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ENDOMORPHISMS OF A MULTIPLICATION MODULE 

Youse£ AL-Shaniafi 

ABSTRACT. Let R be a commutative ring and M be a faithful multipli­

cation R-module. The ideal 8 (M) = L: (Rx : M) of R has proved to 
~~;EM 

be useful in studying multiplication modules. We prove that if I, J ~ 8 (M) 

are ideals of R, then HomR (MIIM, MIJM) ~ HomR (8 (M) II, 8 {M) IJ) 

and HomR (IM, JM) 9::! HomR (I, J). As applications of these results, we 

prove the following: (i) M I I M is quasi-projective if and only if 8 ( M) I I 
is quasi-projective. (ii) If Rl I is self-injective then any endomorphism of 

MIIM is trivial. 

1. INTRODUCTION 

Throughout this paper all rings are commutative rings with identity 1 f= 0 
and all modules are unital left modules. Let R be a ring. An R-module M 
is called a multiplication module if for each submodule N of M, N = IM for 
some ideal I of R. In this case we can take I= (N: M) = {r E Rl rM ~ N}. 
As defined by Anderson [1], (} (M) = E (Rx: M). The ideal (} (M) of R 

xEM 
has proved to be useful in studying multiplication modules. In [5] it is proved 
that HomR (M, M) ~ HomR (0 (M), (} (M)). In this paper we give some 
generalizations of this result. Let M be a faithful multiplication R-module 
and I, J ~ (} (M) be ideals of R. In Section 2, Theorem 2.2, it is proved 
that there exists a canonical isomorphism >. from Hom R ( 0 ( M) I I, 0 ( M) I J) 
onto HomR(MIIM,MIJM) such that for any rJ: O(M)II-+ O(M)IJ, x E 
M, a E 0 (M),). (rJ) (ax) = rJ (a) x. In Theorem 2.3, it is proved that there 
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exists a canonical isomorphism A from HomR (I, J) onto HomR (IM, JM) 
such that for any 7] : I --> J, x E M, a E I, A (77) (ax) = 7] (a) x. In Section 
3, we give some applications. In Theorem 3.1, it is proved that M I I M is 
quasi-projective if and only if e (M) I I is quasi-projective. In Theorem 3.2, 
it is proved that if Rl I is self-injective, then any endomorphism of M I I M is 
trivial and if R is self-injective, then any endomorphism of I M is trivial. 

2. ENDOMORPHISM RINGS 

Lemma 2.1. Let M be a faithful multiplication R-module. 

(i) N = e (M) N for any submodule N of M. 
(ii) A= e (M) A for any ideal A~ e (M). 

(iii) aM is a finitely generated multiplication R-module for all a E e (M). 

Proof. (i) follows from [1, Theorem 2.1, (3)]. (ii) follows from (i) as e (M) is 
a faithful multiplication ideal and e (e (M)) = e (M) by [2, Theorems 2.3 and 
2.6]. (iii) follows from [2, Lemma 2.1]. 0 

Lemma 2.2. Let M be a faithful multiplication R-module and J ~ e (M) be 
an ideal of R. 

( i) ( J M : M) n e ( M) = J. 
(ii) ForM= MIJM, B(M) = B(M)IJ, [O:kM] ne(M) = 0, where 

R=RIJ 
(iii) (0 :M J) = (0 : J) M 

Proof. (i) Since M is a faithful multiplication R-module, by [3, Theorem 1.6], 
we have ((JM: M) n e (M)) M = (JM: M) Mne (M) M = JMne (M) M = 
JM. Hence, by cancellation law [5, Theorem 1.4], (JM: M) n B(M) = J. 
(ii) follows from (i). (iii) As M is faithful, (0: JM) = (0: J) and as M is 
a multiplication R-module, (0 :M J) = ((0 :M J): M) M = (0: JM) M = 
(0: J)M. 0 

Theorem 2.1 ([5, Theorem 2.5]). Let M be a faithful multiplication R-module. 
Then HomR (M, M) ~ Hom·R (B (M), e (M)). 
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An R-module N is said to be quasi-projective, if for any submodule L of N 
and any R-homomorphism f : N---+ NIL there exists an R-endomorphism 
g of N such that 1r o g = f where 1r is the natural projection of N onto NIL. 

