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ON LIMITING CASE OF THE SOBOLEV THEOREM FOR 
B-RIESZ POTENTIAL IN B-MORREY SPACES 

J avanshir J. Hasanov1 and Yusuf Zeren 

ABSTRACT.We consider the generalized shift operator, associated with the Laplace-Bessel 
n 2 

differential operator ~B = "' p8 + _:y_ -88 , r > 0. We study the fractional maximal ~ X· Xn Xn 
i=l J 

operator M;; (fractional B-maximal operator) and Riesz potential 1:;-~(B-Riesz potential), 

associated with the generalized shift operator and its modified version 1:; (modified B-Riesz 

potential) in the B-Morrey space. 

1. INTRODUCTION 

The maximal operator, Riesz potential and related topics associated with 
the Laplace-Bessel differential operator 

n a2 r a 
~B=La2+-a, r>O 

i=l Xj Xn Xn 

have been investigated by many researchers, see B. Muckenhoupt and E.Stein 
[10], I. Kipriyanov [9], K. Trimeche [16], L. Lyakhov [8], K. Stempak [15], 
A.D. Gadjiev and I.A. Aliev [2], V.S. Guliyev [3, 4, 5], V.S. Guliyev and J.J. 
Hasanov [6], A. Serbetci, I. Ekincioglu [13] and others. 

In this paper we consider the generalized shift operator, generated by the 
Laplace-Bessel differential operator ~B in terms of which we study bound
edness of the modified B-Riesz potential in the B-Morrey space to B-BMO 
space. 

1 partially supported by the INTAS grant Ref. Nr 06.-1000015-5635. 
Mathematics Subyect Classification: Primary 42B20, 42B25, 42B35 
Key Words: B-maximal operator, fractional B-maximal operator, B-Riesz potential, B

Morrey space, B-BMO space. 
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The structure of the paper is as follows. In Section 1 we present some 
definitions and auxiliary results. In Section 2 we study some embeddings 
into the B-Morrey spaces. The statement of main results of the paper is the 
inequality of Sobolev-Morrey type in limiting case for the B-Riesz potential, 
established in Section 3. 

2. PRELIMINARIES 

Suppose that JR.n is n-dimensional Euclidean space, x = (x1, ... ,xn) E JRn, 
lxl 2 = L~=1 xr, x' = (x1, ... ,Xn-d E lRn-1, x = (x',xn) E lRn, JR.+= {x = 
(x', Xn) E lRn; Xn > 0}, E(x, r) = {y E JR.+ ; ix - Yi < r }, E(O, r) = Er, 
A*= lR+\A, 1 > 0. 

For measurable E C JR.+ suppose lEI,= JE x~dx, then IErl, = w(n, 1)rn+~', 
where 

n 1 r ( 1'~1) 
w(n, I) = k1 x~dx = 7r 22 r (1) . 

Let's denote by TY the generalized shift operator (B-shift operator) acting 
according to the law 

TY f(x) = C, 11r f (x'- y', (xn, Yn)f3) dv(/3), 

where (xn, Yn)(3 = (x;- 2XnYn cos !3n + y;)~, dv ({3) = sin~'- 1 (3 d/3 and 

1 r(f) 2 
c, = 1r-2 r (1) = ;:w(2, 1). 

We remark that the generalized shift operator TY is closely connected with 
the Bessel differential operator B (see [7] ). 

The translation operator TY generates the corresponding B-convolution 

(f@ g)(x) = ln f(y)[TYg(x)]y~dy. 
+ 
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Lemma 2.1. Let 0 <a< n + "f· Then for 2lxl ::::; IYI the following inequality 
is valid 

Proof. Let's show that 

ITYixla-n-'Y- IYia-n-'YI 

::::; C~' 171: l1(x'-y',(xn,Yn)!3)la-n-'Y -IYia-n-~'1 dv(f3). 

