.

The operators Sj when applied to the state vector |m), for r = S, give
P g

Siim >= (G o Dyt
(5.21) S jm >= {<S m>+(§+if’j§'} jm — ).

We assume that the system is evolving under the Hamiltonian (5.20) from the
initial state

m+S

S 1
22 - ¥ | Wes | @ pmemom

where [0),;, is the vacuum state for the field, while 7 = tan(9/2)e*®, as the
parameter for the atomic coherent state. For a short time ¢ (i.e., g;t < 1), the
wave function of the system becomes

(5.23) (1)) = [(0) — it S Z{(as,) + (a'S_) }}1(0)).

Using the equations (5.21) and (5.22) we get the following expression

S
(5:24) [9(t) = |y —ztz fu oY

m=-S

[(S + m)!(S +m —25)1] 7% |m — ).

m+S 251
(141]7]2)% (S —m)!

X

Suppose at time ¢ the atom is measured to be in its ground state | — )
then the state of the field is given by

(5:25)  [ws(t) = Aof0) —thng 1+|T| [25 ] 19),

bl
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where A = (cos9/2)%5. By making the coupling constants g;(25—5)\/71Y /2
and 2r = M (i.e.,(M + 1)-level atom) the field state is then the |Y, M > of
equation (5.1).

To produce the generalized geometric states using the Lie algebra approach,
one can see that the coherent phase state bears a close relationship to the
SU(1,1) coherent states which are important in the theory of squeezing. The
SU(1,1) coherent states|¢ > are defined in terms of the action of the operators
K+, K_, and Kj obeying the commutation relations

(5.26a) (K, K_] = 2K, (K3, Ki] = Ky
The single-mode squeezed states result if we let K_ = a%/2, with K+ being its
Hermitian conjugate, by the action of the unitary operator exp(£K, — EK_)

on the vacuum state |0). An alternative representation of the SU(1, 1) algebra

for the operators acting on a single field mode is given by
A 1

(5.26b) A=anz, Al =azaf

representating K_ and f(+ respectively with the representation completed by
the operator 7 + % as K3. An SU(1,1) coherent state constructed using these
operators has the form

(5.27) €) = exp(¢AT - " A) o),
which on using the disentangling theorem gives
(5.27a) exp(EAT — ¢*A) = exp{[" tanh r] At} x
exp{—2[In(cosh )] (A + %)} exp{[e”" tanh ] A}.
With & = rexp(in) this gives
' tanh )"

(5.27b) [€) = (coshr)~!exp{[e™ tanh ] AT}|0) = (cosh T) Z [ N )

n=0

If we write Y = exp(in) tanhr, then we see that this is simply the coherent
phase state or the generalized geometric state |Y,c0). In principle, this state
could be produced by an interaction that involves an intensity-dependent cou-
pling.
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5.6. Even geometric states. Now we shall consider the properties of a
normalized superposition of the two generalized geometric states|Y, M) and
| =Y, M) in the form
(5.28) e (Y, M)) = A(|Y, M) +| - Y, M))

1 [M/2]

1-— [Yl4 2n
<1 Y AT > Z Y=2n),

where [z] denotes the largest integer not exceedmg . We refer to these states

as the even geometric states by analogy with the terminology applied to su-
perposition of coherent states [42].

With this definition for the even generalized geometric state we can calculate
some statistical properties of the field.

(5.29) (R)e = (helataf,)
_ <1 _ Iy|4 Z[M/Q] 2n‘Y|4n>

1— ]Y|4 [M/2]+1)

_ 2V |Y{[M/2)Y [AIM/AHD) — ([a/2) + 1)y |A(M/2+1))
a 1= [Y[9(1 = [Y[H0/25D)

and

(/2
G30) (%), = ——Ir] > anen - 1|
: @le= 71T |y [AOI72+0)

The expectation value for the field operator aQS is given by

5.31 2251 ) — L= V]! 2S[M/2]Y4m _mt !
(6:31) Wela®ve) = Ty ()7 2 M (G

while the expectation values for odd powers vamsh.
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It is to be expected that this state would give stronger squeezing than the
generalized geometric state. For the state (5.28) we calculate the quasiproba-
bility function, and find that

(5:32) WO () = 2 exp(—|8]2) — YT
' wop 1 — |Y|4(M/2]+1)
(M/2) 2n .
<[ Y1 Lan(alB) + 2 Z (4U612) () 5 207
n=0

m>n

x cos[2(m —n)(y = )| L") (418]?)]
with Y = |Y|exp(iv),and § = |B|exp(i¢). The investigation of the Wigner
function of equation (5.32) for small values of |Y|(< 0.2) does not show any
structure to the Gaussian shape apart from a slight anisotropy similar to that
of the squeezed states. The effect of the vacuum state is predominant, while the
effect of the higher excitations is not pronounced for this case. As |Y|increases,
the effects of the higher photon numbers again lead to negative regions. For
Y] = 2 we find a complicated structure for the Wigner function, but an
enhanced probability for two phases corresponding to opposite directions in
the B plane is discernible. We consider the phase properties of this state in a
manner analogous to that considered above. Consequently we find that
1 1- |y
21— |V |4((M/2]+1)

1 — |Y|4UM214D) cos{2([M/2] 4+ 1)8} + |Y|4M/2+1
1—2]Y|%2cos20 + |Y]4 ’
while the phase fluctuations in this case are given by

2 (M/2] 4([M/2]+1)
(5:30) () = o+ — s S <|Y|2m - L—)
m=1

(5.33) PE(g) = X

31— |y [AM/2)+1) Y2
2
ey + dilog(1 — |Y|?) as M — oo, Y| <1.

