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1. Introduction and preliminaries

Recently there has been great interest in studying the behavior of rational and
non-rational nonlinear difference equations. We believe that the results about
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second order rational difference equations are of paramount importance in their
own right, and furthermore we believe that these results offer a prototype towards
the development of the basic theory of the global behavior of solutions of non-
linear difference equations of order greater than one. Many authors studied the
global behavior of the recursive sequence

a+ bx,
A+ BX,,,] ’

where a, b, A, and B are nonnegative real numbers (see Jaroma et al., 1995; Kocic
and Ladas, 1993; Kocic et al., 1993). Eq. (1.1) is a very simple looking equation for
which it has long been conjectured that its equilibrium is globally asymptotically
stable. To this day, the conjecture has not been proven or refuted. Also, Hamza
and El-Sayed (1998) studied the stability of the recursive sequence

n=0,1,..., (1.1)

Xnyl =

o+ px?
] = ———— =0,1,..., 1.2
Xnt1 T 7%, n ( )
where o = 0 and f,7 > 0. For related results see Berg (2002), ElI-Owaidy et al.
(2005a,b), Gibbsons et al. (2000), Jaroma et al. (1995), Aboutaleb et al. (2001),
Kelly and Peterson (1991), Kocic and Ladas (1993), Kocic et al. (1993), Kulenovic¢
and Ladas (2002) and Stevi¢ (2001, 2002a,b,c, 2003).
In this paper we generalize the results due to Eq. (1.1) to the rational difference
equation
a -+ bx,

Npy = T =0,
T 44 BYF

n—1
where a, b, A, B and k are positive real numbers with non-negative initial condi-
tions such that

A+ Bxt | >0, Vn>=0.
Let I be some interval of real numbers and let
fIxI—1

be a continuously differentiable function. Then for every set of initial conditions
{x0,x_1} € I, the difference equation

Xnt1 :f(xnaxnfl)u n=0,1,..., (13)

has a unique solution {x,}

00
n=—1"

Definition 1.1. A point X € [ is called an equilibrium point of Eq. (1.3) if
x =f(x,%),

or equivalently, X is a fixed point of g(x) = f(x, x).
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Definition 1.2. Let X be an equilibrium point of Eq. (1.3), then we have:

(1) The equilibrium point X of Eq. (1.3) is called locally stable if for every e > 0,
there exists d > 0 such that x_;,xy € I with

X0 — X| + |x_1 — X| <6,
then we have
|x, —X| <e foralln > —1.
(i1) The equilibrium point X of Eq. (1.3) is called locally asymptotically stable if it
is locally stable, and if there exists y > 0 such that x_,xo € I with
|xo — X| + |x_1 — X| <7,
then we have

lim x, = X.

n—oo

(iii) The equilibrium point X of Eq. (1.3) is called a global attractor if for every
x_1,x9 € I we have

lim x, = X.

(iv) The equilibrium point X of Eq. (1.3) is called globally asymptotically stable if
it is locally asymptotically stable and a global attractor.
(v) The equilibrium point X of Eq. (1.3) is unstable if X is not locally stable.

Let
r=2wx and g= 2wy
denote the partial derivatives of f(u, v) evaluated at the equilibrium point X of Eq.
(1.3), i.e. ¥ = f(X,X). Then the equation
ynJrl:pyn_l_qynfl? ]’ZZO,I,... (14)

is called the linearized equation associated with Eq. (1.3), about the equilibrium
point X. Then its characteristic equation is

22 —pi—q=0. (1.5)

We need the following theorems.

Theorem 1.1 (Linearized Stability (Kulenovi¢ and Ladas, 2002)).

(a) If both roots of the quadratic Eq. (1.5) lie in the open unit disk |A| < 1, then the
equilibrium point X of Eq. (1.3) is locally asymptotically stable.

(b) If at least one of the roots of Eq. (1.5) has absolute value greater than one, then
the equilibrium point X of Eq. (1.3) is unstable.

(¢) A necessary and sufficient condition for both roots of Eq. (1.5) to lie in the open
unit disk |2| <1, is
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pl<l—g<2.

In this case the locally asymptotically stable equilibrium X is also called a sink.
(d) A necessary and sufficient condition for both roots of Eq. (1.5) to have absolute
value greater than one is

lgl > 1 and [p| <[l —q].
In this case Xis a repeller.