First we estimate 

l1(x'-y',(xn,Yn)!3)la-n-'Y -IYia-n-1'1· 

By the theorem about mean value we get 

II (x'- y', (xn, Yn)!3) la-n-'Y- IYia-n-'YI 
::=; ll(x'-y',(xn,Yn)!3)I-IYII·~a-n-'Y-l, 

where min {l(x'- y', (xn, Yn)!3)1, IYI}::::; ~::::;max {l(x'- y', (xn, Yn)!3)1, IYI} · 

We note that 

and 

Hence 

I (x' - Y1
, (xn, Yn)/3) I ::::; lxl + IYI ::::; ~ IYI, 

1 
l(x'-y',(xn,Yn)!3)l2: lx-yl2: IYI-Ixl2: 2IYI 

I (x'- y', (xn, Yn)!3) 1- IYI ::::; lxl + IYI- IYI ::::; lxl 
IYI-I(x'-y',(xn,Yn)!3)1::::; IYI-Ix-yl::::; lxl. 

~IYI::::: l(x'-y',(xn,Yn)!3)l::::: ~IYI, 
ll(x'-y',(xn,Yn)!3)I-IYII::::; lxl. 

Thus we obtain (2.1). D 
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3. SOME DEFINITIONS AND AUXILIARY RESULTS 

Let Lp,')'(JR+.) be the space of measurable functions on JR+. with finite norm 

IIJIIL,,o ~ llfiiL,,0 (~+l ~ (L+ lf(x)IPx~dx) lfp, I <: p < 00. 

For p = oo the space L,xq(lR+.) is defined by means of the usual modification 

IIJIILoo,-y = llfiiLoo = esssup lf(x)l. 
xE!Rf. 

Definition 3.1. Let 1 ::; p < oo. We denote by W Lp,')'(JR+.) the weak Lp,')' 

space defined as the set of locally integrable functions f(x), x E JR+. with the 

finite norms 

llfllwL =sup r I { x E JR+. : lf(x)l > r} ll/p. 
p,-y r>O I' 

Definition 3.2. [3] Let 1 ::; p < oo, 0 ::; A ::; n + 'Y· We denote by Lp,.>.,/'(JR+.) 

Morrey space (= B-Morrey space), associated with the Laplace-Bessel differ

ential operator as the set of locally integrable functions f ( x), x E JR+., with 

the finite norm 

IIJIIL = sup (c>- r (TY lf(x)I)P y~dy) ljp. 
p,>..,-y t>O, xE!Rf. 1 Et 

Note that 

Lp,o,/'(IR.+.) = Lp,/'(JR+.), 

and if A < 0 or A > n + "(, then Lp,.>.,/'(JR+.) = 8, where 8 is the set of all 

functions equivalent to 0 on JR+.. 

[4] Let 1 ::; p < oo. Then 

Lp,n+')',/'(JR+.) = L=(JR+.) and IIJIILp,n+-y,-y = w(n, 'Y)l/p IIJII£00 • 

Definition 3.3. [6] Let 1 ::; p < oo,O ::; A ::; n + 'Y- We denote by W Lp,.>.,/'(IR.+.) 

the weak B-Morrey space as the set of locally integrable functions f ( x) ,x E JR+. 
with finite norm 

( )
lh 

llfllwL =sup r sup c>- y~dy 
p,>..,-y r>O t>O,xE!Rf. jyEEt:TYJf(x)J>r} 
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We note that 

Lp,>.,'Y(JR+) c WLp,>.,'Y(JR+) and llfllwLv,>-,7 :S llfi1Lp,>.,7 • 

Definition 3.4. [3] We denote by BMO'Y(JR+) B-BMO space the set oflocally 
integrable functions f(x), x E JR+, with finite norms 

llfii*,'Y = sup 1Erl~ 1 r ITY f(x)- !Er(x)iy~dy < oo, 
r>O, xE~+ } Er 

We define the B-maximal operator M'Y as 

M'Yf(x) =sup 1Erl~ 1 J TYIJ(x)iy~dy 
r>O 

and fractional B-maximal operator M:; as 

M; f(x) =sup 1Erl~~7 - 1 J TYIJ(x)ly~dy. 
r>O 

In [6] the following theorem was proved. 

Theorem 3.1. 1. Let f E L1,>.n(IR+), 0 :::; >. < n + "(, then M'Yf E 

W L1,>.,'Y(IR+) and 

IIM'Yfllw£1,>.,"( :::; c1,>.,'YIIJIIL1,>.,"(' 
where c1,A,)' depends only on A,"( and n. 