The phase properties for the even geometric state are considered in [37] where
the function P(#) of equation (5.33) is plotted for different values of M and
in the ranges 0 < |Y| < 0.99 and 1.01 < |Y| < 20 for —7 < 6 < 7. The
appearance of peaks at § = 0 and also at § = 7 and § = —x. The phase
probability distribution is of course 27 interval or window; there are really two
peaks. This is reminiscent of the phase distribution found for the squeezed
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vacuum states [43]. For both the even geometric states and the squeezed
vacuum the 7 periodicity of the phase probability distribution arises from the
absence of odd photon number in the expansion of the state. The limits of

both large and small |Y| are again humber states and this is reflected in the
asymptotic form for P()(6).

6. THE EVEN AND THE ODD NEGATIVE BINOMIAL STATES

Here we shall discuss another type of intermediate states called negative
binomial state [5, 9, 10]. This state is always super-Poissonian no matter
what parameters one chooses. The interesting property of such state is that
under two different limiting conditions it reduces to quasi-thermal or chorennt
state. There is also the special case of a negative binomial state with the
removal of the n = 0 term, known as the logarithmic state, which exhibits
some non-classical characteristics. In the following we shall concentrate on
the even (odd) negative binomial state, which in fact interpolates between the
even (odd) coherent state and the even (odd) quasi-thermal state [9].

6.1. Definition and properties. The negative binomial state is defined as
[45]
1

(6) ) = 3 | gny gty
n=0 U

where w > 0 (i.e., w is any real positive number in general ), 0 < lq|? < 1.
The mean and the variance of the photon number distribution corresponding
to the state (6.1) is given by

lq|?

2
o (= @ = s )

(1—1lq?)?

The state (6.1) reduces to a coherent state in the limiting condition w — oo,
lg]*> — 0, such that (A) = (w + 1)|q?/(1 — lg|?) is kept constant. However,
in another limiting condition, i.e. w = 0, the state (6.1) represents a quasi-
thermal state which is a pure state having photon number distribution identical

to the usual thermal (chaotic ) state (mixed state ) with the same mean and
variance.

(6.2) (R) = (w+1)
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We define a general superposition of two negative binomial states as follows
(6.3) W) = Ny[lw, q) + pe'|w, ge'?)]
where p is a real number and N, is the normalization constant obtained by
taking the norm of (6.3), and is given by
(6.32) [N7]7! = 2Re[(1-[q*)*  {(1—|gl*) " +V +pe™¥ (1-|g|%?) (1)}

For p = 0,|%,) — |w,q) and for u = oo, |¥,) — |ge'?,w). The state (6.3)
represents an even negative binomial state |¥.) when p=1,9 =0,¢ = 7; an
odd negative binomial state |¥,) when u = 1,9 = 7, ¢ = 7; and an oblique
negative binomial state |¥,) when p = 1,9 = 0, ¢ = 7/2; The normalization
constants represented by Ne, N,, and N, for the even, odd and oblique negative
binomial states respectively are given by the following expressions:

=) |
w1
___% >< )}

(1 —Jg/?) \ "
b ((1 = i|q|2>>

Nt =2

(6.3b) [N~ =2

[N]7' =2Re

It is quite straightforward to show that the states |¥.), |¥,), and |¥,,) reduce
to even, odd, and oblique coherent states respectively in the limiting condition
of parameters: w — o0, |q|?> — 0, such that (R) = (w + 1)|q]?/(1 — |¢|?) is
unchanged. In the other limiting odd and oblique thermal (pure) states. We
shall now make use of the states |¥.), |¥,), and |¥,) to calculate the mean
photon number of these states. The mean photon number is defined as the
expectation value of the number operator 7 = afa. It is easy to show that the
expression of the mean photon number (7)., (7)o, (), for the even, odd and
oblique negative binomial states are
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(w+ D]gl?[(1 — |g) =) — (1 +|g[*)~(=+2)]

s [(1 = lg|%)= (D) 4 (1 + |g[2) ~CwtD)]
64) (o), = (ot DIPI ~ 0204 & (14 [gf2)-Cor)
| T T JqP) T~ (5 JqP) )
(i, — 0+ DIl Rel(1 = [qf?) (#2151 — ijgj2)=(o+)
P RelT = ) (1 gy ]

Again, we obtain (i), = (7) tanh((A)), (), = (A) coth((A)) in the coherent
state limit, which as a matter of fact are precisely the expressions of mean
photon numbers for the even and odd coherent states respectively [17].

If we examine the second order correlation equation (3.9) aganist the above
states, and we find the following expressions

@) | Ol + ) (1= )
9,(32)(0) T wr) 1+ (1= |g?)~(w+2) — (1 4 |¢[2)-(w+2)]2 ]
g - @+ [1 L (1= g+ ) = (1 Jgf2) )
09 9700 = Ty (L~ TaP) 0 + (1 5 qP) 22

_ Re{(w + 1)(w +2)|g]*[(1 — |¢|2)~®+3) — (1 — ilq|?)~(@+3)}
= 2(1 _ |q12>(w+1)Np2<ﬁ>%

g$?(0)

In the coherent state limit of the parameters w and lg|? , we can recover the
expression of the second-order coherence function of even, odd, and oblique
coherent states. In fact, in this limit we obtain from (6.5) gég)(O) = coth?((n))
and g,(f) (0) = tanh?((A)), which are exactly (63) and (64) of [17].