(e) A necessary and sufficient condition for one root of Eq. (1.5) to have absolute
value greater than one and for the other to have absolute value less than one is

pP+4g>0 and |p|>]|1—q|
In this case the unstable equilibrium point X is called a saddle point.

(f) A necessary and sufficient condition for a root of Eq. (1.5) to have absolute
value equal to one is

pl = |1 —ql,
or
g=-1 and |p|<2.

In this case the equilibrium point X is called a non-hyperbolic point.

For this issue, we refer the reader to Elaydi (1999), Kelly and Peterson (1991),
Kocic and Ladas (1993) and Kulenovi¢ and Ladas (2002).

2. Stability analysis

In this paper we consider the following recursive sequence
bx,
AEDY o, 2.1)
A+ Bx,_,
where a, b, A, B and k are positive real numbers.
By changing the variables x, = {/b/By,, Eq. (2.1) is reduced to
_ St
ynJrl - r+yf;717

where s = a/b/B/p and r = A/b.
We summarize the results of this section in the following three theorems.

Xny1 =

n=0,1,..., (2.2)

Theorem 2.1. The following statements are true:

S

(1) Assume that r > 1. Then Eq. (2.2) has a unique equilibrium point in (0,%5).
(2) Assume that r < 1. Then we have:

(i) Ifr = s, then Eq. (2.2) has a unique equilibrium point in (s, 1];

(it If r <s, then Eq. (2.2) has a unique equilibrium point in (1,%).
(3) Assume that r = 1. Then y = /s is an equilibrium of Eq. (2.2).
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Proof. A point ¥ is an equilibrium point of Eq. (2.2) if and only if ¥ is a root of the
function

fx) =T+ (r—1)x—s. (2.3)
(1) Let » > 1, then f(0) = —s and f(*5) = (ﬁ)k+l > 0, whence f(x) has a root
in (0,-%).
) Let r < 1.

(1) Assume that » > s. Then f(s) <0 and f(1) =7 —s = 0, whence f(x)
has a root in [s, 1].
(ii) Assume that » <s, then f(1) <0 and f(%) = Skt;;ﬁ"k > 0, whence f'(x)
has a root in (1,?).
The uniqueness of the equilibrium point in cases (1) and (2) is obvious.
(3) Let r = 1, it is obvious that y = */s is the unique equilibrium point of Eq.
(2.2). O

In the sequel ¥ denotes the unique equilibrium point of Eq. (2.2). In the follow-
ing Theorem we determine the conditions under which ¥ is locally asymptotically
stable and unstable.

Lemma 2.1. The following statements are true:
(1) If ¥ > (k — 1)3*, then the equilibrium point ¥ is locally asymptotically stable.

(2) If r < (k — 1)3, then the equilibrium point ¥ is unstable, in fact a repeller.
(3) If r = (k — 1)¥*, then the equilibrium point V is a non-hyperbolic point.

Proof. The characteristic equation of the associated linearized Eq. (2.2) is

P =pityq,
where
1 —kyk
= and = -
oy T+

The results follow directly by applying the Linearized Stability Theorem 1.1. [
In the following Theorem we determine more precisely necessary conditions (on
parameters) for y to be locally asymptotically stable and for y to be unstable.

Theorem 2.2. The following statements are true:

(1) Assume that k < 1. Then the equilibrium point y is locally asymptotically
stable.
(2) Assume that k > 1. Then we have:
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(@ Ifk(r—1)4+1<0, theny is unstable;

(b) Ifk(r—1)+1>0, then "
(i) s<nrk(r—1)+1]/(k— 1) F =¥ is locally asymptotically stable;
(i) s> rifk(r—1)+1]/(k— 1) F =¥ is unstable, in fact a repeller,
(iiiy s =rilk(r—1)+1]/(k—1)% = ¥ is a non-hyperbolic point.

Proof

(1) 1t is clear that for £ < 1, we have (k — 1)7* <r, so, by Lemma (2.1) 7 is
locally asymptotically stable.
(2) Now assume that £ > 1.

(a) Assume that k(r — 1) +1 =0, s0 k — 1 == . Hence, (k— 1)y* > r, and y is
unstable, in fact a repeller. Now assume that k(r—1)+1<0. Then
k(r —
5o (r—1)+1 .
y k—1

Therefore, (k — 1)7* > r.
(b) Assume that k(r — 1) +1 > 0. It is easy to show that

(k—1)7k<r<:>i>%;
—k - s(k—1) .

(k—1)y >r<:>y<m,
. _ s(k—=1)

(k—1)y —r@y—m.

We have,

stk—1) s
f(k(r— 1)+1) Tk =1+ 1]
where f(x) is defined in (2. 3)
() Ifs < rfk(r — 1) + 1]/ (k — 1) then oo - +1 < y, consequently (k — 1)7* < r.
Hence y is locally asymptotlcally stable
(i) If s > r%[k(r — 1)+ 1]/ (k=17 , then 2
unstable, in fact y is a repeller
(iii) If s = rifk(r — 1) + 1]/ (k — 1) , then ¢ ) =7, and y is a non-hyperbolic
point of Eq. (2.2). O

Sk(k_l)kﬂ .,
k(r — 1) + 11" ’

- L > yand (k— 1)¥ > r, hence y is

The following result is very useful in studying the global attractivity. By an
invariant interval I of a real function G(x,y) we mean that G(x,y) € I, Vx,y € L.
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Theorem 2.3 (Cunningham et al., 2001; Devault et al., 2001). Assume that G(x,y)
is a continuous function which is non-decreasing (non-increasing) in x for each y and
non-increasing (non-decreasing) in y for each x. Assume that every solution of the
equation

yn+1 :G(ynvynfk)’ nzoala-" (24)

has an inferior limit A and superior limit A such that A and A belong to an invariant
interval I = [a,b] under G. Let y be a unique equilibrium point in 1. If the system

x=G(x,y) and y=G(y,x) (255)
(x=G(y,x) and y=G(x,y)) (2.6)
has exactly one solution in P, then y is a global attractor.

Proof. Let {y,},~ , be a solution of (2.4) with initial conditions
Voo Voipts---s Yo €1, A=1im,_infy, and A =Ilim, . supy,. Assume that
G(x,y) is non-decreasing (non-increasing) in x for each y and non-increasing
(non-decreasing) in y for each x. Take U, =G(4,4) (U =G(4,4)) and
Ly =G(A,A) (L = G(A,A)). For every € € (0,4 —a), 3ny € N such that

L—e<y, <A+ €, Vn=n,.
Then
Li <A< AU,

Set Un+l = G(Uan)(Un-&-l - G(Lm Un)) and Ln-H = G(Lm Un)(Ln-H - G(Um
L,)), n=1,2,... One can see that

ag---ngng<A<A<U1<U2<---<b.

Hence {U,} is monotonically increasing to a number, say U € I, and {L,} is
monotonically decreasing to a number, say L € I. This implies that (U,L) €
is a solution of the system (2.5) and (2.6). Therefore, U=L=y=A=A4. [

Corollary 2.1. Assume that G(x,y) is a continuous function which is non- decreasing
(non-increasing) in x for each y and non-increasing (non-decreasing) in y for each x.
Let I = [a,b] be an invariant interval under G(x,y). Assume that y € I is a unique
equilibrium point of Eq. (2.4). Assume that J is a closed interval such that
G(x,y) €I, Vx,y € J. If the system

x=G(x,y) and y=G(y,x)
(x=G(y,x) and y=G(x,y))

has exactly one solution in P, then ¥ is a global attractor with basin I''*'.
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3. Boundedness of solutions

In this section we show that every solution of Eq. (2.2) is bounded and persists.
Moreover, if r > 1 we can determine a lower and upper bound for every solution
{y,}= | that depends on the coefficients and the initial value y,.

Theorem 3.1. Every solution of Eq. (2.2) is bounded from above and from below by
positive constants.

Proof. Let {y,} be a solution of Eq. (2.2). Clearly, if the solution is bounded from
above by a positive constant M, then

Ynt1 =

r+ M’

and so it is also bounded from below. Now assume for the sake of contradiction
that the solution is not bounded from above. Then there exists a subsequence
{¥11m, o such that lim,_n, = oo, lim,_.y,,, =oo, and y,, =max{y,:n
< 1 +n,} for m = 0. From Eq. (2.2) we see that

1
yn+1<;+;yn for n 207

and so,

limy, = 11m 0 Yy,-1 = 00

n—o0

Hence, for sufficiently large m,

+ [(1 - }") ynm—l]ynm
F +ynm_l

0 <y1+nm _ynm = 07
which is a contradiction and the proof is complete. [

Theorem 3.2. Assume that r # 1 and {y,}" , is a solution of Eq. (2.2). Then

. F<, <a<l%ﬁﬁn> +30B", n =2,
1+ﬁ[ +y[3 ]

whereoc:;—‘jandﬁ:—

Proof. By Eq. (2.2) we have

s Yn
m < Vi < +_
Set o =*and f = )l By induction on n, we can get
1 _ 71
: <yn<a<l ﬂﬁ) +y0ﬁna I’l>2 D

EEEL
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It is obvious that when r > 1, then every solution {y,} - , satisfies the following
inequality
<y <——+ >2
ﬁ Y — T Vo, n = 4.
L+ Bl + vl I=p

4. Global behavior of Eq. (2.2) when r > 1

In this section we investigate the global asymptotic stability of Eq. (2.2) when
r>1.

Lemma 4.1. Let {y,},~ |, be a solution of Eq. (2.2), A =lim,_supy, and
A =1lim,_ infy,, then A and i satisfy the following two inequalities,

<A< A< (4.1)
r+¢%% r—1
and
A A
SELcaca il (4.2)
r—+ A r+ 2

Proof. Inequality (4.1) is a direct consequence of Theorem (2.2), since r > 1. For
every € € (0,4), Jng € N such that

A—e<y, < A+e forevery n > ny,

S0,
J— A

r+(A+e) r+(A—e
Therefore,

ST caca<iTA o

r+ A4 r+ A

In the following we define
s
I = [0, }
0 r—1

Lemma 4.2. The interval Iy is invariant under the function

S+ X
G(x,y) = ry" (43)

Proof. Let x,y € I,. Then
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s S+ x s
< G(x,y) <

0<—
r+ ()

r r—1°

Theorem 4.1. If the system

y:S+y and x:s—i_x, (4.4)
r =+ xk r 4k

has exactly one solution in 1(2), then the equilibrium point v is a global attractor.

Proof. Let {y,} - , be a solution of Eq. (2.2), 4 = lim,_, supy, and 1 = lim,_,
infy,. By Lemma (4.1), we have A, A € I, which is invariant under G(x, ). By The-
orem (2.3), y is a global attractor. [J

The following Theorem determines conditions under which system (4.4) has ex-
actly one solution.

(r—1)F!

1/k
Theorem 4.2. Assume that k > 1. If s < { } , then system (4.4) has exactly

one solution in I,

Proof. Assume that (x,y) is a solution of system (4.4) in I*. Then we have

r—f—xk:f—l—l and r+y":£+1.
¥ X

Hence,
xk_ysz_izs(x_y)'
y X Xy
Assume towards a contradiction that x # y, (say y < x). Hence,
Xk —yk 5
X=y Xy

By the Mean Value Theorem, there exists ¢ € (y,x) such that = = ke Since
k> 1, we have £ < kx*' and & < £ < kx" < k(z%;)". This implies that
- r—1 /

r_1<k(rj1>k’

which is a contradiction. Then system (4.4) has exactly one solution
(x,y)= (). O

Now, we are ready to prove the main result of this section.

Theorem 4.3

(1) Assume that k < 1. Then the equilibrium point v is globally asymptotically
stable.
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kT k
(2) Assume that k> 1. If s < [(’72,( ]} , then the equilibrium point y is globally
asymptotically stable.

Proof. (1) Assume that k£ < 1. In view of Theorem (2.2), it remains to show that

every solution {y,} of Eq. (2.2) tends to y as n — oo. Let {y,} = | be a solution of

Eq. (2.2). By Theorem (3.1) it is bounded by two positive numbers. Let

A=lim infy, and A = lim supy,

n—oo n—00

by inequality(4.2), we have

ii%gnggii%,
r+A r—+ A

from which we see that
A=)+ 5250 <A 4 AR = ).
If 1 < A, then

A=)+ 5250 > sA A1 =),
which is a contradiction, whence /. = A, from which the result follows.

e 1k "
(2) Assume that £k > 1 and s < =" We have M < r, since
k [k(r—1)+1]

dooter <o (O ]
< 1.

In view of Theorem (2.2), we get y is locally asymptotically stable. By combining
Theorems (4.1), and (4.2), we see that y is globally asymptotically stable. [

Open Problem (1): Investigate the global behavior of the solution of Eq. (2.2)

<r71)k+li| l/k

when r > 1 under the condition s > { A

5. Global behavior of Eq. (2.2) when r =1

In this section, we investigate the global behavior of Eq. (2.2) when r = 1, so Eq.
(2.2) yields

, n=0,1,... (5.1)

Y1 =

Eq. (5.1) has a unique equilibrium point 3 = *{/s. Theorem (2.2) can be restated
as follows:
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Theorem 5.1. The following statements are true for Eq. (5.1).

