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A FINITE DIFFERENCE METHOD FOR APPROXIMATING 

THE SOLUTION OF A CERTAIN CLASS OF SINGULAR 

TWO-POINT BOUNDARY VALUE PROBLEMS 

I.T. ABU-ZAID AND M.A. EL-GEBEILY 

ABSTRACT. The objective of this paper is to provide a finite differ
ence approximation for the solution of the second order boundary-value 
problem 

-(1 )(p(x)y')'-q(x)y = f(x) x E (0, 1), lim p(x)y'(x) = 0, y(1) = 0 
p x x-o+ 

with appropriate conditions on the real valued functions p( x), q( x) and 
f(x). It is shown that an O(h2 ) approximation. can be obtained using 
the finite differences scheme presented in this paper. 

1. INTRODUCTION 

In this paper we consider the boundary value problem 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

1 
p(x) (p(x)y')'- q(x)y = f(x) x E (0, 1), 

lim p(x )y' = 0, 
x.-o+ 

y(1) = 0, 

p(x) 2: O,p(O) = 0 and p(x) is 

increasing in a neighborhood [0, 8] of 0, 

p-1 (x) E Lfoc(O, 1], 

q(x), J(x) E C[O, 1] and IP'(x)l ~ M1 < oo, 

q(x) 2: 0, 

11 1 
p'(x) x p(T) dT < M2 for all x E (0, 1). 
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We will discuss a finite difference approximation to the solution of the 
above problem. Problems of the form (1.1) are encountered in the study 
of radially or axially symmetric problems in which case the problem can 
be reduced to a one- dimensional problem with p(x) = xcx. More gen
eral functions p( x) are encountered in connection with string equations 
in dynamics and statistics [5]. Such problems are also encountered in 
stochastic control problems when studying the steady state properties of 
systems driven by noise which is proportional to the state or which are 
nonlinear functions of the state [3]. For example, the duffing equation 
driven by Brownian noise 

where df3t is a Brownian motion, has a steady state Fokker-Planck equa
tion of the form 

e-3x 
-2-(x2e3xp')' + 3p = 0. 

X 

Moreover, the Hermite and Laguarre operators provide other examples 
of singular two point boundary value problems [8]. There is a growing 
literature on numerical treatment of singular two-point boundary value 
problems ([1],[3],[6],[10],[14] and references therein). In particular, finite 
difference methods were discussed in the papers by Chawla et al [2], 
Doedel et al [4], Jamet [9], Nassif [11] and others. In [2], Chawla considers 
the special case with p( x) = xcx, a ~ 1, however, f( x) in the right 
hand side of (1.1) is non-linear. In this paper, we extend the work in 
[2] by applying Chawla's finite difference scheme to the boundary value 
problem (1.1)-(1.3) with more general functions p(x). We prove O(h2) 

convergence under less differentiability conditions on q(x) and f(x). 

This paper is organized as follows. In Section 2 we develop the finite 
difference scheme that is used to approximate the solution to the problem. 
Convergence of the finite difference scheme and order of convergence is 
treated in Section 3. In Section 4 we prove the existence and uniqueness 
of the solution to problem (1.1)-(1.3) and that this solution is continuous 
on [0,1]. Finally, Section 5 provides numerical examples that demonstrate 
0( h2) convergence. 
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2. THE FINITE DIFFERENCE SCHEME 

In this section we develop the finite difference scheme that we will em
ploy to approximate the solution to the problem (1.1 )-(1.3). We formally 
use Taylor series expansions, change of order of integration and integra
tion by parts. Justification for using these techniques will be given in 
Section 4. Rewriting ( 1.1) in the form 

(2.1) (py')' = p( qy + f) 
and integrating and applying the boundary conditions (1.2) and (1.3) we 
get 

(2.2) y(x) =-l 1 ptr) kT p(t)q(t)y(t) + f(t))dtdr. 

Interchanging the order of integration in (2.2) we get 

y(x) = -fox (11 p/r) dr) p(t)(q(t)y(t) + f(t))dt 

(2.3) -11 (11 ptr).dr) p(t)(q(t)y(t) + f(t))dt. 

Written differently, (2.3) becomes 

(2.4) y(x) =-k1 K(x, t)p(t)(q(t)y(t) + f(t))dt 

where K(x, t) is the kernel and is given by 

(2.5) K(x, t) = ~ P\T) -{ f 1 - 1-dr t < x 

ft p(T)dT t > X. 

