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ENDOMORPHISMS OF A MULTIPLICATION MODULE

Yousef AL-Shaniafi

ABSTRACT. Let R be a commutative ring and M be a faithful multipli-

cation R—module. The ideal 6 (M) = > (Rz: M) of R has proved to
TzeEM
be useful in studying multiplication modules. We prove that if I, J C 6 (M)

are ideals of R, then Homg (M/IM,M/JM) = Hompg (6 (M) /1,6 (M) /J)
and Homp (IM,JM) = Hompg (I,J). As applications of these results, we
prove the following: (i) M/IM is quasi-projective if and only if 6 (M) /I
is quasi-projective. (ii) If R/I is self-injective then any endomorphism of
M/IM is trivial.

1. INTRODUCTION

Throughout this paper all rings are commutative rings with identity 1 # 0
and all modules are unital left modules. Let R be a ring. An R—module M
is called a multiplication module if for each submodule N of M, N = IM for
some ideal I of R. In this case we can take I = (N : M) = {r € R| rM C N}.
As defined by Anderson (1], 8 (M) = méEM(Rx : M). The ideal 6 (M) of R

has proved to be useful in studying multiplication modules. In [5] it is proved
that Homp (M, M) = Hompg (0 (M),6(M)). In this paper we give some
generalizations of this result. Let M be a faithful multiplication R—module
and I, J C 0 (M) be ideals of R. In Section 2, Theorem 2.2, it is proved
that there exists a canonical isomorphism A from Hompg (6 (M) /1,6 (M) /J)
onto Homg (M/IM, M/JM) such that for any n: 6 (M) /I — (M) /J, z €
M,a € 6(M),X(n)(@T) = n(@)Z. In Theorem 2.3, it is proved that there
Ws subject classification number: Primary 13A15, Secondary 13B10, 13C13.
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exists a canonical isomorphism A from Hompg (I, J) onto Homg (IM,JM)
such that for any n: I — J, z € M, a € I, X(n) (ax) = n(a)z. In Section
3, we give some applications. In Theorem 3.1, it is proved that M /IM is
quasi-projective if and only if 8 (M) /I is quasi-projective. In Theorem 3.2,
it is proved that if R/I is self-injective, then any endomorphism of M J/IM is
trivial and if R is self-injective, then any endomorphism of I M is trivial.

2. ENDOMORPHISM RINGS

Lemma 2.1. Let M be a faithful multiplication R—module.

(i) N=6(M)N for any submodule N of M.
(ii) A=6 (M)A for any ideal A C 6 (M).
(ili) aM is a finitely generated multiplication R—module for all a € 0 (M).

Proof. (i) follows from [1, Theorem 2.1, (3)]. (ii) follows from (i) as 6 (M) is
a faithful multiplication ideal and 6 (6 (M)) = (M) by [2, Theorems 2.3 and
2.6]. (iii) follows from [2, Lemma 2.1]. O

Lemma 2.2. Let M be a faithful multiplication R—module and J C 0 (M) be
an ideal of R.

(i) (JM:M)NO(M)=J.
(i) For M = M/JM, 6(M) = 6(M)/J, [0:5 M) NG (M) =0, where
R=R/J

(i) (0:p J)=(0: J) M

Proof. (i) Since M is a faithful multiplication R—module, by [3, Theorem 1.6],
we have (JM : M)N O (M))M = (JM : M)MN(M)M = JMN6 (M) M =
JM. Hence, by cancellation law (5, Theorem 1.4], (JM : M) N 0(M) = J.
(ii) follows from (i). (iii) As M is faithful, (0: JM) = (0 J) and as M is
a multiplication R—module, (0:ps J) = ((0:pr J) : M)M = (0: JM)M =
0:J)M. 0

Theorem 2.1 ([5, Theorem 2.5)). Let M be a faithful multiplication R—module.
Then Hompg (M, M) = Homg (8 (M), 6 (M)).
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An R—module N is said to be quasi-projective, if for any submodule L of N
and any R—homomorphism f : N — N/L there exists an R—endomorphism
g of N such that mo g = f where 7 is the natural projection of N onto N/L.

Lemma 2.3. Let M be a faithful multiplication R—module, I, J C 6 (M) be
two ideals of R and let 0 € Homg (M/IM,M/JM). Then for any a € 6 (M)
there exists T € R such that o (GT) = r,az for allz € M.