2. Let f E Lp,>.,'Y(JR+), 1 < p < oo,O :S >. < n + "f, then M'Yf E Lp,>.,'Y(JR+) 
and 

IIM'YJIILp,>.,"( :::; Cp,>.,'YIIJIILp,>.,"(' 
where Cp,>.n depends only on p,A,"f and n. 

Corollary 3.1. [3, 5] 

1. Let f E L1,'Y(IR+), then M'Yf E WL1,'Y(JR+) and 

IIM'~'fllwLl,"( :::; c1,)'IIJIILI,7 , 

where C1,'Y depends only on 'Y and n. 
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2. Let f E Lp,-y(IR+.), 1 < p < oo, then M-yf E Lp,-y(IR+.) and 

IIM'YfiiLp,'Y :S Cp,-yllfiiLp,'Y' 

where Cp,-y depends only on p, 1 and n. 

We consider the B-Riesz potential 

I~ f(x) = { TYixla-n--y f(y)y~dy, 0 <a< n + 1, 
JJR+ 

and the modified B-Riesz potential 

f~f(x) = kn (TYixla-n--y -IYia-n--yXEi(y)) f(y)y~dy, 
+ 

where E{ = JR.+ \E1. 

In [6] the following theorem was proved. 

Theorem 3.2. Let 0 <a< n + 1, 0 :SA< n + 1- a and 1 :S p < n+~-.A. 

1) Ifp = 1, 1- ~ = n+~-.A' then the operator I~ is bounded from £1,>.,-y(IR+.) 
toW Lq,>.,-y(IR+.). 

2) If 1 < p < n+~-A' ~ - ~ = n+~-A' then the operator I~ is bounded from 

Lp,.A,-y (JR.+.) to Lq,.A,-y (IR+.). 

Corollary 3.2. Let 0 <a< n + 1, 0 :SA< n + 1- a and 1 :S p < n+~-.A. 

1) Ifp = 1, 1-~ = n+~-.A' then the operator M~ is bounded from L1,.A,-y(lR+.J 
toW Lq,>.,-y(IR+.). 

2) If 1 < p < n+~-.A, ~ - ~ = n+~-.A, then the operator M~ is bounded from 

Lp,>.,-y(IR+.) to Lq,>.,-y(IR+.). 

Corollary 3.3. [2] Let 0 < a < n + 1 and 1 :S p < n!-y. 

1) If p = 1, 1- ~ = n~-y, then the operator I~ is bounded from £1,-y(IR+.) to 

W Lq,-y (JR.+.). 

2) If 1 < p < n!-y , 
Lp,-y(IR+.) to Lq,-y(IR+.). 

1 1 
p q n~-y, then the operator I~ is bounded from 
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4. STATEMENT OF MAIN RESULTS 

The following theorems from our main result in which we obtain the 
fractional B-maximal operator M::; to be bounded from the Morrey spaces 

Lp,.>-,1 (JR+.) to L 00 (JR+.) and the modified fractional integral operator I~ to be 
bounded from the spaces Lp,.>-,1 (JR+.) to BM01 (JR+.) under the limiting case 
p = n+y->-. 

a 

Theorem 4.1. Let 0 <a< n + /, 0 ~A< n + 1- a and 1 < p = n+z->-, 

then the operator M::; is bounded from Lp,.>-,1 (JR+.) to L 00 (JR+.). 

Theorem 4.2. Let 0 <a< n + /, 0 ~A< n + 1- a and 1 < p = n+~-.A, 
then the operator I~ is bounded from Lp,.>-,1 (JR+.) to BM01 (JR+.). 

Moreover, if for f E Lp,.>-,1 (JR+.) the integral I~ f exists almost everywhere, 

then I~ E BM01 (JR+.) and the following inequality is valid 

III~ JIIBMO-y ~ CIIJIILp,.>-,-y' 
where C > 0 is independent of f. 

Corollary 4.1. [3, 5] Let 0 < a < n + 1 and 1 < p = n~y, then the operator 

I~ is bounded from Lp,1 (JR+.) to BM01 (JR+.). 