(1) Assume that £ < 1. Then the equilibrium point y = /s is locally asymptot-
ically stable.

(2) Assume that k£ > 1. Then we have:
(@) Ifs<1/(k—1)F, theny is locally asymptotically stable.

(@) Ifs>1/(k— 1)? then y is unstable, in fact a repeller.

(i) If s=1/(k—1)F%, then y is a non-hyperbolic point.

Theorem 5.2. Assume that k < 1. Then the equilibrium point y = /s is globally
asymptotically stable.

Proof. Assume that k < 1. In view of Theorem (5.1), it remains to show that every
solution {y,} of Eq. (5.1) tends to y as n — oco. Let

A=lim infy, and A= lim supy,,

then we have
> Sta Py
1+ 4 1+4
Hence, A2F < s < A" and since k < 1, then 2 > A whence A =1. O

Remark 5.1. The case where r = 1 and k = 1, was studied in Kulenovi¢ and Ladas
(2002).

k+l

k

Computer observations show that when k>1 and s<1/(k—1)%, then
vy = /s of Eq. (5.1) is globally asymptotically stable. Also under the condition

s>1/(k— l)%, the following properties hold

(1) When s > 1, then every solution converges to a five-period solution.
(2) When s = 1, then every solution converges to a twenty-period solution.

6. Global behavior of Eq. (2.2) when r < 1

In this section we show that the equilibrium point ¥ of the equation

yn+1: ko nzO,l,..., (61)

where r < 1, is a global attractor with some basin that depends on the coefficients.
Let ¥ be a unique equilibrium point of Eq. (6.1). In the sequel define

S+ X
G(X,y) = r_}_yk.
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The following lemma determines invariant intervals dependent on r, s, and k.

Lemma 6.1. Assume that k < 1.

S

() If r = 57, then I = [1,%] is invariant under G and I contains y.
Q) If r = 1 +s—s*, then I = [s,1] is invariant under G and I contains y.

Proof. (1) The condition r > ST, implies that s > 1. Hence by Theorem (2.1),
y € (1,%). Let x,y € [1,%, then we have

1 s+
\Lkg G(x,y) :iié—’zf.
1+ (%) r+yf Tr+1 r
(2) The condition r > 1 + s — s, implies that s < 1. Also we can see that s < r
Hence by Theorem (2.1) y € [s, 1]. Let x,y € [s, 1], then we have

s+s _s+x<s+1

<G =——¢ < O
5= 1+1° (x.7) r4yk T+ sk
Consider the following system
S+y S+ X
= and = . 6.2
P and x PR (6.2)

In the next theorem we determine some conditions under which system (6.2) has
exactly one solution.

Theorem 6.1. Assume that k < 1.
() If T < s < (irk“)%, then system (6.2) has exactly one solution (x,y) € [1, ]
(ii) If k < s < r, then system (6.2) has exactly one solution (x,y) € [s, 1]’

Proof. Assume that (x,y) € I is a solution of system (6.2), and y < x, where
I =[1,% in statement (i) and 7 = [s, 1] in statement (ii). Then as before

x—y Xy
There exists ¢ € (,x) such that = k' < ky*~'. Hence ky* >

xlw

(i) Since the condition 777 < s < (1 A0 implies 55! < 7%, then [1 ;—‘] is an invari-
ant under G by Lemmd (6.1). Since 1 <x,y <2, then k(: )= kS > >
% = r, whence s¢ > ’T, which is a contradiction. Therefore, x =y = 7.

(i1) Since <x, y<1,thenk > kbl >¢ * > s, which is a contradiction. There-

fore, x =y =7. D

Now, we are ready to prove the main result of this section.
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Theorem 6.2. Assume that k < 1.

() If i < s < G "“) then y is globally asymptotically stable with basin [l,f]z.

(i) If 1 o < sk —sand k < s, then y is globally asymptotically stable with basin
[s, 1]°.

Proof. (i) By Theorem (2.2) y is locally asymptotically stable and by Lemma (6.1)
the interval (1,9 is 1nvar1ant under G and contains y. By Theorem (6.1) the con-
d1t10n < s < ¢ "“) , implies that system (6.2) has a unlque solution in
[1,5] By Corollary (2.1) y is a global attractor with basin [1, 5] . (ii) By the same
argument of (i) we can prove (ii). [J

Open Problem (2): Investigate the global behavior of the solution of Eq. (2.2) when
r<landk>1.
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