Proof. Let a € 6 (M). Then, by Lemma 2.1 (iii), aM is a finitely generated
multiplication R—module. Hence, by [6, Theorem 11], aM is a quasi-projective
R—module. So there exists an R—endomorphism o, : aM — aM such that
0 (aZ) = 04 (azx). However aM is a finitely generated faithful multiplication
R-module where R = R/anngaM and o, € Hompg (aM,aM), so it follows,
from Theorem 2.1, that there exists an 7, € R such that o, (ax) = T,az =
T,aT. O

Remark 2.1. If z € M, then by Lemma 2.1 (i), there exists an a € 6 (M)
such that z = ax. Hence 0 (Z) = 0 (GT) = r,az = r,T.

Lemma 2.4. Let M be a faithful multiplication R—module, I,J C 6 (M) be
ideals of R and let n € Hompg (8 (M) /1,6 (M) /J). Thenn(@)T =7 (b)T for
allz € M,a,b € 0 (M) such that ax = z = bz.

Proof. Since az =z =bz,(a—b) € (0:2)NH(M). Hencea —b=T7
r € (0:2)NO(M). Therefore n(@)Z—n ()T =n(7)Z =n(7)aZ =1 (a)77 =
0. O

Corollary 2.1. Let M be a faithful multiplication R—module and I,J C
6 (M) be ideals of R. Let 0 € Homg (M/IM,M/JM). Then there exists
a unique 1 € Homp (0 (M) /1,0 (M) /J) such that o (@ T) = n(a)T for any
a€f(M),ze M.

Proof. Let a € 8 (M). Then, by Lemma 2.3, there exists an 7, € R such that
0(@%) =r,axforall £ € M. Definen: 6(M)/I — 6(M)/J such that
n(@) = rqa for all a € 6(M). Suppose @ = b in § (M) /I for some a,b €
0 (M). Then, for any 2 € M, @Z = b7 in M/IM. Thus 0 (@ %) = o (b7)
which implies that r,@ T = r,b T in M/JM. So in R = R/J, r,a —mb €
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(0:x M/JM)NE(M) =0 by Lemma 2.2 (ii). Thus 7,a@ = rpb in 6 (M) /J, 1
is well defined and 0 (@Z) =1 (@) T for any a € § (M),z € M. And if a,b €
0 (M), z € M then, n (a I—y)m_a((a+b)x)—a(aa: )+0 (bT) =n(a)T+
n(®)%= (@ +n ()T So,n(@+b)-(n@+n1()) e R_)ﬂm—ﬂ=
0. Hence, n(a+b) = n(a) +77(_). Similarly if r € R, a € 8 (M), n(ra) =
1 (@). Therefore 7 is an R-homomorphism such that ¢ (@ Z) = n (@) T for any
a€ (M), z € M. That n is uniquely determined by o follows from Lemma

2.2 (ii). 0

Corollary 2.2. Let M be a faithful multiplication R—module, I, J C 6 (M) be
ideals of R. Let n € Hompg (8 (M) /I,0 (M) /J). Then there ezists a unique
o € Homg (M/IM,M/JM) such that o (aT) = n(a)T for anya € 6 (M) ,x €
M.

Proof. Define o : M/IM — M/JM such that for any z € M,0(Z) =7 (b) T
whenever z = bx for some b € 8 (M). If z € M, then there exists b €0(M)
such that x = bx. Hence, by Lemma 2.4, o is a well-defined map. Now if
z,y € M then, by Lemma 2.1 (ii), there exist s,t € 8 (M) such that sz =
z, ty = y. This gives that (s +t—st)(z+y) = 2 +y. Hence 0 (T+7) =
n(s+t=st)E+7) = @) +nE)-n(E) @+7) =n@E)T+0({)7+
n@7+n (1) T-n({)5ZT-n(5)1§ =0 (T)+0 (7). Andforanyr € R, rz = srz
gives 0 (rZ) = 1 (3)7Z = r (3)T = ro (). Hence o is an R—homomorphism.
The uniqueness of o follows from its definition. g

Theorem 2.2. Let M be a faithful multiplication R—module and I, J C 0 (M)
be ideals of R. Then there erists an isomorphism A from Hompg(0 (M) /I,
6(M)/J) onto Homp (M/IM,M/JM) with the following properties:

For anyn € Homg (0 (M) /1,6 (M) /J) ,we have,

(i) A(n)(@ZT)=n(@)T foralla€ §(M),xz € M.
(ii) range (A (n)) = (range n) M/JM and Ker \(n) = (Ker n) M/IM.
(iii) n s one-to-one (onto) if and only if X (n) is.

