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ON THE IMPLEMENTATION OF A BLOCK PREDICTOR­

CORRECTOR METHOD FOR INITIAL VALUE PROBLEMS 

SALMAN H. ABBAS 

ABSTRACT. Recently, a class of block predictor-corrector methods [19] for 

the numerical solution of initial value problems have been proposed. In 

this paper, we consider some important computational aspects associated 

with a new second-order block method. These aspects make the proposed 

method competitive with respect to all known solvers for IVP's. 
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1. INTRODUCTION 

The numerical methods for parallel solution of initial value problems (IVPS) 
are well established techniques in literature [1,2]. In the last two decades 
number of papers have appeared on this topic (see, [3]-[21] and references 
there in). One such technique is the block method which by means of a single 
application of a calculation unit, yields a sequence of new estimates for y of 
the differential equation: 

(1.1) y' = f(x, y), y(xo) =Yo and y, f E R 8 
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If k is the block size, k 2': 1, then in simple cases the values of x at which 

solutions are computed will be evenly separated. In other words each basic 

cycle of the calculation has the potential to advance the solution by k new 

points in the x direction. Each such block can therefore be considered as a 

unit of calculation. Let Yi denotes the approximation to the exact solution 

y(xi) at .T = Xi, and .fi denotes the value of .f(xi, Yi) the approximation for 
y(xi ). A block of solutions can be represented by the vector 

(1.2) Y = [yl, Y2, ..... , Ykr 

with Yj(1 ::; j ::; k) and the solution generated at Xj = xo+jh, to the right hand 

end point of the preceding block with h the uniform spacing between solution 

values. Such procedures can be formulated either as implicit or predictor­

corrector methods [10]. In addition, the underlying formula may only refer 

to the end point of the previous block, and called one-step [10] and [12]. 

Otherwise some or all of the points in the previous block could be used [8] and 

[10]. J\Iulti-step methods or a number of previous blocks [3] in which case the 
methods are referred to as multi-block methods. 

Chu and Hamilton [3] have examined a few possible multi-block methods 
for which the theory is well founded, the availability of formulae is not well 

satisfied. On the other hand formulae for different block size are readily calcu­

lated using a single preceding block. It is for this reason that we shall consider 

methods based upon a single preceding block. Adopting the identical nota­

tion used by [6] the implicit matrix vector for single block methods can be 
expressed: 

(1.3) !!_ = QYo + hf}_fa + hDF 

where Q and (3 are K - vectors, D is a matrix, and F is a k-vector whose 

yth entry is .f; = f(xo +jh,yj),1::; j::; k, As equation (1.3) is implicit in 
!!_ it has to be solved iteratively, using in the first instance a set of tentative 
("predicted") solution values. The predictor formula can be expressed in the 
form: 

(1.4) YP = D::.Yo + hf}_fo + AYo + hBFo 

where Q and!}_ are K-vectors, A and Bare the k x k matrices, F0 is a k-vector 

whose/" entry is .fj = f(:r:o- jh, Yj) 1 ::; j ::; k, with Yj the solution generated 
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at x = x0 - j h and Yo contains previous information that is : 

(1.5) Yo = [y1, Y2, ..... , Ykf 

The simplest initial estimate for elements of Y is obtained by the one step 
Euler formula with A and B null matrices and hence, 

(1.6) yP = QYo + hf!_fo 

Following an application of equation (1.4) or (1.6), equation (1.3) may be 
applied iteratively through, 

(1.7) yi+l = QYo + hf!_fo + hDFi 

where yi+l YP and pi a k-vector holds the derivatives f(xo + jh, y'f), 
j=1,2,3, ... ,k 

2. DEVELOPMENT OF FORMULAE 

The k equations represented in equation (1.3) contain k(k + 2) free and 
as yet unspecified parameters; namely the entries of arrays Q and /!_ and D. 
A set of equations that uniquely determine the unknown parameters can be 
formulated using the method of undetermined coefficients. Specifically it is 
necessary to impose the condition that equation (1.3) yields the exact results 
for the solution to equation (1.1) when y(x) = (x-xot for r = 0, 1, 2, .. , (k+1). 
With these conditions, all elements of g_, {3 and D can be calculated. Thus a 
set of formulae of order k + 1 are determined for a method with block length 
k and local truncation error of order k + 2. 

