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APPLICATIONS OF BRIOT - BOUQUET DIFFERENTIAL
SUBORDINATION TO SOME CLASSES OF MEROMORPHIC
FUNCTIONS

F. M. AL-OBOUDI AND H. A. AL-ZKERI

ABSTRACT. The object of this paper is to define and study some classes
of meromorphic functions using a new differential operator. Inclusion re-
lations, integral operators, and other results are found by the application

of Briot - Boquet differential subordination

1. INTRODUCTION

Let A be the set of all functions analytic in the unit disc E = {z : |2| < 1}.
Let g,G € A. We say that g is subordinate to G written g < G, if G is
univalent, g (0) = G (0) and g(F) C G(E).

Let 3 be the set of all meromorphic functions f in E and having in D =
E| {0}, the the Laurent expansion f(z) = 1 + > ax2*. The convolution or

k=1
Hadamard Product f * g of two functions f and g in ¥ is defined as follows

If f(z) =14+ > axz* and g(2) =1+ 3 bz, then
k=1 k=1
1 o]
(f*x9)(z) = S + Zakbkzk.
k=1

If follows from the definition of the Hadamard Product that
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2(f xg)'(2) = (2f * g)(2) = (f * 2¢')(2).

In [1], the first author defined the operator DY f, which generalizes the well-
known Salagean operator [7]. In this paper we modify the operator D} f for
meromorphic functions as follows

DY f(2) = f(2),

Dif(z) = (1= M) f(2) + X
= Dy f(2),
D3f(z) = DA(D}f(2)), ...

2f(2) = DA(DY ' f(2)) = (1= DY f(2)

(D31 f(2))

(22f(2))

z

» A20,

(1.1) + A , meN

Using the operator DY f, we introduce three subclasses ¥ (m; n; A\; h), Q (m; n;
A;h) and T (m;n; A; k) of meromorphic functions and investigate certain prop-
erties of functions belonging to these classes. We require the following lemmas
to prove the results of this paper.

Lemma 1.1 ([3]). Let 3,0 € C. Let h € A be convex univalent in E with
Re[Bh(z)+0]>0,z€ E, h(0) =1 and P € A with P(2) = 1 +p12 + paz? +
- 1s analytic in E, then
zP'(z)
P(Z) + m < h(z) — P(z) < ]'L(Z)

Lemma 1.2 ([5]). Let 3,0 € C. Let h € A be convex univalent in E with
h(0) = 1 and Re[Bh(z)+0] > 0, z € E, and q € A with q(0) = 1 and
q(z) < h(z), z € E. If P(2) = 1+ p12 + +p22% + - -+ is analytic in E, then

zP'(2)

P(z) + m < h(z) = P(z) < h(2)
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2. THE CLASS ¥ (m;n; \; h)

Definition 2.1. Let f = {f1, fo, ..., fm}, fi € £, 1 <1 < m be such that
i(2)]

—77{1—————-<h(z), 2z€E, i=1m,
5 55 D3t

where z > D% f;(z) # 0 in E, h is convex univalent in E with h (0) = 1.
j=1

We say that f = {f1, f2, ..., fm} belongs to the class ¥ (m;n; A; h).

Remark 2.1. If m =1 and A = 0 or n = 0 and h(z) = 132, then D} f(z) =
f(z) and Z (1;n;0; h) = *, the class of meromorphic starlike functions which

has been studied by Clunie [2], Pommerenke [6] and others.

Theorem 2.1. Let f = {f1, fa, .., fm} € D_(m;n; A\, h) and F(z) = % > fi(z).
Then F satisfies the condition
—2[D3F(2))

(2.1) R

< h(z), z€E

Proof. Let f ={f1, f2, .-, fm} € >_(m;n;A;h). Then for any 29 € E,
—20[D3 fi(20)/'
m 2 D3 fi(=0)

J=1

€ h(E)

and hence equal h (w;) (say) for some w; € E, i = 1, m. Hence

20[DX fi(z0)]  m

o

!
3~ [T
2
I
>
&

foj(zo) =1

1

J

Let f(z) =1+ 3 axz*. Then, from (1,1) we see that
k=1

Dif = f(z {;4-214-/\]»4'1 }
k=1

= (f *kn)(2),
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where
(2.2) =% Zl+,\(k+1]nk n e No.
k=1
Hence i
—Zo[Df\LF(zO)]’ _zO[kn * z; fi(zo)]’
D7} F(2) * ilfj(zo)
j=
Since ) i
DY fiz) =) Difi(z),
i=1 i=1
we have
Dy () 1 | PR
- DyF()  m

% 3 DRfi(a0)
_ %Zh(wi) — h (wp).
=1

for some wy € E, since h is convex in E. This completes the proof of the

theorem.