Lemma 2.3. Let M be a faithful multiplication R-module, I, J <;;; e (M) be 
two ideals of R and let (J E H OffiR (M I I M, M I J M). Then for any a E e (M) 
there exists raE R such that 0' (ax)= raax for all x EM. 

Proof. Let a E e (M). Then, by Lemma 2.1 (iii), aM is a finitely generated 
multiplication R-module. Hence, by [6, Theorem 11], aM is a quasi-projective 
R-module. So there exists an R-endomorphism O'a : aM ---+ aM such that 
0' (ax) = 0' a (ax). However aM is a finitely generated faithful multiplication 
R-module where R = RlannRaM and O'a E HomR (aM, aM), so it follows, 
from Theorem 2.1, that there exists an r a E R such that 0' a (ax) = r a ax = 
raax. 0 

Remark 2.1. If x E M, then by Lemma 2.1 (i), there exists an a E 8 (M) 
such that x =ax. Hence rJ (x) = 0' (ax) = raax = rax. 

Lemma 2.4. Let M be a faithful multiplication R-module, I, J <;;; e (M) be 
ideals of R and let TJ E HomR (e (M) I I, e (M) I J). Then TJ (a) X= TJ (b) X for 
all x E M,a,b E B(M) such that ax= x = bx. 

Proof. Since ax= X= bx, (a- b) E (0: x) n e (M). Hence a- b = r for some 
r E (0 : x) n e (M). Therefore TJ (a) x- TJ (b) x = TJ (r) x = TJ (r) ax = TJ (a) rx = 
0. 0 

Corollary 2.1. Let M be a faithful multiplication R-module and I, J <;;; 

e (M) be ideals of R. Let rJ E HomR (MI I M, Ml J M). Then there exists 
a unique TJ E HomR(B(M)II,B(M)IJ) such that rJ(ax) = TJ(a)x for any 
a E 8 ( M) , x E M. 

Proof. Let a E e (M). Then, by Lemma 2.3, there exists an ra E R such that 
(J (ax) = raa X for all X E M. Define TJ : e (M) I I ---+ e (M) I J such that 
TJ (a) = raa for all a E e (M). Suppose a = b in e (M) I I for some a, b E 

B(M). Then, for any x EM, ax= bx in MIIM. Thus rJ(ax) = rJ(bx) 
which implies that raa x = rbb x in Ml J M. So in R = Rl J, raa- rbb E 
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(0 :R M/ JM) n e (M) = 0 by Lemma 2.2 (ii). Thus raa = rbb in e (M) I J, "' 
is well defined and a- (ax) = 'f1 (a) x for any a E B (M), x E M. And if a, bE 
e (M), x E M then, 7J (a+ b) x =a- ((a+ b) x) =a- (ax)+ a- (b x) =,(a) x + 
, (b) x = (,(a) +, (b)) x. So, , (a+ b)- (,(a) +,(b)) E (0 :R. M) ne (M) = 
0. Hence, "1 (a+ b) = "1 (a) + "1 (b). Similarly if r E R, a E B (M), "1 (ra) = 
r'fl (a). Therefore "1 is an R-homomorphism such that a- (a x) = "1 (a) x for any 
a E B ( M) , x E M. That 'f1 is uniquely determined by a- follows from Lemma 
2.2 (ii). 0 

Corollary 2.2. Let M be a faithful multiplication R-module, I, J ~ B (M) be 
ideals 0 f R. Let "' E Hom R ( e ( M) I I' e ( M) I J) 0 Then there exists a unique 
a- E Hom R ( M /I M, M / J M) such that a- (ax) = "1 (a) x for any a E B ( M) , x E 
M. 