Now for N ~ 2 w~ consider a uniform mesh over the interval [0,1]. Let 
Xk = kh, k = 0, ... , N, h = 1/ N. Let Yk = y(xk)· For ease of notation, 
let g(t) = q(t)y(t) + f(t). Using (2.4) and (2.5) we obtain for x = Xk and 
X= Xk+b k ~ 1 

Yk+t- Yk 1Xk+l 1 1Xk 
- -( )dr p(t)g(t)dt 

Xk p T 0 

(2.6) + rk+l (lxk+l _!_dr) p(t)g(t)dt. 
lxk t pr 
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Similarly, fork ~ 2 we have 

Yk- Yk-1 = 1x" -(1 ) dr r" p(t)g(t)dt 
XJc-1 p T lo 

(2.7) - r" ( ft I_dr) p(t)g(t)dt. 
lx~c_1 lx~c_ 1 pr 

In order to simplify the notation, we let 

(2.8) 
{XJc+1 1 

'tfJk(t) = lt p(r) dr, k ~ 1. 

Eliminating fox" p(t)g(t)dt from (2.6) and (2.7) we obtain fork~ 2 

Yk+1 ( 1 1 ) Yk-1 
- '1/Jk(xk) + '1/J~c(xk) + 'I/Jk-1(xk-1) Yk- 'I/Jk-1(xk-1) 

(2.9) -1:~:1 p(t)Uk(t)g(t)dt 

where 

Now writing the Taylor polynomial for y(t) in Equation (2.9) in the 
interval [xk-1, Xk+1] around Xk we obtain 

(2.11) 

where 

and Uk(t) is given by (2.10). 
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The discretisation at k = 1 may be obtained from (2.6) as follows: 

(2.12) Y2- Yt = tPt(xt) [x1 p(t)g(t)dt + 1x2 tP1(t)p(t)g(t)dt, lo x1 

or 
Y2 YI [x2 

(2.13) tPt(Xt) - tPt(Xt) = Jo p(t)Ut(t)g(t)dt 

where 

(2.14) if 0 ~ t ~ Xt 
ifx1 ~ t ~ x2. 

By expanding y(t) in the interval [0, x 2] about t = Xt, we may rewrite 
(2.13) as 

(2.15) 

where 

At 1x2 p(t)Ut(t)q(t)dt, 

Bt 1x2 p(t)Ut(t)q(t)(t- Xt)Y'(6)dt, 0 ~ 6 ~ X2, 

C1 1x2 p(t)Ut(t)j(t)dt. 

We note that A1 ~ 0. 

In matrix notation, (2.11) and (2.15) may be expressed as 

(2.16) HY+AY=B(h)+C 

where H = ( hij) is a tridiagonal matrix whose elements are 

1 1 1 
( ) , hii = ( ) + -(-) , i = 2 ( 1 )N - 1 tPI X1 tPi-1 Xi-1 tPi Xi 

1 
tPi-t(Xi-I)' i = 2(1)N- 1 

h· "+I -t,t tPi~Xi), i = 1(1)N- 2. 
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And y 

A 

B(h) 

c 
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(Yt, ... 'YN-ll 
diag (A), i = 1(1)N- 1 

( -Bt, · · ·, -BN-l)T 
( -C1, ... , -CN-l)T. 

The method we consider determines an approximation Y for Y by solving 
the (N- 1) by (N- 1) linear system 

(2.17) 

To approximate y0 we proceed as follows 

y'(x) = p(~) fox p(t)(q(t)y + J(t))dt. 

Integrating both sides from x = 0 to x = x1 we get 

Yt- Yo= fox 1 lax ;g~g(t)dtdx = 1x1 1x1 p/x) dxp(t)g(t)dt. 