Likewise the same conditions can be applied to equation (1.4), which has 
2k(k + 1) unknown, and k2 free variables. Thus the predictor vector is not 
uniquely determined and there is an infinity of predictor formulae. The best 
choice is not obvious, Shampine and Watts [11] considered fixing the matrix 
A with aij = k~l and thus proceeded to find the remaining unknowns. They 
also showed that the local truncation error at the end points of a block when 
the block size is even is of order k + 3 to achieve thus higher accuracy than 
expected is achieved. 

The equations connecting all coefficients in, g_, /!_, D and B are simply de­
termined in matrix-vector form and are listed in [8]. These equations can 
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exactly be calculated using REDUCE [14].For example with A and B both 

null matrices yield the following for k = 2. 

Q.= ( i ) ' ~=(~), Q. ( i ) ' 
( 

5 

) ( 
2 -1 ), 12 3 12 

{3= D= ' 1 4 1 
3 3 3 

whilst for k = 4 we find: 

a= (i) ~~(ng~(D 
251 322 -11 53 -19 
720 :360 30 :160 720 

29 62 4 2 -1 
90 45 15 45 90 

(J = ,D= 
27 51 9 21 -:3 
80 40 10 40 1\0 

14 64 8 64 14 
4S 45 15 45 45 

3. IDENTIFICATION OF PARALLELISM IN THE METHOD 

Inspection of equations (1.3), (1.4) and (1.5) show the potential for paral­

lelism in the calculation of YP (equation (1.4)), pi (equation (1.7)) and also 

in the calculation of the right hand side of equation (1.3). The granularity of 

the parallelism is variable and depends upon both the block size and the com­

putational effort to calculate the derivative function . \Vhen k is small and is 

a simple expression, the parallelism is fine grained, and when k becornes large, 

it becomes time expensive to evaluate and the parallelism changes to coarse 

grained. 

To be more specific, k values of f ( x, y), can be calculated in parallel across 

the block, elements in the right hand side of ( 1.3) or ( 1. 7) can be calculated 
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in parallel, and the derivative values have to be distributed (as clarified later). 

Subsequent iterations then require the same sequence of operations to be re­

peated. 

4. HARDWARE REALISATION 

The basic calculations for each cycle of iteration have already been iden­

tified. The important side is that yf,JJ,yf and f} with j = 1,2,.,k can be 

calculated independently provided that the sufficient information exchange 

takes place in each cycle. The simplest network for this calculation is one 

in which there are as many processors as the block size (Franklin [7]). It is 

reasonable to anticipate that under certain conditions, more efficient use of 

the processors may be achieved by dedicating a larger subset of calculations 

of each block to each processor. Hence the implemented codes allow for fewer 

processors than block size. The network chosen was a simple linear chain of 

P processors can be shown as: 

Host~Master~Slave l±:::+Slave 2~Slave 3.... .. . . . ~ Slave P 

Figure 1 Network configuration for Parallel 

The figure shows p slave transputers, a master and host with communication 

taking place between the networked transputers along the channels shown. 

The essential tasks of the various transputers are as follows: 

(1) The host or root transputer which communicates the problem infor­

mation for an expert to the network. This processor hosts a driver 

program. 

(2) A master processor which gathers the problem information and also 

controls the calculations performed by the P slaves of the network. 

This processor also communicates results back to the host driver pro­

gram. 

(3) P(l < P :::; Pmax) slave transputers, each hosting the same program 

but the data for each being determined by the position of each being 

determined by the position of each slave with respect to the master 

and the currently chosen block size k. 
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The hardware used for tests consisted of 8 networked transputers and hence 
7 is the maximum block size that can be used when each processor calculates 
a single y value. (Details of the original coding with k = p can be found 
in [11].) With the knowledge of position in the linear chain, each processor 
is programmed to determine how much information it needs to pass up or 
down the network. For example in each iteration cycle, the jth processor will 
calculate a set of next estimates before tested for convergence. The result of 
the convergence tests ~nd the latest estimates for Yj are then passed up the 
network for the master to determine if all Yj values, 1 ::; j ::; k, have converged. 