Discussion of the second-order coherence function (6.5) is considered in [17]
as a function of parameter ¢ = |¢|2,(0 < ¢ < 1) of even and odd negative
binomial states. For the lower value of g(*(0) , the odd state exhibits sub-
Poissonian behavior for most of the values of ¢?, but the even state always
shows super-Poissonian behavior for the complete range of q? irrespective of
the value of (72), as could be noted from g,(gz)(O). With increasing (1) the differ-
ence between the values of 922)(0) and g((,z) (0) reduces considerably, especially
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at low values of ¢? and their values remain around one. Physically, it means
that the non-classical nature of at least one of these states is apparent when
the photon occupation number is very small. Nevertheless, the second order
coherence function for these states start behaving like ordinary coherent states
for the high photon occupation number (7) (up to a certain range of the pa-
rameter ¢ ). Further it can be also verified that the nature of 91(;2)(0) as a
function of g% does not show any sub-Poissonian behavior irrespective of any
mean photon number (7) values.

Before proceeding further we would like to give the operator representation
of the even and odd negative binomial states in terms of the so-called even
and odd thermal states, e.g.

2 _ (we+1)
= 2 LI gy o ) 61

(6.6)

We! (1-

when w = w, is even;

_ ANZ (1 — [g[)teet)

(6.7) & —1q[) (Ig*)~(e= 1 (@)™ (othi) (ah) e

peven -

we! (1

when w = w, is odd;

ANZ (1 — |g|?)(wetD)

(68)  poda= mpy (Ig*)== =D (@) (obia) (a)**

when w = w, is even;

4N2 (1 _ 1q‘2)(w0+1)
nb __ o 2\ —wo th t\wo
(69) Podd = wo! ( — Iq|4) (|q| ) (CL) (peven)(a )

when w = w, is odd; where pZ%, (p7%,) and pit, (pt)) are the denisity opera-
tors for the even (odd) negative binomial states and even (odd) thermal states
respectively. For example, the expression of pi_ = reads as

we! (1

oo
(6.10) Phven = D (1= (4))%(¢*)*"|2n)(2n].

n=0
In equation (6.6-6.9), we have taken only the diagonal terms in the density
matrix into account to make their connection with the thermal density of the
non-pure state.
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6.2. Squeezing. To study the squeezing properties of the even and odd neg-
ative binomial states, we have to calculate the quadrature variances for the
operators of the single mode field which is given by equations (3.11). Tt is
noted that for the present case we always find (X) = 0, this means that the
quadrature variances depends only on (X?). On the contrary we find for the
oblique state (X?2) # 0, therefore for both even and odd states we have

(6.11) S) = (AX))? -

(6.12) Sy = (AXy)? — = = %(2&*& —al? —4?)

> =

In order to calculate normal squeezing, we need to know the expectation
values of the even powers of the operators af(a) for both even and odd negative
binomial states. These expectation values are of the form

613) (w.a|w,) = LD

NZ
1
n+2s+w)l(n+ w2, o .o n
s ler B W)t W pangetepy 4 (1
for the even state,
. (1~ Jg/?)terD)
(6.14) (,]a°|¥,) = ——NQ——X

[(n 4 25 +w)!(n +w)!]2
Z nlw!

|q|2nq*25[1 _ (_1)11]
for the odd state.

Similarly, the expectation values of (4?°) can be calculated. We make use
of these expressions together with the equations (6.11) and (6.12) to calculate
the in-phase squeezing S; for both even and odd negative binomial states. For
example when we define ¢ = |q|e!® one can obserave no squeezing for o = 0.
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However if we set o = 7/2 and plot S; as a function of the parameter ¢% = |q|?
for (n) = 2 and 4 respectivily, then one can see from these figures that both
even and odd negative binomial states do exhibit squeezing. However, the
depth of squeezing and the range of ¢? over which squeezing is observed are
very sensitive to the value of (), and they decrease with increasing (7) for the
even state, for example. Incidentally, similar behavior has also been observed
in the even and odd coherent states. Also, as (7) increases, the disparity of the
squeezing values of even and odd states (as a function of ¢% ) up to ¢*> = 0.6
or so diminishes.

6.3. Wigner function. Here we study the Wigner function for even, odd
and oblique negative binomial states. As well known by studying the Wigner
function one can characterize the non-classical nature of the field states.

To find the Wigner function we have to calculate the integral in equation
(2.10). Therefore if we insert equation (2.9) into equation (2.10) taking into
account the density matrix p to be p = |U)(V.|,p = [T, )(T,| and p =
|¥,)(¥p| corresponding to the even, odd, and oblique states respectively, then
we obtain

(615) W(B)leven = = NZ(1-lg)0+) 57 LR payon-aist 1, 41512

(616) W (8)loas = = N2(1 g+ x

Z(2n+w+l)!

n _ 2
S DR PN

(617) W (B)lobigue = = N2(1 ~[qf?) "D

> (nHw)l ey cos(nm /2)] L (48])

nlw!

In obtaining the expressions of the Wigner function (as above ) we have
assumed phase averaging such that only the diagonal terms of the density

operator take part in determining these expressions. In other words we are
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examining a special case (known as mixed states in the literature because of
phase averaging) of the pure states defined above. Note that by invoking phase
averaging we are able to establish relationships between the density operators
of even (odd) negative binomial states and even (odd) thermal states (see (6.6-
6.9) above). The equivalence for the Wigner function has precisely motivated
us to carry out the study of the phased averaged Wigner function. As we
will see such phased averaged Wigner function is a special case of the more
generalized Wigner function which interpolates between the Wigner function
of the even (odd) thermal state and the phased averaged even (odd) coherent

state. We will also see that the phase averaged Wigner function can be put in
a closed form.

