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ON LIMITING CASE OF THE SOBOLEV THEOREM FOR
B-RIESZ POTENTIAL IN B-MORREY SPACES

Javanshir J. Hasanov' and Yusuf Zeren

ABSTRACT.We consider the generalized shift operator, associated with the Laplace-Bessel

n
2
differential operator Ag = Z a%g + xl 83 ,
1/:1 J n n

operator M,? (fractional B-maximal operator) and Riesz potential Is‘ (B-Riesz potential),

v > 0. We study the fractional maximal

associated with the generalized shift operator and its modified version I,CYY (modified B-Riesz

potential) in the B-Morrey space.

1. INTRODUCTION

The maximal operator, Riesz potential and related topics associated with
the Laplace-Bessel differential operator
"L 92 v 0

—,, >0

Ap = —_— 4+
(s 92z, Oxy,
=1 J

have been investigated by many researchers, see B. Muckenhoupt and E.Stein
(10], I. Kipriyanov [9], K. Trimeche [16], L. Lyakhov [8], K. Stempak [15],
A.D. Gadjiev and I.A. Aliev [2], V.S. Guliyev [3, 4, 5], V.S. Guliyev and J.J.
Hasanov [6], A. Serbetci, I. Ekincioglu [13] and others.

In this paper we consider the generalized shift operator, generated by the
Laplace-Bessel differential operator Ap in terms of which we study bound-
edness of the modified B-Riesz potential in the B-Morrey space to B-BMO
space.
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The structure of the paper is as follows. In Section 1 we present some
definitions and auxiliary results. In Section 2 we study some embeddings
into the B-Morrey spaces. The statement of main results of the paper is the
inequality of Sobolev-Morrey type in limiting case for the B-Riesz potential,
established in Section 3.

2. PRELIMINARIES

Suppose that R™ is n-dimensional Euclidean space, z = (z1,...,z,) € R,
lz]? = Y1 a2, @' = (21,...,%n-1) € R" L 7 = (2',2,) € R", R? = {2 =
(¢',zn) € R% 2y, > 0}, E(z,r) = {y € RY ; |z —y| < r}, E(O,r) = E,,
A*=R7\A, v>0. :

For measurable E C R”} suppose |E|, = [, zhdz, then |E,|, = w(n,y)r"™,

where
()
w(n 'y)z/ 2ldr == 2 .
b El n F %

Let’s denote by T¥ the generalized shift operator (B-shift operator) acting
according to the law

15w =, [ " (@ — o (5 ym)s) d(B),

where (Zn,yn)s = (22 — 2TnYy cos B, + yg)%, dv (B) =sin"" ! 3 dﬁ and
T (“Y_Jrl)
C’Y = ’n'_% —3—

r(3)

We remark that the generalized shift operator TV is closely connected with
the Bessel differential operator B (see [7] ).

2
™

The translation operator 7% generates the corresponding B-convolution

(toa@ = [ rwir s
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Lemma 2.1. Let 0 < a < n+~. Then for 2|z| < |y| the following inequality
1s valid

(2'1) ‘Ty|xla—nfﬂy _ |y’afn—'y‘ < 2n+7—a+1|y1a—n—'yfl’w|‘

Proof. Let’s show that

<c, [
0

First we estimate

| T | 7 — Jy[* ]

(&' =¥, (@nyyn)g) | " - Iyl"‘"”’ dv(B).

“ (‘TI - y’, (mmyn)ﬁ) |f¥*”—’7 - |y|a7n~'y‘ .

By the theorem about mean value we get
“(T/ — 9, @nyyn)s) " - |y|a_n_7‘
<[l = v @) = lol] - €7
where min {|(z' — ¢/, (1, yn)g)|, [y} < € < max {|(z' — ¥/, (zn, w)) 1ol

We note that
3
’(xl -, (xnayn)ﬂ)‘ <zl +Jyl < §(y|a

1
(&' =o', (@na)s)| = 2 =yl = Iyl — Jo] = Syl

and

(2" =¥, (@n,yn)s) | — Iyl < lz] + [yl = [y < |a]
[yl = (&' =¥, (@n,9n)s) | < Iyl = |z — 9| < 2.

Hence

1 3
§|y| < \(w'—y', (-Tn’yn)ﬁ) < §‘y’a
(2" =, (@nsyn)s) | = ly]| < |-

Thus we obtain (2.1).
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3. SOME DEFINITIONS AND AUXILIARY RESULTS

Let L, ~(R") be the space of measurable functions on R’} with finite norm

17y, = 10z cet) = ( /.

+

1/p
lf(x)l”wldﬂf> , 1<p<oo.

For p = oo the space L ~(R") is defined by means of the usual modification

1Ly = I llLoe = esssup|f()].
z€RY

Definition 3.1. Let 1 < p < oo. We denote by WL, (R") the weak L,
space defined as the set of locally integrable functions f(z), € R with the
finite norms

1Flhwe,, =swr|{z e Ry < 1f@)] >}

Definition 3.2. [3] Let 1 < p < 00, 0 < A < n++. We denote by L, » ,(R"})
Morrey space (= B-Morrey space), associated with the Laplace-Bessel differ-
ential operator as the set of locally integrable functions f(z), x € R}, with
the finite norm

1/p
£y, = s ([ iy i)

t>0,z€RY

Note that
Lpoy(RY) = Lpy(RY),
and if A\ < 0 or A\ > n + v, then L, ,(R}) = O, where O is the set of all
functions equivalent to 0 on R'}.

[4] Let 1 < p < co. Then
Lpminn(BL) = Loo(RY) and [Ifll,, . =w(n )7 I fll,..

Definition 3.3. [6] Let 1 < p < 00,0 < XA < n + . We denote by WL, »(R")
the weak B-Morrey space as the set of locally integrable functions f(z),x € R
with finite norm

1/p
”fHWL,, A, = Sup 7T sup (t"\ / y?ﬂ@/) .
" r>0  t>0,z€R7} {y€E:: TY|f(x)|>r}
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We note that
Lpry(RY) € WEyso(RY) and [fllyy, < Ifl, -

Definition 3.4. [3] We denote by BMO., (R ) B-BMO space the set of locally
integrable functions f(z),z € R’}, with finite norms

1fley = sup  |E[? / TV (2) — i, (@) iy < oo,

r>0, z€R™ Er

PAY

where fp () = ]ET|;1 fEr TY f(x)yndy.

We define the B-maximal operator M., as

M, f(a) = sup By [ 110y
T ET
and fractional B-maximal operator MY as

o
M3 (@) = sup |, [ / TV f(2)lyldy.
>
E,

In [6] the following theorem was proved.

Theorem 3.1. 1. Let f € L1y,(R}), 0 < A < n+ 7, then M,f €
WLi,(RY) and

H]M'nyWLL)\,Y < Cl,/\,'nyHLLA,w
where C1 5 4 depends only on Ay and n.

2. Let f € Lpay(RY), 1 <p < 00,0 <A< n+7, then Myf € L, ,(R?)
and

||M7f”Lp,A,7 < CP,/\,’YHf”Lp,A,w
where Cy, » 4 depends only on p,\y and n.

Corollary 3.1. [3, 5]

1. Let f € L14(R%), then M, f € WLy 4(R%) and

My fllwey, < Crpllflic,,
where C1 4 depends only on vy and n.
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2. Let f € Lp,(RY), 1 <p<oo, then M, f € L, ,(R}) and
||M’YfHLp'7 — p?’yllfHLp,'y7

where Cp, ~ depends only on p, v and n.

We consider the B-Riesz potential
i@ = [ Tl iy, 0<a<n+s,
+
and the modified B-Riesz potential

Fef@) = [ (Tl =l sy ) it

+
where ET = R\ E.

In [6] the following theorem was proved.

Theorem 3.2. Let0<a<n+v,0<A<n+v—a« and1§p<%"\.

1)Ifp=1, 1—% = nJr‘,’;—_)\, then the operator I is bounded from Ly ,(R7})
to WLy (RY).

+y=A 1
2) Ifl<p< %, P
Lpay(RL) to Loy (RY).

+y-X
Corollary 3.2. Let0<a<n+7v,0<A<n+vy—-aandl<p< =,

- % = a75=x then the operator IT is bounded from

1) Ifp=1, 1—% = n+,y 5, then the operator M is bounded from Ly x (R} )

2)If1 < p< M2
LP,A,W(Rn) to Lq)w(

+
Corollary 3.3. [2] Let 0 <a <n+7v and 1 < p < LT,

11) % = n7o—x then the operator MF is bounded from
1)

1) Ifp=1, 1—% = n+7, then the operator I is bounded from Ly ,(R%) to
WL (RY).

n+ 1
2)[f1<p<——071,5

Lpﬂ’Y(R:'L‘) tO LQ#’Y(RZL‘)'

21]- = n+’y’ then the operator I is bounded from


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


On limiting case of the Sobolev Theorem for B-riesz potential in B-Morrey spaces 33

4. STATEMENT OF MAIN RESULTS

The following theorems from our main result in which we obtain the
fractional B-maximal operator MZ to be bounded from the Morrey spaces
Ly ~(R%Y) to Lo (R%) and the modified fractional integral operator f,‘j‘ to be
bounded from the spaces L, x~(R"}) to BMO,(R?) under the limiting case
p= n+3—)\'

Theorem 4.1. Let0 <a<n+7v,0<A<n+y—aandl <p= ﬁg_—’\
then the operator MY is bounded from Ly x (R’ ) to Loo (R ).