5. BLOCK METHOD 

In this section we consider a block method at the cost of the truncation 
error in which the order is fixed but the block length may be any value. The 
method developed uses equation (1.6) to predict solutions to the problem, then 
applies the following equation iteratively 

(5.1) yi+j' = ay0 + hAFP, 

where a is a unit k-vector, A is a k x k + 1 matrix and FP is a (k + 1) -vector 
whose lh entry is Ji-1 = f(xo + (j -1)h, yf_1) with yf the latest estimate for 
Yj. We consider an implementation of the method with defined by : 

1 5 
(5.2) an = a22 = 2' a22 = 6 

(5.3) 

2 
ar,r+l=-,:-, r=2, ... ,k 

0 

11 
ar,r+l = 10 , r = 3, 4, ... , k 

1,r=4,5, ... ,k andj=3, .... ,k 

6. PARALLELISM IN THE METHOD 

Inspecting the method, it can be seen that, as in section 2, there is a po­
tential for parallelism in the calculation of the predicted y values, i.e. YP 
(eq.(1.6)), and hence the predicted derivative values. The right hand side of 
(5.1) can be splitted into sub-block work packets and framed out to slaves, 
allowing a high degree of parallelism to be accomplished. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



On the implementation of a block Predictor. .. 53 

For example, with 2 processors (5.1) can be manipulated : First with A in 

its complete form: 

(6.1) yi+1 = QYo + h 

1 1 
2 2 

2 6 
5 5 

2 10 
g TI 

2 11 
5 10 

2 11 
5 10 

2 11 
5 10 

2 
5 

10 
TI 

11 
10 

1 

1 

2 
5 

1 2 
5 

1 2 
5 

1 1 1 11 2 
10 5 

The calculation of AFP is readily parallelized using a splitting 
1 1 
2 2 

2 6 2 
5 5 5 

2 11 11 2 
5 10 10 5 

2 11 11 1 2 

(6.2) A= 5 10 10 5 

2 11 1 1 2 
5 10 5 

2 11 
5 10 1 1 1 1 11 2 

10 5 

pP 
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If we write A as : 

(6.3) 
1 1 
2 2 

2 6 2 
5 5 5 

2 11 11 2 
5 10 10 Cl 

2 11 11 1 2 
5 10 10 5 

2 11 1 1 11 
5 10 10 

A= 

2 11 1 1 5 10 

2 11 1 5 10 

2 11 1 1 5 10 

2 11 
5 10 1 1 

and further split A up to 

IO 0 

2 
5 

+ 

11 2 
10 5 

1 11 
10 

1 IO 0 1 

1 I 
1 

2 
5 

11 
10 

1 

0 

1 

2 
5 

1 
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10 
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1 
2 
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5 

2 
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1 
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2 
5 

2 
5 

2 
5 

1 
2 

2 
5 

OIO 0 

+ 

OIO 

0 

1 
2 

6 
5 

11 
10 

11 
10 

11 
10 

2 
5 

2 
5 

2 
5 

2 
5 

2 
5 

11 
10 

1 

1 

11 
10 

11 
10 

11 
10 

11 
10 

2 
5 

11 
10 

1 

1 

1 

1 

1 

IO 0 Ol 

2 
5 

11 
10 

+ 
5 

1 11 11 2 
10 10 5 

1 1 0 Ol 1 11 
10 

1 1 IO 

1 r I I r 1 

or A= Ao + A1 + A2 then (6.1) could be represented by 

yi+1 = QYo + h{Ao + A1 + A2}FP which is equivalent to 

+1 Y~ = QYo + hAoFoP + hA1F1P + hA2F2P 

2 
5 

1 

where FoP= [fo, 0, 0, ..... , o]T, FlP = [0, fi, h, .... , h;2, 0, 0, ..... , ov and 
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11 2 
10 5 