The Wigner functions for even, odd and oblique negative binomial states
are considered for different values of parameters w and ¢*(= |q|?) (keeping
(1) = (w+1)¢*/(1 — ¢?) unchanged). The Wigner function of the even (odd,
oblique) negative binomial state reduces to the Wigner function of an even
(odd, oblique) coherent state or an even (odd, oblique) thermal state under
the two different limiting conditions of parameters. For example the Wigner
function of the even negative binomial state starts with a central peak with a
crater-like structure around it near the coherent limit. The depth of the crater
reduces considerably as one moves towerds the thermal limit. The situation
for the odd negative binomial state looks inverted in comparison to the even
negative binomial state (note the minus sign appearing outside the formula
(6.17)), because the Wigner function of this state starts with an inverted
peak surrounded by an inverted crater near its coherent limit and the crater
height reduces as one moves towards the thermal limit. The evolution of the
Wigner function for the oblique negative binomial state is very intersting. It
starts with a doubly folded inverted peak near the coherent state limit; as
the parameters are changed towards the thermal limit, one of them starts to
unfold towards the positive side and this unfolds.

Since we have used phase averaging of the density operator in deriving the
expressions of the Wigner function, they can conveniently be put in a closed
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form:

4 - w
(6.18) W (B)loptique = = NZ(1 — [q*) e [(1 + [g?) ~Cw+1)x

4 2 (w
Py (w—%—l,l,%'—ﬂ) + Re(1 + ig|?); TV x

lq|?
4i|8|?|q|?
Filw+1,1, =22
! 1< 1+1|q?

where 1 Fi(a, b; z) is the confluent hypergeometric function

N (a), 2"
(6.19) 1Fi(a;b; 2) = ;} BT

When we take the complete density matrix for even, odd, and oblique negative
binomial states in calculating the Wigner function, we have to take into ac-
count the non-diagonal terms also. In that case the expression of the Wigner
function after some simplifications takes the following form

(620) W( |obl1que =

3=

[Zz yre=28° L (418]%)p, (n, m)+
ZQ (-1 "e*zwzw{n!/(m-&n)! X

m=1

LRHAIBI{2RT™ 1g(m + n,m) + 28] pg(n, m + m)}

where the subscript ¢ stands for even, odd, and oblique negative binomial
states respectively. p,(n,n) is the diagonal element of the density operator
while p,(m +n,n) or p,(n, m + n) represents the off-diagonal element of the
density operator. The definition of the density operator p,, p,, pp for even, odd
and oblique negative binomial states respectively has been mentioned earlier.
Thus by inserting the appropriate density operator of the state (p,, p,, or Pp)
in the above equation one can obtain the corresponding Wigner function (W,
W, or Wp) of that state.

The Wigner function (as defined by (6.20)) represents the even and the odd
coherent state (7 = 4,w = 75,¢* = 0.05 ) in phase space. This distribution is
a real function which can take negative values in limited regions of the phase


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


76 M.Scbawe Abdalla and A .-S.F.Obada

space. If we plot the function then one can see two Gaussian peaks are asso-
ciated with the |3) and | — 8)(8 = 2) coherent fields and the oscillatory part
in between is directly related to the coherence between them. Furthermore
we can also observe existence of the oscillations associated with the negative
quasi-probabilities values, which is a signature of the non-classical state. Such
a state is very different from a statistical mixture involving the same coherent
field parts for which the Wigner distribution merely exhibits two separated
peaks without superimposed oscillations. In this case of even and odd coher-
ent states the two Gaussian peaks are well separated and compact. Note that
the oscillatory part is very much different from each other in two cases. The
width of the Gaussian peak in this case is associated with the variance of the
coherent field ~ /7. If we move over to a typical even (odd) negative bino-
mial state with @ =4 (w = 5,¢% = 0.4 ), the Wigner function still shows two
Gaussian-like peaks and the oscillations in between these peaks. However, the
widths of these Gaussian-like peaks are much broader as compared with the
coherent state case. This could be because the variance of the negative bino-
mial state ( ~7/(1—g¢?) ) is more (super-Poissonian) than the coherent state.
The interference between the two negative binomial states is modified consid-
erably, as compared with the coherent state case, because of the change in the
statistics or photon number distribution of these states. There is a reduction
in the non-classical character of the even state because it is becoming less
negative in its quasi-probability distribution. Hence the coherence or quan-
tum interferences are sensitive to the statistics of the constituent states of the
"Shrodinger cat". In other words the quasi-probability function for the even
(odd) negative binomial state is both qualitatively, as well as quantitatively,
different from the even (odd) coherent state.

Finally, we move to the other extreme of the negative binomial state known
as the quasi-thermal state (pure state) by setting parameters w = 0, ¢? =
0.8, m = 4. In this case it is clear the Gaussian-like peaks have undergone
a considerable amount of broadening such that we see only one prominent
peak (positive in the even state and negative in the odd state) in the Wigner
function of these states along with a few oscillations superimposed on them.
Note that the non-classical character of the even quasi-thermal state is reduced
considerably in comparison with the odd quasi-thermal state. Thus as we
move from the coherent "Shrodinger cat" to a quasi-thermal "Shridinger cat"
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we find a reduced non-classical character in the even state and a reduced

"coherent" (i.e. less oscillatory behavior) in general for both the even and odd
states.