Proof. Define a- : M /I M ~ M / J M such that for any x E M, a- (x) = 7J (b) x 
whenever X = bx for some bE e (M). If X E M, then there exists bE e (M) 
such that x = bx. Hence, by Lemma 2.4, a- is a well-defined map. Now if 
x, y E M then, by Lemma 2.1 (ii), there exist s, t E e (M) such that SX = 
x, ty = y. This gives that (s + t- st) (x + y) = x + y. Hence a- (x + Y) = 
'f1 ( s + t - st ) (x + Y) = ( "1 (s) + 'f1 (t) - "1 (St)) (x + y) = "1 (s) x + "1 (t) y + 
"1 (s)y+7J (t) x-"1 (t) sx-"1 (s) ty =a- (x)+a- (Y). And for any r E R, rx = srx 
gives a- ( rx) = "1 (s) rx = r"l (s) x = ra- (x). Hence a- is an R-homomorphism. 
The uniqueness of a- follows from its definition. 0 

Theorem 2.2. Let M be a faithful multiplication R-module and I, J ~ B (M) 
be ideals of R. Then there exists an isomorphism>. from HomR(B(M)/I, 
B(M)/J) onto HomR(M/IM,MfJM) with the following properties: 
For any 'f1 E HomR (B (M) /I, B (M) jJ) ,we have, 

(i) >.("l)(ax)='fl(a)xforallaEB(M),xEM. 
(ii) range (>.("1)) =(range 'fl)M/JM and Ker >.("1) = (Ker 'fl)M/IM. 

(iii) "1 is one-to-one (onto) if and only if >. ( "1) is. 

Proof. (i) follows from Corollaries 2.1 and 2.2. For (ii), we have range "1 = 
KjJ, Ker "1 = L/I where K,L are ideals of R contained in B(M). Now 
let X E M. As e (M) M = M, X = EaiXi, ai E e (M). So, >. ("1) (x) = 
E "l(ai)Xi E (range 'fl)M/JM. Hence range >.("1) ~(range 'fl)M/JM. And 
for any c E range 'fl, there exists an element bE B (M) such that "1 (b) =c. So, 
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c x = 77 (b) x =A (77) (b x) E range A (77), (range 77) M ~range A (77). Hence, 
range A (77) = (range 77) M. 

To prove that K erA (77) = (K er 77) M, let x EM. For any a E L, A (77) (ax) 
= 77(a)x = 0. So, (Ker 77)M ~ Ker A(77). Now Ker A(77) = TMIIM for 
some ideal T of R such that I~ T ~ () (M). For any bET, 0 =A (77) (b x) = 
77 (b) x. But 77 (b) = c for some c E K. So, eM = 0, eM ~ JM. Hence, 
by cancellation law [5, Theorem 1.4], c E J. So, 77 (b) = 0, b E K er 77 
and Ker A (77) ~ (Ker 77) M. Therefore, Ker A (77) = (Ker 77) M. (iii) is 
immediate from (ii) and the cancellation law. 0 

Corollary 2.3. Let M be a faithful multiplication R-module, I, J, K ~ () (M) 
be ideals of R. For any 771 E H omR (0 (M) /I,() (M) I J), 772 E H omR(O (M) I J, 
() (M) I K), A (772 0 771) =A (772) 0 A (771). 

Proof. It follows from Theorem 2.2 (i). 0 

Lemma 2.5. Let M be a faithful multiplication R-module and I, J ~ () (M) 
be ideals of R. 

(i) For any 77 E HomR (I, J) there exists a unique cr E HomR (IM, JM) 
such that cr (ax) = 77 (a) x for all a E I, x EM. 