O

Remark 2.2. If f = {fy, fo,..., fm} € > (m;n; A\;h) and h(z) = 1+z, then
Theorem 2.1 shows that DYF € X*, where F(z) = = Y fi(z), and hence
i=1

D} f; are close-to-convex meromorphic functions [4].
Theorem 2.2. Let f = {f1, fa2,..., fm} € D_(m;n;\; k). Define

y+1

E(Z) = W /t’H_lfi(t)dt, (’)’ S C, Re'y > O), 1= I,_m

0

IfRe h is bounded in E and Re(y+2) > max Reh (z), then F = {Fy, F>, ..
zE

€ Y (m;n; A h).

Proof. From the definition of Fj (z2) it follows that
2F(2) + (v + 2)Fi(2) = (v + 1) fi(2)

- Fn}
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and on taking convolution with k,, given by (2.2), we obtain

(2.3) 2[DYE(2)] + (v + 2)DYEi(2) = (v + 1)D3 fi(2),  i=1,m.
Let

(2.4) P(z) =

mz[DYF(2)]
> DRE;(2)
1=1

From (2.3) we get

(2.5)

+ (v +2)DXFi(2) = (v + DR fil2)

Differentiating the equahty (2.5) with respect to z, we obtain

B S Dyp) +
j=1

Z [DRF;(2)] + (v + 2) [ Dy Fy(2))

= (v + DIDR(2))
From (2.4) we have

S o), S RE T DIRE) P(2) 3 DyFy(2)
O = ) —
= (v + D[DLi(2))
Hence
Pl(2) + P;-rz) S P2 + (’Y+2)Pi£Z) _ +Ti)[D§fi(Z)]"
=1 LY~ DrFj(2)
j=1
Then
PGy O DADMRG) 1
LS P(z) +7+2 LS DpFy(z) LY P(e)+7+2
i=1 =1 =1
—(y + D)2 D} fi(2)]
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From (2.5) we have

(26) GO = SO DADRGEN
m o PR 42 w(1+1) 2 DRfi(2)
since f = {f1, fa, ..., fm} € >_(m;n; X\;h). Now we can write for any 29 € E,
—L20P!(20) 1 1

™ — —P;(20) = —h(wi),
- 2 i(z0) + v +2

for some wg € E. This is true for ¢ = 1,m. Since h is convex, there exists a
w; € E such that

a4 Qle0) = hwo),
where Q(z) = -1 i_n:le(z)
Hence B ,

?Q% + Q(2) < h(2).

Since Re h is bounded and Re (A + 2) > max Re h (2), it follows by Lemma 1.1
that Q(z) < h(z), z € E.
From (2.6) we have

_[(54-—’)’)]—;—2 + [—H(Z)] = h(z),

where Q(z) < h(z), i = 1,m. An application of Lemma 1.2 gives —P;(z) <
h(z), z€ E,i=1,m.
That is . ,
CDRREN e,
m 2 DLF;(2)
1=1
Now

1 [
Fi(z) = Z;Q / 1 f,(t)dt, v € C, Rey > 0.
0

It can be proved, easily, that, for every i, 1 < i <m

pie) = 2 [ovipgsc,
0
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and hence

S DR = L] / +12Dm
=1

— 2
- z'Y+2 /tg

0

where g(t) =t )" D} fi(t) # O,for t € E by assumption.
i=1
Now define

Q(z)=i7+1z"—1 Revy > 0
n:1’y+n b b

Then an easy calculations shows that

zZD';F = (Qxg)(z) #0.
Thus F = {F, Fy, ..., m} € > (m;n; \;h). O

Theorem 2.3. if f = {f1, fo,..., fm} € 2 (m;n+ 1;A;h), A > 0 and Reh is
bounded in E, then f = {f1, f2,..., fm} € D2(m;n;\;h) holds for (1+ 3) >
d= maExReh(z) in E.