In the coherent limit (w = 75, ¢> = 0.05, @ = 4 ) one may observe
three Gaussian-like peaks in the quasi-probability distribution. Two of them
are small but equal peaks (oblique peaks) symmetrically located opposite to
each other. In the meantime the third peak is bigger in height and is lo-
cated at right angles to the line joining the small peaks. In between the
small and big peaks one can observe oscillations which are manifestations
of the coherence between the oblique states. For a typically negative bino-
mial state (w =5,¢>=04,7 = 4) all the peaks become broader and the os-
cillations in between them are reduced. Finally in the quasi-thermal limit
(w =0,¢°=08,7= 4) we may observe the third peak has overtaken the
other two peaks in height as well as in width and the oscillations become less
and less prominent. Clearly, here also (as in the even state) the changes in the
statistics from Poissonian to super-Poissonian in the component states tak-
ing part in the "Schrodinger cat"-like superposition brings a reduction in the
non-classical character as well as coherence between them.

6.4. Possibilities of generating even (odd) negative binomial states.
In the following we shall show the possibility of generating even and odd neg-
ative binomial states of the field. For that we first consider the production of
an ordinary negative binomial state in the process of parametric amplification
by a proper choice of the initial conditions. We consider SU(1,1) coherent
states for this purpose. These states are defined by [47] as

1
[ T(n+2k) 12
. =(1-1¢P)*k —_— "k k).
620 10 =0-KPY ) e
|k,n 4+ k) = |k)|n + k) represents a two-mode Fock state, i.e. eigenstate of

the operator a,dg, where @; and g represent annihilation operators of the two
different modes of the electromagnetic field.

The diagonal elements of (6.21) have distributions given by

B I'(n + 2k) n
(6.22) P(n) = (1- \C|2)2km|4\2
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which is the same as the negative binomial distribution with s = 2k — 1. The
SU(1,1) algebra can be realized in terms of two modes & and b of the field,
ie. Ky =afbt, K_ = ab, K3 = 1(afa+ bth+1). So, in terms of the Fock
states [n, m)of the two-mode radiation field the parameter k equals (m — n)
and (6.21) can be written as

639 10 =0y |t ) e )
n=0

or
. . gts
(6.24) 1€) = exp(y[a'ht — abnj—;w,ox ¢ = tanhy

So the state |() is essentially the negative binomial state of a two-mode
radiation field in which the probability of finding n signal photons obeys the
negative binomial distribution. The interaction Hamiltonian of parametric
amplification is i(atdt —ab) and it would produce the state (6.24) provided the

input to the amplifier is such that the difference between the idler and signal
photons is n.

The so-obtained negative binomial state can be used to produce the even and
odd negative binomial state by the method of Yurke and Stoler [48] employed
for producing superposition of coherent states. For this purpose, we have
to allow our ordinary negative binomial state field to propagate through an
amplitude dispersive medium. Under suitable conditions we can obtain a
quantum superposition of two negative binomial states.

Another method of generating the even (odd) negative binomial state is
by allowing the ordinary negative binomial state to interact with a Kerr-like
medium in one arm of the Mech-Zehdner interferometer and a resonant two-
level atom crossing one of the output ports of the same interferometer. This
methodology was reported recently for the possibility of generating even and
odd coherent states [49]. Since the negative binomial state represents a co-
herent state under one of the limiting conditions of its parameters, hence for
certain values of parameters one can adopt this method for generating the
even (odd) negative binomial states.
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7. APPLICATIONS TO DYNAMICAL SYSTEMS

7.1. The Jaynes-Cumming model. In the previous sections our concen-
tration was on the statistical properties of even (odd) binomial, as well as
negative binomial states, besides the generalized geometric state. However
in the present section we shall consider and discuss some dynamical systems,
namely the Jaynes-Cumming and resonance fluorescence for a single atom and
many cooperative atoms. It would be interesting to point out that the Jaynes-
Cummings model of a two-level atom interacting with a single mode of the
electromagnetic field which describes the fundamental Bose-Fermi interaction
is interesting not only from the theoretical point of view but also the exper-
imental part, where the availability of high-Q super conducting cavities at
sub-Kelvin temperature makes it possible to realize it. In this case there is
only one Rydberg atom interacting with one single mode of radiation, and the
system in this case is known as a micromaser,which in general can be modeled
by th Jaynes and Cummings model. The simplest form of interaction between
a two-level atom, and a single quantized mode of the electromagnetic field in
the case of resonance is described by the Hamiltonian

(7.1) H:w(&T&+%{)+§(dTU~ +ao,).

where g is the coupling between the atom and the field, and 0,,04 are the
atomic pseudo-spin operators with the following properties

(7.2) oy, 0-] =0, [04,0.] = F204

while @ and &' are the usual boson annihilation and creation operators of the
field.

i) Even binomial state

In this subsection we are concerned with a discussion of the gradual behavior
for the state of the radiation field when it changes from the even(odd) number
state to the even (odd)coherent state. Also we shall extend our discussion to
include the generalized geometric state [11, 35].