(ii) For any cr E HomR (IM, JM) there exists a unique 77 E HomR (I, J) 
such that cr (ax) = 77 (a) x for all a E I, x E. M. 

n 
Proof. (i) Let a1, a2, · · · , an be any n elements of I, A = I:; Rai. Define 

i=1 
CJA: AM --t JM such that crA(L;aixi) = L:77(ai)Xi. We will prove by 
induction on n that cr A is an R-homomorphism such that for any a E A, x E 

M, cr A (ax) = 77 (a) x. Let n = 1. By Lemma 2.2 (iii), (0 :M a1) = (0: a1) M, 
(0 :M 77 (a1)) = (0: 77 (a1)) M. If a1x = 0, then, x E (0 :M a1) = (0: a1) M ~ 
(0: 77 (a1)) M = (0 :M 77 (a1)). Hence 77 (a1) x = 0 and hence cr A is a well de­
fined R-homomorphism. Let x EM, bE A. Then b = ra1, bx = ra1x = a1rx 
gives cr A (bx) = cr A (a1rx) = 77 (a1) rx = 77 (ra1) x = 77 (b) x. So the result holds 

n-1 
for n = 1. Now let the result holds for n- 1 and let B = I:; Rai, C = BnRan. 

i=1 
By the induction hypothesise, CJB is an R-homomorphism of EM into J M. 
Let a E C, x E M. As C = () (M) C, a= I:; biCi for some bi E () (M), Ci E C 
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and ax = I: cibix. By induction hypothesise, as (cibix) = T/ (ci) bix. Also, 
as Ci E Ran, a Ran (cibix) = T/ (Ci) bix. This gives as (ax) = a Ran (ax). Since 
A= B +Ran, it follows that a A is a well defined R-homomorphism of AM 

into JM. And if a E A, x E M then, a= b +ran for some bE B, r E R. 

Hence, a A (ax) = a A (bx + ranx) = T/ (b) x + T/ (an) rx = (T/ (b)+ T/ (ran)) x = 
T/ (b +ran) x = T/ (a) x. Hence, a A (ax) = T/ (a) x = aRa (ax). This proves that 
given any a E A, a A extends a Ra· Thus for any two finitely generated ideals 
A, B contained in I, as extends a A, whenever A~ B. As I is a direct limit 
of ideals of type A, we get an R-homomorphism a of IM into JM such that 
a (ax) = T/ (a) x for any a E I, x E M. The uniqueness of a is clear. (ii) 
follows from [5, Lemma 2.6] as r (IM) := (IM: M) n e (M) =I by Lemma 
2.2 (i). 0 

The following Theorem is a dual of Theorem 2.2. 

Theorem 2.3. Let M be a faithful multiplication R-module and I, J ~ 
e (M) be ideals of R. There exists an isomorphism ). of H omR (I, J) onto 

HomR (I M, JM) such that for any T/ E HomR (I, J), a E I, x EM, .A (T!) (ax) 
=T/(a)x. 

Proof. Follows from Lemma 2.5. 0 

Corollary 2.4. Let M be a faithful multiplication R-module. If I is a finitely 
generated ideal of R with I~ e (M) ,then HomR (M, IM) ~I. 

Proof. By Lemma 2.1 (ii), I = e (M) I. As I is finitely generated, by a 
standard determinant argument, R = e (M) + (0: I). So, 1 =a+ b for some 
a E e (M), bE (0: I). Let a E HomR (e (M) ,I). For any x E e (M), x = 
ax + bx, a ( x) = a (ax) +a ( bx). As a ( x) E I, a ( bx) = ba ( x) = 0. So a ( x) = 
a(a)x for every x E e(M). It follows that HomR(e(M),I) ~I. Hence, by 
Theorem 2.3, HomR(M,IM) = HomR(e(M)M,IM) ~ HomR(e(M),I) ~ 
I. 0 

3. APPLICATIONS 

As an application of Theorem 2.2, we have the following Theorem. 
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Theorem 3.1. Let M be a faithful multiplication R-module, I ~ e (M) be 
an ideal of R. Then e (M) I I is quasi-projective if and only if M I I M is. 