F2P = [0, 01, ... , h;2, fk/2+2, ..... , fk]T are (k +I)-vectors. Thus by "splitting 

up" the FP vector and the matrix A over 2 processors with both processors 

knowing 25h fa and processor 2 knowing an estimate of 2:: fn r = 1, .... , ~ then 

estimates for y~, r = 1, .... , ~ and y~, s = ~ + 1, ..... , k, can be obtained in 

parallel. It should now be apparent that A can be splitted across any number of 

processors. In general for P processors where, ~ = q, we follow the procedure 
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of 'splitting up' as in equation (6.3), i.e. 

i+1 (6.5) Y = QYo + hAoFoP + hA1F1P + hA2G2P, 

where FoP= [fo, 0, 0, ..... , o]T 'p1P = [0, h, h, .... , fk/2, 0, 0, ..... , o]T and Q2P = 
[0, 0, ... , fq+1, fq+2, ..... , fk]T =are (k+1)- vectors. The "splitting up" continues 
with B2: 

(6.6) 
0 

0 

B2 = 

0 

2 

6 
5 

11 
10 

11 
10 

11 
10 

11 
10 

11 
10 

11 
10 

11 
10 

0 

2 
5 

11 2 
10 5 

1 11 2 
10 5 

1 1 11 
10 

1 1 

1 1 1 

1 1 1 

1 1 

o I 

0 01 

0 

2 + 5 
I 

2 
5 

1 111 lu 2 
10 10 5 

1 0 ol 1 11 
10 

1 IO 

1 I 1 1 

orB= B2 + B3, then F2P = [0, 0, ... , fq+1, hq, .... 0, 0, .. o]T and 

2 
5 

1 11 2 
10 5 

G2P = [O,O, ... ,hq+l,hq+2, ..... ,fkJT. Similarly we split B3 into A3 and B4 
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and continue until finally: 

(6.7) 
0 

0 

Bp-1 = 

0 

or 

(6.8) 

Gives us: 
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(6.9) yi+1 = Q.Yo + hAoFoP + h 2::::: ArFrP, 
r=1 
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11 2 
10 5 

where FrP = [0, 0, ... , f(r-1)(q+l)""frq, 0, .... , ojT and the matrices are defined 

as above. Thus the work of calculating k y-values may be fared out by 

"splitting up" FrP and A into P + 1 sub-vectors and matrices. As each 

processor knows the value of Yo and fo, processor P needs only to receive 
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an estimate of L f,., r = 1, .... (p- l)q to calculate its sub-block of y-values, 

y~, r = (p- l)q + 1, .... ,pq. 

On inspection of the method it was found that increased accuracy could be 

achieved in the corrector by updating the estimate of fj-1 in the calculation of 

yj through the sub-block. the equations Consider the first point in a sub-block 

yj. Calculations at this point can be written as: 

1. h f hi. 
Y1 Yo+ 2 JO + 2 1 

2h 6h . 2 
Yi Yo+ -fo+ -h + -hh 

5 5 5 

2h llh . j- 2 p 11 2 
Yo+5fo+5ft+ Lf,. + 10 hfj-1+5hh, 

r-=2 

(6.10) 

where Yo Jo and f}1 's are communicated, before we start to calculate yj. We 

could find Jj and use this in equation (19) to find an ' updated ' solution for 

yj+ 1 . The method can be seen to be coarse grained, the granularity increasing 

as the derivative function becomes more expensive to calculate and the sub-

block size q increases. 

7. ll\IPLEMENTATION 

The method is implemented on a linear chain of P slave processors such 

that 1 ::; p ::; k, and the block size in question and a master processor (see 

fig. I). A P(EC) 2 execution of the method is chosen. 

The algorithm requires run time specification of P, the number of trans­

puters, k, the block size, and N, the number of steps to be used, and hence 

the step length h can be computed. The derivative equation, f(:r, y) has to be 

precompiled and loaded on to each slave transputer. 

(I) Initial values N, K and P are sent down to the slaves followed by 

y0 , x0 and h. 
(2) The master then undertakes its own work acting in a sense as a slave. 

(3) The final resulting y values are then collected from the slaves and 

returned to the host. 
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As there is no error checking there is no need for the master to have ;=my greater 
control over the slaveR. When initiated by the master, the slaves follow the 
following steps: 

(1) Pass through the system, the initial values sent down from the master. 
(2) The slaves can now start to calculate the predicted values of y, and 

hence the predicted derivative values, for a particular sub-block. These 
are summed and sent down through the system to be used in the 

corrector by each succeeding slave. 
(3) The slaves then apply the corrector for the first time on their sub­

block. Values obtained arc used to find derivative values which are 
again summed and sent down the linear chain. 

