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APPLICATIONS OF BRIOT - BOUQUET DIFFERENTIAL 
SUBORDINATION TO SOME CLASSES OF MEROMORPHIC 

FUNCTIONS 

F. M. AL-OBOUDI AND H. A. AL-ZKERI 

ABSTRACT. The object of this paper is to define and study some classes 

of meromorphic functions using a new differential operator. Inclusion re

lations, integral operators, and other results are found by the application 

of Briot - Boquet differential subordination 

1. INTRODUCTION 

Let A be the set of all functions analytic in the unit disc E = { z : I z I < 1}. 
Let g, G E A. We say that g is subordinate to G written g -< G, if G is 
univalent, g (0) = G (0) and g(E) C G(E). 

Let ~ be the set of all meromorphic functions f in E and having in D = 
00 

El {0}, the the Laurent expansion f(z) = ~ + I: akzk. The convolution or 
k=l 

Hadamard Product f * g of two functions f and g in ~ is defined as follows 

00 00 

If f(z) = ~ + I: akzk and g(z) = ~ + I: bkzk, then 
k=1 k=l 

If follows from the definition of the Hadamard Product that 

AMS subject classification: 30C 45. 
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z(f * g)'(z) = (zf' * g)(z) = (f * zg')(z). 

In [1], the first author defined the operator D~ f, which generalizes the well
known Salagean operator [7]. In this paper we modify the operator D~ f for 
meromorphic functions as follows 

D~f(z) = f(z), 

Dlf(z) = (1- )..)j(z) +).. (z2 f(z))', 
z 

)., 2:: 0, 

= D>.f(z), 

D~f(z) = D>.(Dlf(z)), ... 

D~f(z) = D>.(D~- 1 f(z)) = (1- )..)D~- 1 f(z) 

(z2 nn-1 f(z))' 
+).. >. ,nEN 

z 
(1.1) 

Using the operator D~J, we introduce three subclasses L; (m; n; )..; h), Q (m; n; 
)..; h) and T (m; n; )..; h) of meromorphic functions and investigate certain prop
erties of functions belonging to these classes. We require the following lemmas 
to prove the results of this paper. 

Lemma 1.1 ([3]). Let /3, a E C. Let h E A be convex univalent in E with 
Re [f3h (z) +a] > 0, z E E, h (0) = 1 and PEA with P(z) = 1 + PIZ + p2z2 + 

is analytic in E, then 

zP'(z) 
P(z) + j3 P(z) +a --< h(z) -t P(z)--< h(z). 

Lemma 1.2 ([5]). Let /3, a E C. Let h E A be convex univalent in E with 
h (0) = 1 and Re [f3h (z) +a] > 0, z E E, and q E A with q (0) = 1 and 
q(z) --< h(z), z E E. If P(z) = 1 + P1Z + +p2z2 + · · · is analytic in E, then 

zP'(z) 
P(z) + j3 ( ) --< h(z) -t P(z) --< h(z) 

q z +a 
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2. THE CLASS 2: (m; n; >.;h) 

Definition 2.1. Let f = {fi, !2, ... , fm}, fi E 2:, 1 :S i :S m be such that 

-z[D~fi(z)]' h( ) -
m -< z , z E E, i = 1, m, 

7k ~ D~fJ(z) 
j=l 

m 

where z ~ D~fJ(z) -:f. 0 in E, his convex univalent in E with h (0) = 1. 
j=l 

We say that f = {fi, !2, ... , fm} belongs to the class 2: (m; n; >.;h). 

Remark 2.1. If m = 1 and>.= 0 or n = 0 and h(z) = i+~, then D~f(z) = 

f(z) and 2: (1; n; 0; h)= 2:*, the class of meromorphic starlike functions which 

has been studied by Clunie [2], Pommerenke [6] and others. 

m 

Theorem 2.1. Let f ={!I, f2, ... , fm} E ~(m; n; >.;h) and F(z) = 7k ~ fi(z). 
i=l 

Then F satisfies the condition 

(2.1) -z[D~F(z)]' h( ) 
D~F(z) -< z ' z E E 

Proof. Let f = {JI, !2, ... , fm} E ~(m; n; >.;h). Then for any zoE E, 

-z~D~fi(zo)]' E h(E) 