Proof. Suppose that e (M) I I is quasi-projective. Any homomorphic image of 
M /I M is isomorphic to M / J M for some ideal J of R such that I ~ J ~ e ( M). 
Now consider an R-homomorphism f : M /I M --+ M / J M. By Theorem 2.2, 
there exists,\ - 1 (!) : e (M) I I --+ e (M) I J such that f (ax) = ,\ -l (!) (a) x, in 
M/ JM, for any X EM, a E e (M). As e (M) /I is quasi-projective, there ex­
ists an R-homomorphism,.,: e (M) I I--+ e (M) I I such that ,\-1 (!) = 7r 0 ,.,, 

where 7r : e (M) I I --+ e (M) I J is the natural homomorphism. By Theo­
rem 2. 2, there exists an R-homomorphism fL : M /I M --+ M /I M such that 
fL (a x) = "7 (a) x for any a E 0 ( M), x E M. Hence, f (a x) = ,\-1 (!) (a) x = 
(7rorJ)(a)x = 7r1 (rJ(a)x), by Corollary 2.2, where 1r1 : M/IM--+ M/JM 
is the natural homomorphism. Thus, f (ax) = 1r1 (1-L (ax)) and that gives 
f = 1r1 o 1-L· This proves that M /I M is quasi-projective. Similarly one can 
prove the converse. 0 

Remark 3.1. There exists a faithful multiplication ideal which is not pro­
jective. To construct the example, let R be any non noetherian self-injective 
commutative von Neumann regular ring. Suppose that every faithful ideal of 
R is projective. Let A be any ideal of R, C a complement of A in R and 
B = A+ C = A EB C. Since R is an essential extention of B and R is von 
Neuman regular ring, B is a faithful ideal. Hence it is projective and hence 
A is projective. Therefore R is hereditary. So, by [4, Theorem 4.23], every 
homomorphic image of RR is injective. Hence, by [4, Corollary 6.47], R is 
semisimple, which is a contradiction. Hence there exists a faithful ideal A of 
R which is not projective. This A is a multiplication ideal. 

An endomorphism rJ of an R-module M is said to be trivial if there exists 
an element r E R such that rJ (x) = rx for all x EM. 

It is well known that if M is a finitely generated multiplication R-module, 
then any endomorphism of M is trivial. In the following result M need not 
be finitely generated. 

Theorem 3.2. Let M be a faithful multiplication R-module, I ~ e (M) be 
an ideal of R. 
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(i) If R/ I is self-injective, then any R- endomorphism of M /I M is trivial. 
(ii) If R is self-injective, then any endomorphism of I M is trivial. 

Proof. To prove (i), let a- be an endomorphism of M/IM. By Theorem 2.2 
(i), a-(ax) = A-1 (a-)(a)x for all a E ()(M),x EM. Since R/I is self­
injective, there exists r E R/ I such that A - 1 (a-) (a) = r a for all a E () ( M). 
Now for any x E M, there exists bx E () (M) such that x = bxx. Hence, 
a- (x) = a- (b; x) = A - 1 (a-) (b;) x = r bx x = r x and a- is trivial. (ii) follows 
by a similar argument using Theorem 2.3. 0 

REFERENCES 

1. D.D Anderson, Some remarks on multiplication ideals, II, Comm. Al­
gebra 2000, 28, 2577-2583. 

2. D.D Anderson and Yousef AL-Shaniafi, Multiplication modules and the 
ideal () (M), Comm. Algebra 2002, 30, 3383-3390. 

3. Zeinab Abd EL-Bast and Patrick F.Smith, Multiplication Modules, 
comm. Algebra 1988, 16(4), 755-779. 

4. T. Y. Lam, Lectures on Modules and Rings Springer- Verlag, New York, 
1999. 

5. Yousef AL-Shaniafi and Surjeet Singh, A companion ideal of a multi­
plication module, Periodica Mathematica Hungaria Vol. 46 (1), 2003, 
1-8. 

6. Patrick F. Smith, Some remarks on multiplication modules, Arch. Math., 
Vol. 50, (1988), 223-235. 

Yousef AL-Shaniafi 

Department of Mathematics 

King Saud University 

P.O. Box 2455, Riyadh 11451 

Kingdom of Saudi Arabia 

E-mail: shaniafi@ksu.edu.sa 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh




