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CHARACTERIZATION OF SPHERES IN A EUCLIDEAN
SPACE

SHARIEF DESHMUKH

ABSTRACT. Let ¢ : M — R"t! be a compact a connected immersed
hypersurface without boundary. If all the sectional curvatures of M are
bounded below by a constant kg, then it is shown that the inequality

n—1
Al - na? > = Ljgrad o

implies that M is a sphere, where A is the shape operator and « is the
mean curvature of M. It is also shown that if the mean curvature a
and the support function p =< ¢, N > of M satisfy a||¢||? < "4—"1:"-p and
the scalar curvature S of M satisfies S||¢||> = n(n—1),n > 3, then p is
a non-zero constant and M is the sphere S™ (pl,), where N is the unit

normal vector field to M.

1. INTRODUCTION

It is known that a compact positively curved hypersurface M of con-
stant mean curvature in R"*! is a sphere [5]. On a connected hypersur-
face in R"*!, vanishing of grad a implies that « is a constant. Therefore
in view of above result of Nomizu and Smyth, characterizing spheres
among compact and connected positively curved hypersurfaces in R"+1
is equivalent to obtaining conditions under which grad o vanishes iden-
tically. In this paper we obtain one such characterization as given in the
following theorem.
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Theorem 1. Let M be a compact and connected immersed hypersur-
face without boundary in R™*'. If all the sectional curvatures of M are
bounded below by a constant ky > 0 and the shape operator A, the mean
curvature o of M satisfy

n—1
141 = ne? 2 = Djgrad o

then M is a sphere

Next we consider the hypersurface M in R™"*! with immersion % :
M — R™!; and the unit normal vector field N. The support function
p: M — Ris given by p =< 1, N > where <,> is the Euclidean inner
product on R™*1. In [2], it is proved that if the mean curvature of the
hypersurface ¢ : M — R* is nowhere zero and the scalar curvature S
satisfies S||®||? = 6, then M is a sphere in R*, and a question was raised
whether this result could be generalized for n > 3. In this paper we
generalize this result and prove the following theorem

Theorem 2. Lety : M — R, n > 3, be a compact and connected
immersed hypersurface without boundary. If the mean curvature o the
support function p of M satisfy a|l¥||? < %2p, (or a|¢]|? > %2) and
the scalar curvature S of M satisfies S||¢||* = n(n —1), then p is a non-

zero constant and M is the sphere S”(p—lz-).

2. PRELIMINARIES

Let M be an orientable hypersurface of R"*! with unit normal vector
field N. The Euclidean metric <,> on R™*! induces the Riemannian
metric ¢ on M. The Riemannian connections V on R**! and V on M
are related by the Gauss and Weingarten formulas

(2.1) VxY =VxY +g(AX,Y)N, VxN = —A(X), X,Y € ¥(M),

where A is the shape operator of M and (M) is the Lie-algebra of
smooth vector fields on M. The curvature tensor field R and the scalar
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curvature S of M are given by

02 RCYiZW) = gAY, 2)(AX, W)

' —9(AX, Z)g(AY,W), X,Y,Z,W € ¥ M)

(2.3) S =na® —||A|,

where o = lX:g(Ae;,e;) is the mean curvature of M and ||A|®> =
n -

)
E g(Ae;, e;)? is the square of the length of the shape operator 4, {e, ...,
ij
en} being a local orthonormal frame. The shape operator A satisfies the
Codazzi equation

(VA)X,Y) = (VA(Y, X), XY eXM),
where the covariant derivative (VA)(X,Y) is given by
(VA)(X,Y) = VxAY — A(VxY).

The shape operator A being symmetric the following could be easily
verified

(2.4) 9(V)(X,Y),2) = g(Y,(VA)(X, 2)).

For the immersion ¢ : M — R"*! of the hypersurface M, the support
function p : M — R is defined by p =< ¢, N >. Taking ¢ as position
vector field of points of M in R"*!) we can express it as 1) =t + pN,

t € ¥(M). Taking the covariant derivative with respect to a X € ¥(M)
of this expression of ¢ and using (2.1) we obtain

(2.5) Vxt =X +pA(X), X(p) = —g(A(X),1).

If we define F: M — R by F = 1||9)||?, then we obtain
grad F =1,

and the second equation in (2.5) gives

(2.6) grad p = —At.
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The Laplacian operator A acting on smooth functions on a Riemannian
manifold (M, g) is defined by Af = div(grad f). For two smooth func-
tion f,h : M — R, using A(fh) = fAh + RAf + 2g(grad f,grad h),
the following lemma can be easily proved by applying principle of math-
ematical induction separately for k and m.

Lemma 2.1.
A(f"h"‘) = mf*A™ AR+ kf"‘lh’"Af
+m(m — 1)f*h™||grad h|]

+k(k = 1)f*72h"™|\grad f]|?
+2km f*1h™"1g(grad f,grad k).