7k ~ D~fj(zo) 
j=l 

and hence equal h (wi) (say) for some Wi E E, i = 1, m. Hence 

00 

Let f (z) = ~ + ~ akzk. Then, from (1,1) we see that 
k=l 

D)J ~ f(z) * { ~ + t, [1 + >.(k + l)["z'} 

= (! * kn)(z), 
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where 

(2.2) 

Hence 

Since 

we have 

1 00 

kn(z) =- + L [1 + A.(k + 1)]nzk, n E No. z 
k=1 

-zo[D~F(za)]' 

D~F(zo) 

m 
-zo[kn * L fi(zo)]' 

i=1 
m 

kn * L fj(zo) 
j=1 

m m 

D~ L fi(z) = L D~fi(z), 
i=1 i=1 

-zo[D~ F(zo)J' 
D~F(zo) 

I_ [-zo ;~ [D~f;(zo)J'1 
m ~ L D~fi(zo) 

i=1 

1 m 

= - L h (wi) = h (wo). 
m 

i=1 

for some wo E E, since h is convex in E. This completes the proof of the 
theorem. D 

Remark 2.2. Iff = {!1, h, ... , fm} E l::(m; n; >..;h) and h(z) = ~+~, then 
m 

Theorem 2.1 shows that D~F E ~*, where F(z) = ~ 2::: fi(z), and hence 
i=1 

D~fi are close-to-convex meromorphic functions [4]. 

Theorem 2.2. Let f = {Jr, h, ... , fm} E l::(m; n; >..;h). Define 
z 

. ( ) - 'Y + 1 /I'+ 1 . ( ) F, z - zl'+2 • t f, t dt , ('Y E C, Re'Y > 0), i = 1,m. 

0 

IfRe his bounded in E andRe('Y+2) > maxRe h (z), then F = {F1, F2, ... , Fm} 
zEE 

E l::(m;n;A.;h). 

Proof. From the definition ofF;, (z) it follows that 

zF!(z) + b + 2)F;,(z) = b + 1)fi(z) 
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and on taking convolution with kn, given by (2.2), we obtain 

(2.3) z[D~Fi(z)]' + (r + 2)D~Fi(z) = (r + 1)D~fi(z), i = 1, m. 

Let 

(2.4) 

From (2.3) we get 

(2.5) Pi(z) f D~Fj(z) + (r + 2)D~Fi(z) = ('Y + 1)D~fi(z) 
m 

j=l 

Differentiating the equality (2.5) with respect to z, we obtain 

= (r + 1)[D~fi(z)]'. 
From (2.4) we have 

rn m m rn 

2: D~Fj(z) 2: Pi(z) 2: D~Fj(z) Pi(z) 2: D~Fj(z) 
P'· (z)j=l Pi(z) i=l j=l ( ) j=l ---- + -- + 'Y + 2 ----'-----

' m m mz mz 
= (r + 1)[D~fi(z)]'. 

Hence 

Then 

-zPf(z) _ P·( ) _ -(r + 1)z[D~fi(z)]' . 
m ' z - m ,--m-----

1 

~ I: Pi(z) + r + 2 ~ 2: D~F1(z) ~ 2: Pi(z) + r + 2 
i=l j=l i=l 

-(r + 1)z[D~fi(z)]' 
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From (2.5) we have 

(2.6) m -zPf(z) _ ~(z) = -(r + 1)zlD~fi(z)]' -< h(z), 

~ 2:.:: Pi(z) + "( + 2 ~(r + 1) 2:.:: D~fi(z) 
i=l i=l 

since f = {h, h, ... , fm} E L.::(m; n; >.;h). Now we can write for any zoE E, 

m-~zoP[(zo) - _!_Pi(zo) = _!_h(wi), 
~ L Pj(zo) +1+2 m m 

j=l 

for some wo E E. This is true for i = 1, m. Since h is convex, there exists a 
Wi E E such that 

zoQ'(zo) 
-Q(zo) + "f + 2 + Q(zo) = h(wo), 

m 

where Q(z) = -~ L Pi(z). 
i=l 

Hence 
zQ'(z) 