Moreover, if for f E Lp,1 (JR+.) the integral I~ f exists almost everywhere, 
then I~ E BM01 (JR+.) and the following inequality is valid 

III~JIIBMO-y ~ CIIJIILp,-yJ 
where C > 0 is independent of f. 
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5. PROOF OF THEOREMS 

Proof of Theorem 4.1. Let f E Lp,.A,-y(IR+.), 1 < p = n+~-.A. Then applying 
Holder's inequality we have 

ta-n--y J TYif(x)iy~dy 
Et 

( ) 1/p 
<; ta-n-o lj (T"jj(x)I)PyJdy IEtiVp' 

( ) 

1/p 

<; w(n, 'Y)IfP' r A 1 (T" if(x) j)P yJdy 

:S w(n, "!) 1/p' II filL >- • p, ,''( 

Theorem 4.1 is proved. D 

Proof of Theorem 4.2. Let f E Lp,.A,-y(IR+.), 1 < p = n+~-.A. For given t > 0 
we denote 

(5.1) !I (z) = f(z )XE2 t (z), h(z) = f(z) - !I (z ), 

where XE2 t is the characteristic function of the set E2t· Then 

f~f(z) = f~!I(z) + f~h(z) = F1(z) + F2(z), 

where 

F1(z) = J (TYizla-n--y -lyla-n--yXE;(Y)) f(y)y~dy, 
E2t 

F2(z) = J ( TYizia-n--y -iyia-n--yXE; (y)) f(y)y~dy. 
E2t 

We note that the function !I has compact (bounded) support and thus 

J 
E2t \Emin{1,2t} 

is finite. 
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We note also that 

Therefore 

H (z)- a1 = J TY\zla-n-"1 f(y)yJdy 

j \y\a-n-"1 J(y)yJdy 

E2t \Emin{1,2t} 

+ J \y\a-n-"1 J(y)yJdy 

E2t \Emin{1,2t} 

= J TY\zla-n-"1 fi(y)yJdy. 

IR+ 

]Rn 
+ J lYla-n-'YTY\J(z)\yJdy. 

{yEIR+:TYizl<2t} 

Further, for z E Et, TY\zl < 2t we have 

IYI :S lzl + lz- Yl :S lzl + TYlzl < 3t. 

Consequently 

(5.2) 

if z E Et. 

By Theorem 3.1 and inequality (5.2) for ap = n + 1- A we get 

IEt\~ 1 r lTX Fl(z)- all zJdz 
JEt 

:S IEt\~ 1 r Tx ( r lYla-n-"1 TYlf(z)lyJdy) zJdz 
JEt J E3t 

2n+"f-CX3CX ( r ) ljp 
:S 2"'- 1 tcx-n-"1. t(n+"!)/p' JEt Tx (M'Y(f(z)))P zJdz 

(5.3) ::; Cl\\f\\Lp,>-,-y' 
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We denote by 

J 
Let's estimate IF2(z)- a2l for z E Et: 

IF2(z)- a2!::; J IJ(y)/jTY/zla~n~r- IYia~n~rJ y~dy. 
E2t 

Applying Lemma 2.1 and Holder's inequality we have 

/F2(z)- a2!::; 2n+r~n+ 1 /z! J IJ(y)//y/a~n~~~ 1 y~dy 
E2t 

( 2/3 ) 1/p 
where C2 = 2/3-A~ 1 . 

For h we obtain 

1/ 1 1/'( (3 >-)~ 1 /p' where C3 = (w(n, 1)) P (p' P 1- ; . 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



On limiting case of the Sobolev Theorem for B-ries2 potential in B-l'viorrey spaces 37 

Then for z E Et 

IF2(z)- a2l:::; C4lziC1IIJIILp,>q:::; C4IIJIILp.>-,"'' 
where c4 = c2 . c3 . 2n+r-a+l. 

Thus for o:p = n + '/ - >.. and for all x E IR~, z E Et we obtain 

(5.5) 

We denote by 

J IYia-n-r f(y)yJdy. 

Emax{1,2t} 

Finally, from (5.3) and (5.5) we have 

s~f 1Etl~ 1 j lrxJ;J(z)- afl zJdz:::; (C1 + C4)llfi1Lp,>-."'· 
Et 

Thus 

IIY;tiiBMO"':::; 2s~f 1Etl~ 1 j lrzJ;J(x)- afl zJdz:::; C5llfiiLp,>-,"'· 
Et 

Theorem 4.2 is proved. D 
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