)

Theorem 4.2. Let0 <a<n+7v, 0<A<n+y—aandl <p= ”+g_’\,
then the operator IT is bounded from Ly x~(R’L) to BMO~(RY).

Moreover, if for f € Ly x~(RY) the integral IS f exists almost everywhere,
then I € BMO~(RY}) and the following inequality is valid
15 fllBro, < ClifliL, A

where C' > 0 is independent of f.

Corollary 4.1. [3,5] Let0<a<n+~vyand1l <p= "aﬂ, then the operator
I is bounded from Ly, ~(R}) to BMO~(RY).

Moreover, if for f € L,,(R") the integral IS f exists almost everywhere,
then I € BMO.(R"}) and the following inequality is valid

115 fllsmo, < ClflL, .,

where C > 0 is independent of f.
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5. PROOF OF THEOREMS

Proof of Theorem 4.1. Let f € Ly ,(R}), 1 <p= %_’\ Then applying
Holder’s inequality we have

e [Ty

Et

1/p
< (S/ (T f(z)])* y%dy) | By |M

t
1/p

< wlny) [ £ / (T | (@))) vl dy
Ey

<N il

Theorem 4.1 is proved. O

Proof of Theorem 4.2. Let f € L, ~,(R%}), 1 <p= -M'Z—_/\ For given t > 0
we denote

(5.1) N1(2) = f(2)XE,, (2),  fa(2) = f(2) = fi(2),
where X p,, is the characteristic function of the set Fy;. Then

I3 f(2) = I2 f1(2) + IS fa(2) = Fi(2) + Fa(2),
where

R = [ (T =l ) fidy,
Eo:

R = [ (Tl = il ) S
E3

We note that the function f; has compact (bounded) support and thus

ar = — / [y|“7" 7 f(y)yndy

E2t\Emin{1,2t}
is finite.
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We note also that
Fi2)—an= [ T fg)ndy
Eoy
- / ly|* ™" f(y)yndy
E2t\Emin{1,2t}
+ / ly1* ™" f(y)yndy
EQt\Emin{l,%}

- / V)21 £y ()i dy.
Rﬂ,

+
Therefore
Fi(z) —aa| < / VT (=)l dy
By
- / YT (2) iy

{yeRY:Tv|z|<2t}

Further, for z € E;, TY|z| < 2t we have
[yl < |2l + 1z =yl <[] + TY|2| < 3t

Consequently
(5.2) @) —al < [T 1) Ry,
Es¢
if z € Ej.

By Theorem 3.1 and inequality (5.2) for ap =n + vy — A we get
By} / |T%Fy(z) — a1 2)dz
Ey

<|EJV[ T ly|*™" 7 TV f(2)|yndy | 2ndz
K E: Es3¢

gnt+y—aga , 1/p
STy e ( / Tx(Mv(f(Z)))”ZZdZ)
- ",

(5.3) < Cillfllzy s
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where C = WW(H’V)IM oy
We denote by
w= [ W
Emax{1,2¢} \ B2t

Let’s estimate |Fy(z) — ag| for 2 € Ey:

[F2(2) — ag| < / [P TY]27 77—yl ydy.
E3,

Applying Lemma 2.1 and Hélder’s inequality we have

|Fy(2) — an] < 2747041 / P @)l Yy dy
E3,

. 1/p
< gntrmetl)y) </E Iyl_ﬁlf(y)l”y%dy>

1/p'
B e~y /
x ( [ G 1)pyzdy> =2 el b,
E‘*

t

where A < 8 < X+ p.

For I1 we get

le(i[E

j=0 2j+1t\E21n

A A-p NN ¥ A-p
(54) <2 flg,, (D2 =t E g,
=0

where Cy = ( 2 )l/p.

/
(T 7)) ol Pody)

Py

2P-3_1

For Iy we obtain

1

(e e} _ é e / 17 ﬁ_)\_'
I = </s lfzdf/ P11+ (e l)pd’“> =Cst p 1,
n— t
+

’ , —1/ /
where C3 = (w(n,~))V/? (p/\/? <1 _ @) P

p
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Then for z € E;
|F2(2) — as| < Calz[t ™[ fllz, .\, < Callfllz, s

where Cy = Cy - Cy - 27—l

Thus for ap =n ++v — A and for all z € R"}, z € E; we obtain
(5.5) [T*Fa(2) — ag| < T% |Fa(2) — az| < Cul|fllz, -
We denote by

ag=ata= [ W

Emax{l,?t}

Finally, from (5.3) and (5.5) we have

sup|El /’Tz[a (=) — ag| 57z < (C1 + OO fl, 0.
E;
Thus
H “f“ <25up]Et /‘Tzfaf(:c —af‘zmz<csj|f||LPM.
BMO,

E;

Theorem 4.2 is proved. O
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