Q( ) 2 + Q(z)-< h(z). - z +"(+ 
SinceRe his bounded andRe(>.+ 2) > maxRe h (z), it follows by Lemma 1.1 
that Q(z) -< h(z), z E E. 
From (2.6) we have 

z[-~(z)]' 
Q( ) 2 + [-Pi(z)] -< h(z), - z +"f+ 

where Q(z) -< h(z), i = 1, m. An application of Lemma 1.2 gives -Pi(z) -< 
h(z), z E E, i = 1,m. 
That is 

Now 
z 

·( ) - "( + 1 ;· ')'+1 ·( ) F, z - z'Y+2 t f, t dt, "f E C, Re "f > 0. 
0 

It can be proved, easily, that, for every i, 1 ~ i ~ m 
z 

D~Fi(z) =~"~:;.I t"~+ 1 D~fi(t)dt, 
0 
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and hence 
m z m 

= ')' + 1 J fY+l """Dn j- (t)dt z'Y+2 L..t >. t 

0 i=l 

LD~Fi(z) 
i=l 

z 

~~; J t'Y g(t)dt, 
0 

m 
where g(t) = t L: D~fi(t) i= O,for t E E by assumption. 

i=l 
Now define 

00 + 1 
O(z) = L _'Y_zn-l, Re')' > 0, 

n=l 'Y + n 
Then an easy calculations shows that 

m 

z L D~Fi(z) = (0 * g)(z) i= 0. 
i=l 

Thus F = {F1, F2, ... , Fm} E L:(m; n; >.;h). D 

Theorem 2.3. iff= {h, /2, ... , fm} E L:(m; n + 1; >.;h), >. > 0 and Reh is 
bounded in E, then f = {h, /2, ... , fm} E L:(m; n; >.;h) holds for (1 + *) > 
d = max:Reh (z) in E. 

zEE 

Proof. Let 

(2.7) ·( ) _ mz[D~fi(z)]' 
Pt Z - m ' 

L D~fj(z) 
j=l 

From (1.1), we know that 

z E E. 

(2.8) z (D~fi(z))' = ~D~+I fi(z)- (1 + ~) D~fi(z). 
From (2.7) and (2.8), we obtain 

]_Pi(z) f D~fj(z) = ~D~+l fi(z)- (1 + ~) D~fi(z). m . 
J=l 

Differentiating with respect to z, we get 
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m m 

_:_p~(z) L D~fj(z) + _:_Pi(z)"' (D~fJ(z))' m m ~ 
j=l j=l 

= ~ (D~+l fi(z))'- z(1 + l) (D~fi(z))'. 
Using (2.7), we have 

~p:(z) ~ D).f;(z) + p;(z) [ ~ ~ (D)J;(z))' + ~ (! + ~)~ D)J;(z)] 

= ~ (D~+l fi(z) )'. 

Then 
m 

~p~(z) L: D~fj(z) 
j=l 

m m +Pi(z) 
~ L: (D~fj(z))' + ~(1 + j;) L: D~fj(z) 

j=l j=l 

f (n~+1 fi(z))' 
m m · 

~ L: (D~fj(z))' + ~(1 + ~) L: D~fj(z) 
j=l j=l 

Using (2.8), we get 
m 

~p~(z) ~ D~fi(z) . (nn+lf·( ))' J=l Z >. , Z 
m m + Pi(z) = m · 

~ L: (D~fj(z))' + ~(1 + ~) L: D~fj(z) ~ L: D~+l fJ(z) 
(2.9) 

j=l j=l j=l 

Using (2.7) in the left hand side of (2.9), we have 

- zp~ ( z) _ . ( ) _ - z ( D~+l fi ( z))' 
m p,z- m · 

~ L: Pi(z) + 1 + ~ ~ L: D~+l fi(z) 
j=l j=l 

Since f ={!I, h, ... , fm} E L:(m; n + 1; .A; h), then 

(2.10) -zp~(z) _ ·( ) _ -z (D~+1 fi(z))' h( ) 
m p,z- m -< z, 

~ L: Pi(z) + 1 + ~ ~ L: D~+l fj(z) 
j=l j=l 
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fori= 1, m. 