z€E

Proof. Let

(27 () = AN

- , z€ k.
> D3fi(z)
J=1

From (1.1), we know that

(28) 2 (DRA()) = 3 DR i) — (14 3) DRA().
From (2.7) and (2. 8) we obtain

iz ZDAfJ )= T35 i)~ (L4 3) DRAC2)

Differentiating w1th respect to z, we get
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2 m > m
—pi(z (2) Y Dfy(2) + —pilz Z (DX fi(2))

=3 = (D fi(2) - 21+ )(D fi(z))".
Using (2.7), we have

25 S DR () +pile) | 2 S (D3 5(2) + 53 Drr(e)
m = m i /\ =
= 2 (D3 ste)

Then

Jj=1 1=1
Using (2.8), we get
29l (z 3 DY f:(z ,
(29) mpz( )ng )\fj( ) +pi(z) _ P (D;‘H—lfz(z)) .
w2 (DR1i(2) + 7 (1+3) Z D3 f5(2) m 2 DI f(2)
7= i=
Using (2.7) in the left hand side of (2 9), we have
—2zp;(2) —pi(2) = —% (D;\H_lfi(z))l_
m L pi2) + 1+ 3 m 2 DY ()
Jj=1 j=1
Since f = {f1, fo,..., fm} € Y_(m;n + 1;A; h), then
/ — n+1 g, 5 !
2.10) —2pl(2) () = (DX fi2) hz),

™ ZIPJ(Z)+1+§ - ZIDS’“JZ‘(Z)
j= j=
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for i =1, m.
Therefore for any zg € E, we have
—2pi(20) 1

%i (o) +(1+3) ™

for some wp € E. Since h is convex, there exists a w; € E, such that

m
_an 2> Pi(20) 1 m
=1

™ o sz‘(zo) = Z h(w;) = h(wp).
o ; pi(z0) + (1 + 3) i=1 =1

Setting Q(z) = — % Z i(z), we have
Q) o ne
Q)+ (17 OB e

Which by Lemma 1.1, implies that Q(z) < h(z).
From (2.10), we have

—2zp;i(2) ,
—Q()+(1+ %) —pi(2) < h(z),

where Q(z) < h(z). An application of Lemma 1.2 gives —p;(z) < h(z), which
implies that f = {f1, f2, ..., fm} € 3_(m;n; A} h) O

3. THE CLASS Q (m;n;A;h)

Definition 3.1. Let Q (m;n; A; k) denote the class of all functions f € ¥ such

that
—mz[D} f(2)]'

2. D3g5(2)
71=1
where g = {g1, 92, ..., gm} € D (m;n; A h).

Theorem 3.1. Let f € Q(m;n; A\;h). IfReh is bounded in E and Re (¢ + 2) >
maécReh(z), then
z€

< h(z),z € E.

1
F(z) = Cz:Q / tc+lf(t)dt, z€ E, ce C, Rec >0,

0
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also belongs to Q(m;n; \; h).

Proof. Since f € Q(m;n;\; h), there exists a g = {g1,92, ..., gm} € D (m;n; \; h)
such that - ,

~<{DR /()

- Z D3g;(z)

< h(z), z € E.

Let

1
Gi(a) = / e gi(t)dt, ¢ > 0.
0

Then by Theorem 2.2 G = {G1,Ga, ..., G} € Y. (m;n; A; ).
Let

(3.1) P(z) = ADRFGEI

135 DG ()

j=
Now, from the definition of G; and F', we have
(3.2) 2[DYG(2)] + (¢ + 2)DYGi(z2) = (c+ 1) D¥g;(2),
and
(3.3) 2[DYF(2)]' 4+ (¢ + 2)DYF(2) = (c + 1) DY f(2).
From (3.1) into (3.3), we obtain
ZD:G + (¢ +2)DYF(2) = (c+ 1) DY f(2).