Proof. (i) follows from Corollaries 2.1 and 2.2. For (ii), we have range n =
K/J, Ker n = L/I where K, L are ideals of R contained in 6 (M). Now
let z € M. As O(M)M = M, z = Za;z;, a; € 0(M). So, A\(n)(T) =
¥ 1 (a;) T; € (range n) M/JM. Hence range A (n) C (range n) M/JM. And
for any € € range 7, there exists an element b € 6 (M) such that n (5) =¢. So,
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cTz=n(0)T=XA(n) (b T) € range A (), (range n) M C range X (n). Hence,

range X (n) = (range n) M.

To prove that Ker A (n) = (Ker n) M,letz € M. Foranya € L, A (1) (@ T)
=n@7T =0. So, (Ker n) M C Ker A(n). Now Ker \(n) = TM/IM for
some ideal T' of R such that I CT C 6 (M). Foranybe T, 0=XA(n) (b %) =
17(3)3. But T)(E) = ¢ for some ¢ € K. So, M =0, cM C JM. Hence,
by cancellation law [5, Theorem 1.4], c € J. So, n(b) =0, b € Ker n
and Ker A(n) C (Ker n)M. Therefore, Ker A(n) = (Ker n)M. (iii) is
immediate from (ii) and the cancellation law. O

Corollary 2.3. Let M be a faithful multiplication R—module, I, J, K C 6 (M)
be ideals of R. For anymn, € Homg (6 (M) /I,6 (M) /J),n, € Homg(8 (M) /J,
0 (M)/K), A(ngomy) =A(na)oA(m).

Proof. 1t follows from Theorem 2.2 (i). O

Lemma 2.5. Let M be a faithful multiplication R—module and I, J C 6 (M)
be ideals of R.

(i) For any n € Hompg (I, J) there exzists a unique 0 € Hompg (IM,JM)
such that o (ax) =n(a)z for alla€e I,z € M.

(ii) For any o € Hompg (IM, JM) there exists a unique n € Hompg (I, J)
such that o (ax) = n(a)z for alla € I,z € M.

n
Proof. (i) Let a1,a,--- ,an, be any n elements of I, A = 5 Ra;. Define

op @ AM — JM such that o4 () aizi) = Y n(a;) ;. V\}e 1will prove by
induction on n that 0 4 is an R—homomorphism such that for any a € A,z €
M,0 4 (ax) =n(a)z. Let n = 1. By Lemma 2.2 (iii), (0:ps a1) = (0: a1) M,

(O ‘M n(al)) = (0 : n(al)) M. If a1r = O, then, T € (0 ‘M a1) = (0 : al)M g
(0:m(a1))M = (0:prm(a1)). Hence n(a;)z = 0 and hence o4 is a well de-
fined R—homomorphism. Let z € M, b € A. Then b = ra;, bx = ra 1z = ajrz
gives 04 (bx) = 04 (a1rz) =N (a1) rz =7n(ray)z = n(b) z. So the result holds

n—1
for n = 1. Now let the result holds forn — 1and let B = 5" Ra;, C = BNRa,,.

1=1
By the induction hypothesise, o is an R—homomorphism of BM into JM.
LetaeC,zeM. AsC=0(M)C, a=)_bic; for some b; € 6 (M),c; € C
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and ax = ) c;b;xz. By induction hypothesise, op (¢;biz) = 1(c;) bixz. Also,
as ¢; € Ray, ORa, (cibiz) = n(c;) biz. This gives op (az) = oR,, (ax). Since
A = B + Ra,, it follows that 04 is a well defined R—homomorphism of AM
into JM. And if a € A, x € M then, a = b+ ra, for some b€ B, r € R.
Hence, 04 (az) = 04 (bx + rapz) = n(b)z +n(an)rz = (n(b) +n(ras)) z =
n(b+ ran)z =n(a)z. Hence, 04 (az) =1 (a) z = og, (ax). This proves that
given any a € A, 04 extends og,. Thus for any two finitely generated ideals
A, B contained in I, op extends o4, whenever A C B. As I is a direct limit
of ideals of type A, we get an R—homomorphism ¢ of IM into JM such that
o(ax) = n(a)z for any a € I, x € M. The uniqueness of o is clear. (ii)
follows from [5, Lemma 2.6] as T (IM) := (IM : M) N6 (M) = I by Lemma
2.2 (i). O

The following Theorem is a dual of Theorem 2.2.