Therefore for any zo E E, we have 

-~p~(zo) 1 1 
m - -pi(zo) = -h(wi), 

~ L; Pj(zo) + (1 + t) m m 
j=l 

for some wo E E. Since h is convex, there exists a Wi E E, such that 
m 

-~ LP~(zo) 1 m 1 m 

m i=l -- LPi(zo) =- L h(wi) = h(wo). 
~LPj(zo)+(1+t) mi=l mi=l 

j=l 
m 

Setting Q(z) = -~ L; Pi(z), we have 
i=l 

zQ'(z) 
-Q(z) + (1 + ±) + Q(z)-< h(z). 

Which by Lemma 1.1, implies that Q(z) -< h(z). 
From (2.10), we have 

-zp~(z) 
-Q(z) + (1 + l) - Pi(z) -< h(z), 

where Q(z) -< h(z). An application of Lemma 1.2 gives -pi(z) -< h(z), which 
implies that f = {h, h, ... , fm} E L;(m; n; >.;h) D 

3. THE CLASS Q (m; n; >.;h) 

Definition 3.1. Let Q (m; n; ,\;h) denote the class of all functions f E I: such 
that 

-:z[D~f(z)]' -< h(z), z E E. 

L; D~gj(z) 
j=l 

where g = {gl, 92, ... , 9m} E L;(m; n; >.;h). 

Theorem 3.1. Let f E Q(m; n; ,\;h). IfRe his bounded in E andRe (c + 2) > 
max Re h ( z), then 
zEE 

z 

- C + 1 ;· c+l F(z)- zc+2 . t f(t)dt, z E E, c E C, Rec > 0, 
0 
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also belongs to Q(m;n;>.;h). 

Proof. Since f E Q(m; n; >-.;h), there exists a g = {g1, 92, ... , 9m} E I:(m; n;)...; h) 
such that 

Let 

-~D~f(z)]' -< h(z), z E E. 

~ 2:.:: D~gj(z) 
j=l 

z 

) C + 1 I c+l Gi(Z = zc+2 . t 9i(t)dt, c > 0. 
0 

Then by Theorem 2.2 G = {Gl,G2,···,Gm} E L:(m;n;>.;h). 
Let 

(3.1) P(z) = z~~F(z)]' 
~ 2:.:: D~Gj(z) 

j=l 

Now, from the definition of Gi and F, we have 

(3.2) z[D~Gi(z)]' + (c + 2)D~Gi(z) = (c + 1)D~gi(z), 
and 

(3.3) z[D~F(z)]' + (c + 2)D~F(z) = (c + 1)D~f(z). 
From (3.1) into (3.3), we obtain 

1 m 

- P(z) L D~Gj(z) + (c + 2)D~F(z) = (c + 1)D~f(z). 
m 

j=l 

Differentiating with respect to z we obtain 

1 m 1 m 

-P'(z) L D~Gj(z) + -P(z) L [D~Gj(z)]' + (c + 2)[D~F(z)]' 
m m 

j=l j=l 

= ( c + 1) [ D~ f ( z) ]'. 

Then 
m m 

(3.4) !__p'(z) L D~Gj(z) + !__p(z) L [D~Gj(z)]' + z(c + 2)[D~F(z)]' 
m m 

j=l j=l 

= z ( c + 1) [ D~ f ( z) ]' . 
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From (3.1) into (3.4) we have 

!_p'(z) f D~Gj(z) + !_p(z) f [D~Gj(z)]' + (c + 2) P(z) f D~Gj(z) m . m . m J=l J=l j=l 

= z(c + 1) [D~f(z)]'. 