Expanding y(t) in the interval [O,x1] about t = x1 , we get 

Yt - Yo = 1x1 p( t )q( t) 1x1 p/x) dxdty1 

+ fox 1 p(t)q(t) 1x1 p(~) dx(t- xt)y'(eo)dt 

+ 1Xl p(t)f(t) 1Xl p(~)dxdt where 0:::; eo:::; Xt· 

If we take x1 < 8 then 1x1 ptx) dx < ptt). We will show in Section 4 

(Corollary 4.1) that y E C1 [0, 1]. Therefore, the second and third terms 
in the above expression are of O(h3 ) and O(h2 ) respectively. Hence, the 
expressiOn 

(2.18) { {Xl 1Xl 1 } 
Yo= Yt- lo p(t)q(t) t p(x) dxdt ih 

may be used to compute an O(h2 ) approximation fj0 for y0 • 

To summarize, the finite difference scheme is given by (2.17) for k 2: 1 
and by (2.22) for k = 0. 
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3. CONVERGENCE OF THE FINITE DIFFERENCE SCHEME AND 

RATE OF CONVERGENCE 

31 

Theorem 3.1. The finite :Iifference scheme represented by {2.17) and 
(2.22) is convergent of O(h2 ). 

Proof. Let E = (e1 , ... , eN_1 )t = Y- Y. From (2.16) and (2.17) we get 
the error equation 
(3.1) (H + A)E = B(h). 

It can be easily checked that H is irreducible and irreducibly diagonally 
dominant (see [12], pp. 47-55). Moreover, since the diagonal elements of 
H are positive and the off diagonal elements are negative, H is an M
matrix i.e., His invertible and H-1 ~ 0. Now, since A is a nonnegative 
diagonal matrix and His an M-matrix, then H +A is also an M-matrix 
and (H + A)-1 :::; H-1 . Now from (3.1) we have 

(3.2) 

in the uniform norm, where 

Since His symmetric and tridiagonal, it can be checked that H-1 = (hi/) 
is given by 

(3.3) h-1 _ x 1 p(r) ' { f 1 t dr 
ij - 1 1 

fx; p(r) dr, 

i:Sj 

i ?. j. 

The proof will be complete if we show that I!EIIoo is of O(h2 ). Since 
y E C1 [0, 1) by corollary 4.1 and since q E C(O, 1), we may conclude form 
(3.2) that 

where c is a constant and 

(3.4) 1Xk 11 1 
sk = p(t)Uk(t)(t- xk)dt -( )dt. 

Xk-1 Xk P t 
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In what follows we show that Skis of O(h3 ) fork= 1(1)N- 1 and that 
E is of O(h 2 ). Now, 

l xk p(t)Uk(t)(t- xk) {1 
-(1 )drdt + 1xk+1 p(t)Uk(t)(t- xk)dt 

Xk-1 lt p T Xk 

(3.5) {1Xk+1 _1 dt + {1 _1 dt} 
Xk p(t) Jxk+1 p(t) 

s~ + s~ + st 
where 

1Xk 11 1 
p(t)Uk(t)(t- xk) -( )drdt, 

Xk-1 t p T 

(3.6) 1
Xk+1 1Xk+l 1 

p(t)Uk(t)(t- xk)dt -( )dt, 
Xk Xk P t 

1Xk+1 11 1 
p(t)Uk(t)(t- Xk)dt -( )dt. 

Xk Xk+l P t 

If Xk ;:::: 8, then using Lemma (4.2) we can show that s~ = O(h3 ) . If 
Xk < 8, then without loss of generality we may assume that Xk+l ~ 8 (for 
otherwise we split the integral at x = 8). Using integration by parts, the 
definition of uk and assumption (1.4) we have 

s~ < h { { [1: p(r)dT 1Xk+l ptT) dr]~z+l + 1:k+l 1: p(r)dT p~t) dt} 

(3.7) < h { 0 + 1:k+I p(t) ptt) 1: drdt} 

O(h3 ). 

We conclude this proof by showing that S~ + S~ is of O(h3 ). Using 
integration by parts and observing that Uk ~ 1 we have 
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1
Xk+l 1 1Xk+l 1 ll 1 + -(t- Xk) 2dt- -(t- Xk) 2p'(t) -(-)dTdt 

Xk 2 Xk 2 t p T 

~h2 {p(xk+1) {1 -(1 )dT- p(xk-1) r -(1 )dT} + O(h3 ) 
2 lxk+l p T }Xk-1 p T 

~h' { 2h (p(t) [ pir) dr n + O(h') 

for some t E (xk-t, Xk+t) 

h3 { -1 + p'(t) [ p(~) dr} + O(h3 ) 

O(h3 ) because p'(t) 11 p/T) dT is bounded by 

assumption ( 1.8 ). 