Theorem 2.3. Let M be a faithful multiplication R—module and I,J C
6 (M) be ideals of R. There exists an isomorphism X of Hompg (I,J) onto
Hompg (IM, JM) such that for anyn € Homg (I,J), a € I, z € M, X\ (n) (az)
=17 (a)z.

Proof. Follows from Lemma 2.5. a

Corollary 2.4. Let M be a faithful multiplication R—module. If I is a finitely
generated ideal of R with I C 6 (M) ,then Homg (M,IM) = 1.

Proof. By Lemma 2.1 (ii), I = 6(M)I. As I is finitely generated, by a
standard determinant argument, R = 6 (M) + (0: I). So, 1 = a + b for some
a€f(M),be (0:I). Let 0 € Homg (6 (M),I). For any z € 6 (M), = =
az+bx, 0(z) =0 (ax)+0o(bz). Aso(z) €I, o(bz) =bo(z) =0. So o (z) =
o (a) x for every x € 6 (M). It follows that Hompg (6 (M),I) = I. Hence, by
Theorem 2.3, Homp (M,IM) = Hompg (6 (M) M,IM) = Homg (6 (M),I) &
I a

3. APPLICATIONS

As an application of Theorem 2.2, we have the following Theorem.
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Theorem 3.1. Let M be a faithful multiplication R—module, I C 6 (M) be
an ideal of R. Then 6 (M) /I is quasi-projective if and only if M/IM is.

Proof. Suppose that 6 (M) /I is quasi-projective. Any homomorphic image of
M/IM is isomorphic to M/JM for some ideal J of R such that I C J C 6 (M).
Now consider an R—homomorphism f : M/IM — M/JM. By Theorem 2.2,
there exists A= (f) : 6 (M) /I — 6 (M) /J such that f (a Z)=A"1(f) (@)F, in
M/JM, for any z € M, a € 6 (M). As § (M) /I is quasi-projective, there ex-
ists an R—homomorphism 7 : § (M) /I — 6 (M) /I such that A~} (f) = 7o,
where 7 : (M) /I — 6(M)/J is the natural homomorphism. By Theo-
rem 2.2, there exists an R—homomorphism p : M/IM — M/IM such that
p(@7T)=n(a)T for any a € §(M), z € M. Hence, f(@Z) = A" (f) (@)Z =
(mon)(@7z = n'(n(@)Z), by Corollary 2.2, where 7’ : M/IM — M/JM
is the natural homomorphism. Thus, f(@Z) = 7' (1 (@ T)) and that gives
f = m" op. This proves that M/IM is quasi-projective. Similarly one can
prove the converse. O

Remark 3.1. There exists a faithful multiplication ideal which is not pro-
Jective. To construct the example, let R be any non noetherian self-injective
commutative von Neumann regular ring. Suppose that every faithful ideal of
R is projective. Let A be any ideal of R, C a complement of 4 in R and
B=A+C =A®C. Since R is an essential extention of B and R is von
Neuman regular ring, B is a faithful ideal. Hence it is projective and hence
A is projective. Therefore R is hereditary. So, by [4, Theorem 4.23], every
homomorphic image of rR is injective. Hence, by [4, Corollary 6.47], R is
semisimple, which is a contradiction. Hence there exists a faithful ideal A of
R which is not projective. This A is a multiplication ideal.

An endomorphism ¢ of an R—module M is said to be trivial if there exists
an element 7 € R such that o (z) = rz for all z € M.

It is well known that if M is a finitely generated multiplication R—module,
then any endomorphism of M is trivial. In the following result M need not
be finitely generated.

Theorem 3.2. Let M be a faithful multiplication R—module, I C 6 (M) be
an ideal of R.
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(i) If R/I is self-injective, then any R—endomorphism of M/IM is trivial.
(i) If R is self-injective, then any endomorphism of IM is trivial.

Proof. To prove (i), let o be an endomorphism of M/IM. By Theorem 2.2
(i), 0(@z) = A7 (0)(@)T for all a € §(M),z € M. Since R/I is self-
injective, there exists 7 € R/I such that A™! (¢) (@) = 7 @ for all a € 6 (M).
Now for any x € M, there exists b, € 6 (M) such that z = b,z. Hence,
0@ =0(b:%7) =A"(0) (b))T=7b, T=77 and o is trivial. (i) follows

by a similar argument using Theorem 2.3. a
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