Now suppose we prepare the atom to be initially in the excited state le) and
the field to be initially in the even binomial state; then the initial atom-field
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state is the product of the atomic superposition states given by

(%)

(7.3) [(0)) =+ Bifle, 2n),
n=0

where B2 is the distribution of the photons defined by

M 5 mn —n
(.4) B = (on ) P ISR

For ¢ > 0 the state |¢,(t)) in the interaction picture may be obtained from
the Hamiltonian (7.1) in the form

(%]
(7.5) | (1)) = ’)’ZBQMn[COS TV2n +1 |2n,e) —isinTv2n + 1 [2n + 1,g)
n=0

where 7 = gt. From equation (7.5) we can easily obtain the expectation value

for any atomic or field operator. For example, we can calculate the temporal
evolution for (af)?s to give

(%)

1 1
. M \? _ (M —2n)! ]2
7.6 25y 2, %2s dn(1 _ |2 (M —2n)
X [cosTv2n +2s + 1 cosTv/2n + 1
2n+2s+1
+ <n—2_;j_1+)% sinTv2n + 2s+ 1 sin7v2n + 1]
while the calculation of the expectation value of the photon number (afa) gives
(%)
(7.7) (@ta) = v* > IBoL*[2n + sin? 7v/2n + 1]
n=0

Finally the expectation value of the second moment of the photon number
is given by
5]

(7.8) ((@'a)?) = [v1* Y |BY|?[4n? + (4n + 1) sin 7v/2n 1 1]

n=0

It should be noted that the expectation value of any odd power as well as

any power higher than M for the operators @ and a' vanishes due to the nature
of the even binomial state.
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1)Time-dependent squeezing

Now let us employ the expectation values of different operators power to
discuss the phenomena of squeezing. As usual we shall consider two different
kind of squeezing one of them is the amplitude-squared squeezing. To discuss
amplitude-squared squeezing we have to calculate A%d; and A%d, which may

be written in the form
1

(79)  Si1(6) = Z[2((@"0)*) +2(aa) + (@™ +a*) — (@™ + %)) <0
and
(710)  Sa(t) = 7[2((a18)%) +2(a'a) + (aM + %) — (a2 — 49)%)] < 0

where S1(t) and Sa(t), correspond to Ad12 and Ade respectively.

—~

From equations (7.9) and (7.10) we can discuss the amplitude-squared squeez-
ing against the scaled time 7. In our numerical investigation and at time 7 > 0
we observe that nonclassical negative values appear in S;(t) and S(t), depend
upon the phase of the parameter n, where for a fixed mean photon number
(a'a) = 5, it is easy to realize in general that, for short and long periods of
time, the amplitude-squared squeezing is pronounced, but this depends on the
value of the parameters n and M. This can be observed clearly for the case
n = 0.7 and M = 10, however when we increase the value of M and decrease
the value of 7 the system approaches the even-coherent state behavior. This
can be noticed for the case M = 30 and n = 0.4. Also it is observed that the
phenomenon of normal sqeezing is washed out, and this is due to the highly
noisy character of the state produced during the term of interaction.

2)Sub-Poissonian distributions

In order to dicuss the phenomenon of anti-bunching we have to consider the
Glauber second order correlation function g(?) (). From equation (3.9) and
for t > 0 we may point out that, with the mean photon number @ = 5 and
for different values of M and 7, we also notice that the function ¢((t) in
general shows oscillatory behavior. Furthermore as we increase the value of
M, the correlation functions starts to oscillate between sub-Poissonian and
super-Poissonian behavior. This can be seen for M = 30. On the other hand
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the distribution function starts to be super-Poissonian for small value of 7
and large values of M. This of course is due to the fact that the even binomial
state will tend to the even coherent state as n — 0 and M — oo. We can also
deduce (for M = 10 and M = 20) that the state shows antibunching, and as
M decreases more antibunching can be observed.

ii)Odd binomial state

Following the same procedure as the previous subsection, we can prepare
the field to be initially in the odd binomial state (3.18) and the atom in the
atomic superposition coherent state,such that
(7.11) 6, v) = cosfle) + e~ sin b]g),

where the state |e) and |g) are the atomic excited and ground states respec-
tively, while v, and 6 are two different phases. In this case one can write the
time- dependent eigenstate of the system as

(M-1)/2]
(712) [@oy®) =X > B [hi(n,t)]e, 2n + 1) + ha(n, t)]e, 2n)

n=0

+ h3(n,t)|g, 2n + 1) + hq(n,t)|g, 2n + 2)],
where the coefficients h;(n,t) with ¢ = 1,2,3, and 4 are given by
hi(n,t) = cosfcosTv2n + 2, hy(n, t) = —ie ¥ sinfsin7v2n + 1
(7.13)  h3(n,t) = e ™sinfcosTv/2n + 1, hg(n,t) = —icosBsin 7/2n + 2
From equation (7.12) we are readily able to calculate the expectation values
for different operators. Thus
(7.14) (a'a) = [P PaP(M/2)[1 + (1 = 2[n|?) M=)

(M-1)/2]

+ | A2)? z \BQJVITLHIQ[COS2 0 sin? 7v/2n + 2 — sin® Osin® 7/2n + 1]

n=0
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(715) (%) = |nl* |22 (M/2)(M = DIL - (1 - 22
(M-1)/2]

+20 Y |BY X
n=0

[(2n + 2) cos? fsin® 7v/2n + 2 — 2nsin® Bsin® 7/2n + 1]

s [(1\/[ 1)/2]
(7 16) <&25> - |>‘2]2772 ‘B |2 M 2n — 1)
' Appr 2 [P Bt Ty

{C082 Olcos Tv/2n + 25 + 2 cos Tv/2n + 2

(n+s+1)

et D) sin7v2n + 25 4+ 2sin 7v/2n + 2]
n
+ sin? f[cos Tv/2n + 2s + 1 cos Tv2n + 1

2n+1
(%E%E—_z—l)sinfr\ﬂnqL 2s +1sin7v2n + 1]}

+
Now we are in position to discuss the time-dependent squeezing as well as
normalized second-order correlation function.