3. PROOF OF THEOREM 1
First we prove the following Lemmas

Lemma 3.1. Let M be a complete and connected hypersurface in R™*!.
Then

IVA|* 2 nligrad o|*

and for a positively curved M the equality holds if and only if M is a
sphere. '

Proof. Define a symmetric operator B : (M) — ¥ M) by

B(X) = A(X) —aX, X e XM).
Then we get (VB)(X,Y) = (VA)(X,Y)—g(grad a, X)Y, X,Y € X M).
Using a local orthonormal frame {ey,...,e,} on M, we arrive at

IVB|* = |IVA|?+n|lgrad off?
(3.1) ~23 " g((VA)(eir€5), €5)9(grad a, e;)

ij
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Note that
nX(a) =3 Xg(A(e:),e:) = 3 g(VA)(X, &), &)
= Zg(Xv (VA)(G,-, ei))a

where we have used the equation (2.5) in the last part of above equation.
Thus we get n grad a = ) (VA)(ei, e;) and consequently we have

>_9((VA)(eires) e)g(grad ases) = g(e:,(VA)(ejye5)
g(grad a,e;)
= Z ng(ei, grad a)g(e;, grad o)

= n|grad o
Thus (3.1) gives
IVB|* = [VA|* - n|lgrad a|* > 0.

Suppose all the sectional curvatures of M are positive and the equality
IVA||? = n|lgrad «||? holds, which is equivalent to (VB)(X,Y) = 0.
Since M is irreducible (sectional curvatures of M being positive),

B = AI for some constant A € R, consequently we have A = (a + \)I
which gives na 4+ nA, that is, A = 0. Hence A = alf, that is, M is
totally umbilical complete and connected hypersurface of R**!, which is
a sphere in R™*! (cf. [4])

Lemma 3.2. Let \; be the eigenvalues of the shape operator A of a
compact hypersurface M in R"*'. Then

Ju {ZW - W} dv=n [ J|AlPdy—n® [ o*do

1<J

Proof. We have for a local orthonormal frame {ey,...,e,} with Ae; =

Aies;

L

D= X)? = YA AT -2
1] i i
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- n||A||2+nnA||2—22(2&-»,-
= 2n||A||2-—2naZ/\ —2n||A||2 n?a?,

and 2 (A — X)) =2 (A — X;)% This gives

i 1<J

> (N = X)) = n||A|* — n?a.

i<j
Integrating above equation proves the Lemma.

For a compact hypersurface M in R we have the following integral
formula (cf. [3])

/M {llVAll2 n’|lgrad o|* + 5 Z()\ j K.-,-} dv =0,

1#1

where K;; = R(e;, ej,¢€j,€;) is the sectional curvature of the plane section
spanned by {e;,e;}. Since Y (A — X;)2Ky; = 2) (A — A)Ky;, above

i#] i<y
integral becomes

(3.2) / {”VAH2 —n?|\grad: af* + ) (N )‘j)zKij} dv =0,

i<J

From the hypothesis of the theorem we have K;; > ko and consequently
(3.2) takes the form

| {IVal® = nligrad o} do

+f {kot

Using Lemma 3.2 in above integral inequality we get

J {IValf = nllgrad o|[*}do

(3.3) 2 2 _(n—1) 2
r <0.
+nk0/ {||A|| na T llgrad of| }dv 0

(X — X;)? —n(n —1)||grad a||2} dv <0.

<J
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Thus if || A|*> — na® > (nk;l)“ grad al|? holds, then the above inequality
implies ° '
VA|?* - dal®tdv <0
/. {194l = nllgrad a|?} v <,
which together with Lemma 3.1 gives |V A||2 = n||grad a||?>. As all the

sectional curvatures of M are positive, using Lemma 3.1 again, we get
that M is a sphere.

4. PROOF OF THEOREM 2
Using equation (2.5) and (2.6), we get
AF =div(grad F)=divt = ) g(Vet,e)

1

) g(e: + pAei,e;),

i

which gives
(4.1) AF = n(1 + pa).

Similarly using equations (2.4), (2.5) and n grad a = Z(VA)(e,, i), we

compute
(4.2) Ap = —nt(a) — na — p||A])%.
We use Lemma 2.1 and equations (2.5), (2.7), (4.1) and (4.2) to compute
A(pF(nT_l)) = —nF*Tt(a) — nF"T a— pF"T || A2
“3) +n(n -1) PP 4 n(n2 l)p P
ol legh pas e
—(n —1)g(At, t)F*5*

Also we have

div(F*T ot) = F*7T t(o )+TaF"‘3||t||2

(4.4)
+naF*T 4+ npa?F*T,

where we have used t(F') = ||t||? and div ¢ = n(1+pa) which are outcomes
of (2.5) and (2.6) respectively.
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Next we compute

ws) dio(F*Fpt) = —F"%g(A1,1) + "2 2P gl
+npF*T 4+ nptaF "7,
where we have used t(p) = —g(At,t) which follows from (2.5).

Use (4.3), (4.4) and (4.5) to arrive at

A(pF™T") + ndiv(F*7 at) — (n — 1)div(*T pt)

n=1 n(n—1)

(4.6) = pF2 S—TpFl;_s +n(n—1)a

n=3 n—1)(n—3) n=s
el e

where we have used (2.3) and the fact 2F = ||t]|? + p?.

Integrating (4.6) and using Stokes theorem we get
n— _3)

—1) [ P P34

ow=1) [, PR (oF - 22 o

n-3 n(n—1) _
—|~/MpF (SF—- 5 )dv_O

which is equivalent to

n(n —1) B=5 4012 2 (n—3)
2D [ e (e - 2 s) o

+% [ pFE (SII = n(n — 1)) dv = 0

Thus in view of the hypothesis above integral gives ||t]|2 = 0 or that
t = 0, and consequently by the second equation in (2.6) it follows that
p is a constant. Thus |||| = p = constant, which proves that M is the
sphere S"(p%).

Remark. For n = 3, the Theorem 2 reduces to Theorem 1 in [2].
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