4. EXISTENCE AND UNIQUENESS OF THE SOL UTI ON 

In this section we establish existence and uniqueness of the solution 
to our problem (1.1)- (1.3) with the assumptions (1.4)-(1.8) and that this 
solution is continuously differentiable on [0,1 ]. To this end we define the 
Banach space 

C[O, 1] = {y E C[O, 1]: y(1)_= 0}. 

Now we defined the operator L: C[O, 1 J --+ C[O, 1 J by 

(4 1) D(L) = {y E C[O, 1]: LyE C[O, 1], limx--40+ p(x)y' = 0} 
. Ly = (py')'. 

We assume that L is densely defined. Now we define the operator K : 
C[O, 1]--+ C[O, 1] by 

D(K) = D(L) 

(4.2) 

Then ( 1.1) may be written as 

( 4.3) 

Ky = (py')'- pqy. 

1 TI f -I\.y = . 
p 
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To prove existence and uniqueness of a solution for (1.1 )-(1.3), it is suf
ficient to show that K-1p exists as an operator from C[O, 1] to C[O, 1 ]. 
Before we show this we prove the following three lemmas. 

Lemma 4.1. If IP'(x)! :S M~, M1 > 0 and p(x) ~ 0 Vx E [0, 1L then 

(1) p(x) > 0 for x E (0, 1). 

(2) f~ p(~)dx = oo. 

Proof. (1) Assume p(x0 ) = 0 for some x0 E (0, 1), then 

(3.9) lp(x)l = !x- xoi!P'(e)! :S X- Xo!M1 (where Xo :S e :S 1), 

therefore 

(3.10) --dx > - dx = oo. 11 1 1 11 1 
xo lp(x)! - Mt xo !x- xol 

This contradicts condition (1.5). 

The case x 0 = 1 can be treated similarly. 

(2) This is easily seen in view of (1.4) and (1) above. 

Lemma 4.2. p(x) is bounded away from zero on the subinterval [<5, 1] 
of (0,1}, i.e. :3 c > 0 such that p(x) ~ c Vx E [6, 1). 

Proof. By Lemma 4.1, we have p(x) > 0 for x E (0, 1]. Assume that p(x) 
is not bounded from below on [ 8, 1). Then :3 a sequence { xi} N C [ 6, 1] 
such that p( Xi) --+ 0 as i --+ oo. But then there exists a subsequence 
{xi}N1 cN such that Xi --+ Xo E [6, 1]. Thus p(x0 ) = 0 which is not 
possible by Lemma 4 .1. 

Lemma 4.3. L-1p is a compact operator from C[O, 1] to C[O, 1]. 

Proof. Let f E C[O, 1] and y be a solution for 

( 4.4) p/X) (py') I = f (X) l 
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we show first that y E C[O, 1). From (4.4) we have 

y' = p/x) fox pfdt and y = 11 ptt) lot p(r)J(r)drdt, thus y(1) = 0. 

( 4.5) 
Therefore y' is bounded on [o, 1). Since p( x) is increasing in the interval 
[0, 8) we have 

lim y' 
X---+0+ 

1 1x lim -( ) p(t)j(t)dt 
x-+O+ p X 0 

(4.6) < 1 lox lim -( )p(x) dtllflloo 
X--+0+ p X 0 

0. 

Following the argument used in (3), we concluded that y' is bounded 
on ( 0,1] and hence y is uniformly bounded on ( 0,1). Therefore y ( o+). 
Therefore y(O+) exists and is unique. We define y(O) = y(O+) and hence 
conclude that y E C(O, 1). To show that L-1p is compact we note that 
L -lp is an integral operator with kernel 

M(x, t) = p ~ ~ p(r) { 
(t) fl f1 1 dr 

p(t) ft p(r)dr 

t~x 

t >X. 

We will show that M(x, t) is uniformly bounded and that J~ IMx(x, t)ldt 
is uniformly bounded in x. It then follows from Arzela-Ascoli's theorem 
that L- 1p is compact. 

11 1 {18 1 {1 1 } 
NowM(x,t) S:p(t) t p(r)dr =p(t) 1 p(r)dr+ }8 p(r)dr ,with 

the second part of the last parenthesis bounded by Lemma 4.2. As for 
the first part we have 

p(t) 15 p(~) dr ~ p(t) ptt) 18 dr = (8- t). 