( 4) The corrector is applied for the second time to give the final estimate 
for y. 

(5) The final estimates are sent back to the master, each slave reinitializing 
the block start value as the final y estimate of the preceding block. 

(6) Steps (ii) to (v) arc repeated till completion of the task. 

8. AccuRACY 

With two applications of the corrector, the kth component of the principal 
local truncation error is given by 

(8.1) 

k 

Ek = y(tn + k)- y(tn) + h L O:kjY(tn+k) 
j=O 

2 11 k-2 

y(tn+k)- y(tn)- h( S)y(tn) + 10 :y(tn+l) + 2::: [y(tn + j)] 
]=2 

Expresf:l Ek as a power series in h and the remainder term of Taylor series 

expansion is used to derive Ek • Therefore, 

(8.2) 

which is similar to Block Trapezoidal rule [14]. 
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9. STABILITY ANALYSIS 

The linear stability properties of the block corrector ( eq. ( 5.1)) are deter-
mined through application to the test equation 

(9.1) y = )..y,).. < 0 

where, 

(9.2) 
1-~ 1 0 0 0 0 0 2 

-6 sz 1- ~z 0 0 0 0 0 

_l!.z 
6 

_l!.z 
10 1- ~z 0 0 0 0 

_l!.z 
10 -z _l!.z 

10 1 1- ~z 0 0 

11 -z -z _l!.z 1- ~z 0 0 -10 10 5 

A= 11 _l!.z 1- ~z 0 -10 -z -z -z 10 

11 -z -z -z -z _l!.z 1- ~z -10 10 

11 -z -z -z -z -z _l!.z -10 10 

11 -z -z -10 -z -z -z -z 

11 -z -z -10 -z -z -z -z 

bT 1 2 2 2 
(1 + 2z, 1 + 5z, 1 + 5z, .... 1 + 5z), 

yT (Yn+1, Yn+2, .... , Yn+10 

Using Cramer's we find that 

(9.3) 
Dr(z) 

Yn+r = D(z) Yn, r=1,2, ... ,10 

0 

0 0 

0 

0 0 

0 

-z _l!.z 1- -52 z 
10 
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where D(z) = det(Q) and Dr(z) = det(Qr) is obtained form Q by replacing 
rth the column by vector b . Absolute stability requires 

(9.4) I Dr(z) I < 1 
D(z) 

In general, absolute stability properties depend on the predictor and the mode 
of implementation. Applying equ. or equ (n) with v corrections to the stan­
dard linear test problem equ. or equ (n), yields Y~+l = Tm(z)Y0 
with 

0 0 1 
0 0 1 

E= 0 0 1 

0 0 1 
0 0 1 

the stability matrix T(z) is given as [14]. 
ll 

(9.5) T(z) = E +I: Aj Ezj + zll+l All Ap 
j=l 

Consequently, the stability boundary is the largest number a such that ifz E 

(-a, 0) then p(T(z)) < 1 where p(T(z)) denotes the spectral radius of T(z). 
Since All Ap = uer+l' hence 

(9.6) p(T(z)) = 11 + kz + .. + (k:r + uk+l(kzt+ll 

Taking v = p where p is the order of the block method, it is easy to show that 

-I (kz)P ( 1 c;+l) p+II (9.7) p(T(z))- 1 + kz + .. + P! + (p + 1)! - KP+l (kz) 

where c;+l is the error constant of the method at the kth point in the 
block. In this case, the stability polynomial is simply a perturbation of that 
corresponding to a (p+1)th order explicit Rung-Kutta method scaled according 
to block size. 