1)Time-dependent squeezing

To discuss time-dependent squeezing (normal squeezing) we have to examine
the quadrature variances AX? and AY” against the normalized time 7. In our
numerical investigation when we considered the atom to be prepared initially
in the ground state 6 = 7, taking into account M = 3 and n = 0.6, we find
that the squeezmg occurs once for a short period of time, although the first
quadrature AX? includes a per1od1c function. In the meantime the squeezing
in the second quadrature AY? appears frequently. On the other hand, when
6 = 0 (atom initially in the excited state ) we observe no squeezing in both
quadratures.
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2)Time-dependent correlation function

From the correlation function ¢(?)(t) equation (3.9), together with equations
(7.14) and (7.15), we are able to discuss the antibunching phenomenon. In
the numerical study of the function we find for fixed value of the mean photon
number 7 = 5, and when 6 = 0 (atom initially in the excited state) and § = 7
(atom initially in the ground state), that ¢g(*)(t) is in general oscillatory, and
shows sub-Poissonian behavior for both cases when M = 9. However, if we
increase the value of the parameter M (M = 19 ),we find that the correla-
tion function for the case when the atom is in the excited state still shows
sub-Poissonian behavior, while the function for the ground state case starts
to oscillate, showing super and sub-Poissonian as well as partial coherence
behavior. By increaseing the value of M up to 29, we notice that correlation
function in the excited state starts to show super-Poissonian behavior sim-
ilar to that of the ground state case; however in the ground state case the
super-Poissonian behavior is more pronounced than in the excited-state case.

iii)Generalized geometric state

In order to understand the behavior of some quantum systems, where the
state of the radiation field changes from the number to the chaotic state, we
express the density operator for the generalized geometric state either in the
number states [n) or in the coherent state |8). Thus, from equation (5.1) and

for any operator O of the photon number 77, we find the expectation value in
the |Y, M) state is given by

M
(7.17) (0) = Pol* Y [Y]"(n[O|n).
n=0

On the other hand one can find the exact solution for the mean atomic in-
version for the radiation field initially in the number state |n) and the atom
starting in its excited state, which is given by

(7.18) (Sa(t))m = % cos(2gtv/n F 1)
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Then from equation (7.17) the mean (S,)y s in the generalized geometric
state is

M

(7.19) (Sa(0)y s = -;- S Pa(IY]) cos(2gtv/m 1),
n=0

where

(7.20) PYD) = V" | 2|

The expression (7.19) is actually valid for an atom initially in its ground or
excited state, (S.(0)) = £5 . For other initial conditions the solution (7.20)
would have an additional term dependent on (S,(0)) which is not zero for
such a case, so terms for 7 # n in (7.17) will then contribute. The numerical
results for (S,(t))y,» against the normalized time 7 = 2gt are presented in
[35]. For [Y| < 1, namely [Y]| = 0.5, (S.(t))y.nr exhibits more irregular
behavior as M increases. Note that the case for the chaotic-state field is
actually realized for values of M > 10; so for |Y| =7/(1+7) = 0.5, = 1, and
for [Y] = 0.95, @ = 19, where the case of relatively weak and strong chaotic
fields are discussed, are in good agreement with the results of [50].

For higher [Y| > 1, (S.)y,m tends to show simple (or regular) oscillations,
as one would expect analytically, since in this case |Y, M) — number state
|M) as |Y]| — oo.

7.2. Resonance Fluorescence. The resonance fluorescence phenomenon con-
cerns a radiatively decaying two -level atomic system coupled to an external
radiation field in free space. Our concern will be limited to the steady-state
regime (! — o0) in two different cases: the single atom (N = 1), and the
thermodynamic limit in a cooperative many atom system, where N — oo.

i)Even binomial state
1- Single atom

For an external field in the Fock state |n) one finds in the steady- state case
the mean atomic inversion for a single two-level atom interaction with this


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


86 M.Sebawe Abdalla and A.-S.F.Obada
field takes the form

(721)  (S,(co

l\DIl—‘

n 112m
Z m nb ) _ _%(bQ)nL%—n——l)(__b—Q)

where b2 = 2hg%(A% + %IQ) ;g is the coupling constant and I' is the Ein-
stein coeflicient; A is the frequency detuning between the atomic transition

frequency and that of the field, and L%a) (z) is the generalized Laguerre poly-
nomial.

From the state given by equation (3.7) we find the mean atomic inversion
takes the form

[M/2)
(7.22) (S:(c0))EB =Y Pan(n, M)(S:(00))2n
n=0
where
_ _ M! 1"
(728) Panl M) = |nig)F = Pt [y

After some calculations we can write the mean atomic inversion for the even
binomial state thus

(7:26) (S.(00)) 55 = ~ 2L @212y L0 o

n <—b2|n|2>ML<A;M‘”<b2|n|2>] .

To get the vacuum state we take n = 0 but to get the even-coherent state
we have to take n — 0 and M — oo such that M|n|? — |a|?. In this case we
have the following

(7.25) (S:(00)c = 3 sec hlaf?(1 ~ blaf?)

2- Thermodynamic limit

Now let us consider the case of resonance fluorescence in which I" — 0 and
N — oo, such that (I''V') is finite. In this case the scaled atomic inversion at
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exact resonance in the number state field is given by

(7.26) )
fim |ER] = jag =5 ety (1) 7

where . = I'N(2h=%g?%) and C,, are the Poisson-Charlier polynomials. For
the even binomial state we get the expression

2
eleen | - Bl w22 + Curtgi-22h)
The behavior of equations (7.24) and (7.27) against |n| for different values
of M have been considered in [27], where we noted that as we increase the
value of M, the curve approaches saturation faster. However, the rate in the
thermodynamic limit is slower than for the case of a single atom.