Therefore, the right hand side of the above inequality is bounded on [0, o]. 
Thus M(x, t) is uniformly bounded on [0,1]. Also since 

11 IM ( ·)ld = lx p(t) d = J; p(t)dt + Jt p(t)dt 
xx,t t ()t () , o o px px 
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a similar argument shows that I~ IMx(x, t)idt is uniformly bounded in x. 
Thus L -lp is compact. 

Theorem 4.1. K-1p exists as an operator from C[O, 1] to C[O, 1]. 

Proof. Since K- 1p = (1- L-1pq)-lL-1p and L-1 p is compact we need 
only to show that (1- L-1pq)-1 is bounded. Since multiplication by 
the continuous function q is a continuous operator, the operator L -l pq is 
compact. Hence it suffices to show that 1 is not an eigenvalue for L - 1pq. 

So let L-1 pqy = y, then (L- pq)y = 0. Therefore, 

0 = ((L- pq)y,y) =- fol py'2dx- fol pqy2dx 

where (f,g) = I~ f(x)g(x)dx. We conclude that py'2 = 0 and hence 
y' = 0 (by Lemma 4.2). Since y E D(L) we must also have y(1) = 0. 
Therefore y = 0. This completes the proof of the theorem. 

Corollary 4.1. lfy is a solution of (1.1)-(1.3) then y E C 1 [0, 1]. 

Proof. The proof is a simple adaptation of the arguments used to derive 
(4.5) and (4.6) above. 

5. NUMERICAL RESULTS 

In this section we provide numerical examples which verify O(h2 ) 

convergence of the finite difference scheme employed in Section 2. The 
computer application program "Mathematica" was used to execute the 
algorithms that were used with the numerical examples. 

Three examples were used with three different functions p(x). Uni
form mesh was used with N = 16,32 and 64. Following are the examples 
and the numerical results obtained. 

(5.1) 

7r2 . 
--sm1rx 

2 ' 

0, 
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y(1) = 0. 

It is easily checked that y( x) = cos ~x is an exact solution for the above 
problem. Table I below shows O(h2) convergence of the finite difference 
scheme used. In this table, the vectors Y and Y are the exact and 
approximate solutions as defined by (2.20) and (2.21) respectively. 

TABLE 1: Numerical Results for Example 1 

N IIY- Ylloo h2 

16 7.8 (-4)* 3.9 (-3) 
32 2.0 (-4) 9.8 (-4) 
64 5.0(-5) 2.4 ( -4) 

*The numbers in parenthesis are powers of 10, e.g. 7.8 (-4) = 7.8 x 
w-4. 

Example 2 

( (2x - x2)3/2y')' - (2x - x2)3/2y (2 - 6x - x2 + x3)(2x - x2)312 

+(6- l5x + 9x2)x312(2- x )112, 

O~x~1 

(5.2) 

lim (2x - x2)312y' 0, 
x--+0+ 

y(l) 0. 

The exact solution for (5.2) is y(x) = x2(1 - x ). Numerical results 
showing 0( h2) convergence are given in Table II. 

·TABLE II: Numerical Results for Example 2 

N IIY- Ylloo h2 

16 2.2 (-3) 3.9 ( -3) 
32 6.1 (-4) 9.8 (-4) 
64 1.6 (-4) 2.4 ( -4) 

Example 3 

(5.3) (p(x)y')'- q(x)p(x)y p(x)f(x), 0 ~ x ~ 1 
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lim p(x )y' 
x--+0+ 

y(1) 

0, 

0, 

I.T. ABU-ZAID AND M.A. EL-GEBEILY 

where 

p(x) vfx(Vx + 1) In (vx + 1) 

q(x) 1 

15 2 3 yx(2- 3x) ( 1 ) 
f(x) 3- 2x- x + x + 2(yx + 1) 1 +In (yx + 1) . 

The exact solution for (5.3) is y(x) = x2(1- x). 

Numerical results for Example 3 are given in Table III 

Table III: Numerical Results for Example 3 

N IIY- Ylloo h2 
16 2.1 (-3) 3.9 (-3) 
32 5.8 (-4) 9.8 ( -4) 
64 1.5 (-4) 2.4 ( -4) 
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