Hence 
m 

~P'(z) I: D~Gj(z) 
j=l 

m m +P(z) 
~ I: [D~Gj(z)]' + c!2 I: D~Gi(z) 

j=l j=l 

( c + 1)z[D~f(z)]' 

From (3.2) we get 

m -zP'(z) _ P(z) = -z[D~f(z)]' ( ) 
m -<.hz, 

! I: Qj(z) + c + 2 ;k I: D~gj(z) 
j=l j=l 

z[DnG · (z)]' where Qj(z) = m), J • 

~ L; D~Gj(z) 
j=l 

Now(-Qj(z))-< h(z),j = 1,m,sinceG= {G1,G2, ... ,Gm} E L:(m;n;>.;h) 
and his a convex function. SinceRe (c + 2) > Re h, an application of Lemma 
1.2 implies that -P(z)-< h(z), hence FE Q(m; n; >.;h). D 

Theorem 3.2. Iff E Q(m;n+1;>.;h), >. > 0 andReh is bounded in E, then 
f E Q(m; n; >.;h) holds for (1 + l) > d = maxRe h (z) in E. 

zEE 

Proof. The proof of this theorem is similar to that of Theorem 2.3 and is 
therefore omitted. D 
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4. THE CLASS T (m; n; .X; a; h) 

Definition 4.1. Let T(m;n;.X;a;h), a :2: 0 denote the class of functions 

f E I: satisfying the condition 

. _ { -az[D~+ 1 f(z)]' -(1- a)z[D~f(z)]'} 
S(a, f, 91, 92, ... , 9m) - m + m -< h(z), 

~ L D~+1 9i(z) ~ L D~9i(z) 
i=l i=l 

m 

where 9 = {91, 92, ... , 9m} E I:(m; n; .X; h) and z I: D~+l9i(z) -=f. 0 in E. 
i=1 

Remark 4.1. If we put a= 0, we get T(m; n; .X; 0; h) = Q(m; n; .X; h). 

Theorem 4.1. Iff E T(m; n; .X; a; h), A> 0 andRe h is bounded in E, then 

f E T(m; n; .X; 0; h) hold for (t + 1) :2: d = maxReh (z). 
zEE 

Proof. For a= 0, the theorem is trivial and hence we can assume that a -=f. 0. 

Let 
P(z) = z[~~f(z)]' . 

~I: D~9i(z) 
i=1 

Then an easy calculations shows that 

zP'(z) z[D~+ 1 f(z)]' 
m + p ( Z) = --':::m=-"'---'-...:.......:...=----

~ L qi(z) + t + 1 ~ L D~+l9i(z) 
i=l i=l 

where qi(z) = z[~_\gi(z)]' . Also-~ f qi(z) -< h(z). 
~ I:; D):'gi(z) i=1 

t=l 

Hence 
-azP'(z) 

S(a; f; 91, 92, ... , 9m) = m - P(z) -< h(z), 
- ~ I: qi ( z) + ± + 1 

i=l 

since f E T(m;n;.X;a;h). Now an application of Lemma 1.2 gives -P(z)-< 
h(z) which complete the proof. D 

Theorem 4.2. For a > f3 :2: 0, .X > 0, Re h is bounded in E and (1 + ±) :2: 
d = maxRe h (z), T(m; n; .X; a; h) C T(m; n; .X; /3; h). 

zEE 
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Proof. The case (3 = 0 was treated in the previous theorem. Hence we assume 
that (31- 0, f E T(m;n;>.;a;h) implies that 

(4.1) S(a; f, 91, 92, ... , 9m) -< h(z). 

By Theorem 4.1, we have 

(4.2) -z[D~f(z)]' h( ) 
m -< Z . 

~ L D~9i(z) 
i=1 

Now 

(3 z[D~f(z)]' (3 
S((3; J, 91 , 92, ... , 9m) = -(1- -) m + -S(a; f, 91, 92, ... , 9m)· 

a ~ L D~9i(z) a 
i=l 

From (4.1) and (4.2) it follows that 

and 

-zlD~j(z1)]' E h(E) 

~ L D~9i(z!) 
i=l 

-a~[D~+ 1 j(z1)]' _ (1 _a) Zl~~f(z!)]' E h(E). 

_m1 ""'D~+l9;(zl) 1 ""'Dn ( ) L.., ,... • m: L.., ;_9i z1 
i=l i=l 

Now his convex and ~ < 1, hence we have S((3; f, 91, 92, ... , 9m)(z!) E h(E), 
showing that f E T(m;n;>.;(3;h). 0 
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