Differentiating w1th respect to z we obtain

—p' ZD”G Z (2)] + (c+ 2)[DYF(2))

J=1
=(C+1)[ ()
Then
(34) =Pz Z 8Gy(2) + = P(2) Y [DRG;(2)) + 2(c + 2) DL F(2)]

j=1

= Z(C+ 1)[ M)
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From (3.1) into (3.4) we have

—P’ ZD"G (z) + = P( ) IDRG;(2)] + c+2p(z > DRGj(2)

j=1 j=1 j=1
=2(c+ 1)[DXf(2)].

Hence

2 P/(2) Y DRGy(2)

0 e +P(2)
& X IDRG () + 552 3 DY (2)

(c+1)2[D}f(2))
[DYG;(2)) +£ﬁZD"G< )
1

From (3.2) we get

_ —2P'(2) ~P(2) = —Z;I[lDX‘f(Z)]' < h(2),
= 2 Qi(2) +c+2 m 2 Dg;(2)
J=1 1=1
Where QJ(Z) — Z[D"Gj(z)]l

m 2 DRG;(2)
i=1

27

Now (=Q;(2)) < h(z), j =1,m, since G = {G1, G2, ..., G} € 3 (m;n; ;)

and h is a convex function. Since Re (c+ 2) > Reh, an application of Lemma

1.2 implies that —P(z) < h(z), hence F € Q(m;n; \;h).

O

Theorem 3.2. If f € Q(m;n+1;A;h), A > 0 and Reh is bounded in E, then

f € Q(m;n; \; h) holds for (1+3) >d = mz%(Reh(z) in E.
EAS

Proof. The proof of this theorem is similar to that of Theorem 2.3 and is

therefore omitted.

O
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4. THE CLASS T (m;n; A;a; h)

Definition 4.1. Let T (m;n;X\;a;h), @ > 0 denote the class of functions
f €3 satisfying the condition

—aa(DFH ()|~ (1= a)e(DRS )

1 21 Dt lgi(z) — ; DYgi(2)

S(a;faglag2u 7gm) =

m
where g = {g1,92, ..., gm} € D.(m;n; A;h) and 2 Y DY gi(2) # 0 in E.

=1

Remark 4.1. If we put a = 0, we get T'(m;n; X;0;h) = Q(m;n; A; h).

Theorem 4.1. If f € T(m;n; X\;a;h), A > 0 and Reh is bounded in E, then
f € T(m;n; X\;0;h) hold for (+ +1)>d= rneabz(Reh (2).

Proof. For a = 0, the theorem is trivial and hence we can assume that a # 0.

Let " ,
P(Z) — Z[D)\ (Z)] )

- 21 D%gi(2)
Then an easy calculations shows that
/ Dn+l i
- ZP (Z) + P(Z) — Z[m)\ f(Z)] )
- ;qz'(z) +3+1 - ZlD?Hgi(z)

where ¢;(z) = ADRe N Also -1 %5 4i(2) < h(2).
- ;Dilgi(z) i=1

Hence

—azP'(2)

m
-1 Zlqz'(z)+§+1
1=

since f € T(m;n;\;a;h). Now an application of Lemma 1.2 gives —P(z) <
h(z) which complete the proof. O
>

S(a; f;91,92, -+ Gm) = — P(2) < h(2),

Theorem 4.2. For a > >0, A > 0, Reh is bounded in E and (1 + %)
d = maxReh (2), T(m;n; X 05h) C T(min; A; B; h).
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Proof. The case 3 = 0 was treated in the previous theorem. Hence we assume
that 8 # 0, f € T'(m;n; X\;o; h) implies that

(41) S(a;faglaQQa"'7gm) < h(z)
By Theorem 4.1, we have

(4.2) DN,
- ;1 D} gi(2)
Now
ﬂ&ﬁ&ﬂ%w@w:—O—g%igﬁkﬂ—+§ﬂmﬁmgwq%ﬂ

o ; D39i(2)
From (4.1) and (4.2) it follows that
—z[D}f(21)]

T € h(E)
- ; D3gi(21)
and " ) /
— oz [ DY n
ait[ by f(zl)] _ (1 _ C!) zl"[‘nD,\f(zl)} = h(E)
= ZIDngi(Zl) - ; D3gi(z1)
Now h is convex and g— < 1, hence we have S(5; f, 91, 92, .-, gm)(21) € h(E),
showing that f € T'(m;n;\; 8; h). a
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