(7.27)  Lim {

N—o00

ii)Odd binomial state
1- Single atom

Again we turn our attention to consider the statistical average over the state
of the field which is taken to be the odd binomial state. In the steady-state
case (t — oo) we find that the mean atomic inversion takes the form

(¥
(S:(00)) = Nal? D IBEL4a[? [(S:(00)ans1 cos? 6 — (S2(00))2n sin® 6]
n=0
where < S,(00) >9, and < S,(00) >9,41 are given by equation (7.21) and

the atornic is taken in a coherent state 6,¢ > . For the odd coherent state,
equation (7.24) reduces to

— 212 coth lal?
(7.28) <Sz<oo>>oc=—%{<1 bll_lb%t'y B

—[(1=D?) "Y1+ b%D|al?) — b?coth |a]?(1 — D'?) " x

cos? 9

la2(b|af? + D')(1 = bY|al*) "] sin? 9}

where D' slands for the differential operator a—grg.
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2- Thermodynamic limit

In the case of the odd binomial state, one can see the scaled atomic inversion
at exact resonance is given by

M%Mg 1 o 1
SaE S B O 2 50— G
n=0
If we plot the figure of the thermodynamic limit equation (7.29) against 7,
then one can observe for fixed value of § = 0,and 2 with b = Z71 = 107!

that when the atom is in the excited state, the value of Lzm [M} ~0is
N—o0

achieved very slowly and it needs larger values of M and 7. This behavior also
has been noticed in the case of the generalized geometric state [11, 35], which
will be discussed later. For an atom in the ground state, upon increasing the
values of M and 7, < S;(00) > reaches its steady-state value at a slower rate.
The same behavior is also observed in [54]. It is clear that the rate in the
thermodynamic limit is slower than that of a single atom when the atom is
in the ground state, and conversely when the atom is in the excited state.
As a special case, the thermodynamic limit for the odd coherent state can be
deduced from equation (7.28) to take the form

. S2(00))o0c 1
(7.30) 1\52—7?20 [< (N)> } - 2sinh |a|?

|2n+2

: Z%) cos? 49]

2 2
2n+1 [an( : Z*)sin? 0 — an+1(2 Z?) cos®#

iii)Geometric state
1- Single atom

In the generalized geometric state the mean atomic inversion for a single
two-level atom system is given by

M
(7.31) (S=(00))viar = Y Pu(|Y[){S:(00))n

n=0
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where P,(|Y]) and (S, (00)), are given by equations (7.20) and (7.21), respec-
tively. Here we may mention that (S.(0c0)) reaches its steady value at a slower
rate as |Y| increases in the interval 0 < |Y'| < 1 provided the value of M moves
from 2 to 20. In the limit M — oo and for |Y| =7/(1 +7) < 1 the formula
(7.31) gives

. 1 m)"n! =\ (=bH)m
(7.32) Jm (S(00))yim = —5 Z:O (1(+)ﬁ)”+1 = ((n - T)n)!
1 S N -
e
= -m exp{b*[m/(1 + )]}

where the equation (7.32) is only valid for ¥?7/(1+7) < 1 (see [51]), which is
an alternative form of the derived result using the P representation form such
that,

(7.33) P = / P2BP(B)|B)6I,

for the single-mode chaotic-state field [52, 53]

1
(7.34) (S=(00))en = =5 (b"M) ™ [exp (™) | E1 (b)),
where Ey(z) = [7° e "dv/v is the exponential integral.

2- Thermodynamic limit (N — o)

For the generalized geometric state case we find the scaled atomic inversion
at exact resonance in the number state is given by

M
(35 Lim {i‘i—(%';”ﬂ] = 13 RYIC(3: 22).
n=0

The case of the chaotic-state field is then obtained by letting
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Y|=7n/(1+7),M — oo :

(7.36) Lim [ﬂ—] = %Z n+1 (;;22)

N—oo

The scaled atomic inversion in the limit N — oo, equation (7.35), leads to
the same conclusion which applies for the single-atom case, but with lesser
saturation value. For M — oo (case of chaotic-state field, equation (8.16) for
N — 00 ) the behavior is in conformity with the results obtained for finite
N <10 cooperative atoms [52]: the approach to the value of Lzm M ~0

is very slow and requires larger values of Y =n/(m +1) (~ 0. 9)

8. CONCLUSION

Superposition of quantum mechanical states of the electromagnetic field
have recently received much attention in quantum optics. In the meantime
the experimental realizations of nonclassical states of motion of a trapped ion,
such as Fock states, coherent states, squeezed states and "Schrodinger cat"
states, have been reported [44-47]. In these experiments an ion is laser-cooled
in a Paul trap to the ground harmonic state. Then the atomic is put into
various quantum states of motion by applications of optical and electric pulses
for different durations. Thus the study of non-classical states of light is not
a more academic exercise, but it relates to the experimental realm. In this
report we have studied some intermediate states, in particular even and odd-
coherent states, which interpolate between the even and odd-coherent states
and the even and odd Fock states. The even negative binomial states which
bridge between the even and odd coherent states and the even and odd pure
thermal states have been discussed. The geometric state which is a bridge
between the pure thermal state and the Fock state has been introduced and
the even-and odd geometric states have been studied.

For these states we have considered the non-classical properties, especially
antibunching. Sub-Poissonian states squeezing (normal and lingher) of the
field quadratures the quasi-probability distribution functions have been calcu-
lated. The non-classical signature shows in attaining negative values for the
Wigner-function and oscillations in the photon distribution. Applications of
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these states to the Jaynes-Cummings model and to the resonances fluorescence
have been performed, and the gradual transfer from one limit to the other has
been demonstrated.
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