10. THEORETICAL SPEED UP MODEL 

An assessment of how the method will perform can be judged from a simple 
speed-up model of the algorithm, where are the variable named as in section 
5 and k is the sub-block size. 
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TABLE 1. Equivalent MFLOPS(TEST II). 

k v aNBPC aTBPC 
4 2 0.6161 0.6161 

4 0.7492 0.67483 
6 0.8613 0.8608 
8 0.9530 0.9644 
00 00 00 

10 2 0.3512 0.2505 
4 0.3230 0.3175 
6 0.3991 0.3842 
8 0.4483 0.4477 

00 00 00 

Calculation units 

Quantity Sequential Parallel 
fo nf nf 

YP = QYo + h/3 fo 2k 2q 

pP knt qnf 

I:;=O pP q 

i - h h 
Y1 - Yo + 2 fo + 2 !I 

i 2h fi 6 hf 2 hf Y2 = Yo + 5 o + 5 1 + 5 2 3k + knf 3q- 1 + (q- 1)nJ 

i 2h fi 11 hf L:j-2 r 11 hf 2 hf Yj = Yo+ 5 0 + 10 1 + . r=2 r + 10 j-1 + 5 1 
F~ 
-

I:;=O pri q 

i- h h 
Y1 - Yo + 2 fo + 2 !I 

i 2h f, 6 hf 2 hf 3k + (k- 1)nf 3q- 1 + (q- 1)nJ Y2 = Yo + 5 o + 5 1 + 5 2 

i 2h j, 11 hj L:j-2 jP 11 hj 2 hj Yj = Yo+ 5 0 + 10 1 + r=2 r + 10 j-1 + 5 1 

pri+1 
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Thus the times for calculation are : 

(10.1) 

(10.2) 

T8 = 3knt + 8k 

Tp = 3qnf + 10q- 2 

63 

When assessing communication costs we look at the worst possible case. The 
time it takes to communicate between the master and last transputer (through 
P- 1 links). 

Communicated value Communicated units 
~FP P-1 
~pi P-1 

q-vector yi+l (P- 1)q 

Thus the total time for communication within the system is : 

(10.3) Tc = (q+2)(q+ 1) 

If we define p to be the ratio of communication to floating point arithmetic 
then our model yields a speed-up S : 

S = 3knt + 8k 
(10.4) 10q- 2 + 3qnf + (q + 2)(p- 1)p 

11. RESULTS AND DISCUSSION 

Consider of the nonlinear IVP 

(11.1) 
' y3 
y = - 2 , y(O) = 1 

for t E [0, 4] with exact solution y = 1 Jt+T,we use NBPC and TBPC 
methods with block size k = 4 and k = lOand various step sizes. Letting 
e1 and e2 the maximum absolute errors at t = 4 and using step sizes h1 

and h2 , and assuming that ei = Chf ,Table 7 gives the maximum absolute 
error as well includes the observed rates of convergence calculated, using p = 
ln(e1/e2)/ln(h1/h2) 

To investigate numerically the linear stability properties of the block predictor­
corrector methods we consider the linear IVP 

(11.2) y' = -100(y- sin(t)) + cos(t), y(O) = 0 
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TABLE 2. Approximate Rates of Convergence. 

k h NI3PC p TBPC p 

4 0.2 0.1 0002E-O 13 - 0.1004E-01 -

0.1 0.1266E-02 3.00 0.1256E-02 3.00 
0.05 0.1832E-03 2.79 0.1824E-03 2.78 

10 0.2 0.9996E-01 - 0.9995E-Ol -

0.1 0.1692E-Ol 2.66 0.1690E-Ol 2.56 
0.05 0.2032E-03 3.11 0.1824E-03 3.06 

for t E [0, 1] with exact solution y = .sin( t) Table 8 contains the maximum 

absolute errors using the NBPC and TBPC methods with block sizes k = 10 

TABLE 3. Approximate Rates of Convergence. 

k h NBPC p TBPC p 

4 0.2 0.10002E-013 - 0.1004E-01 -

0.1 0.1266E-02 3.00 0.1256E-02 3.00 
0.05 0.1832E-03 2.79 0.1824E-03 2.78 

10 0.2 0.9996E-Ol - 0.9995E-Ol -

0.1 O.l692E-01 2.66 0.1690E-01 2.56 
0.05 0.2032E-03 3.11 0.1824E-03 3.06 

TABLE 4 . .Ylaximum Absolute Errors. 

h NBPC TBPC 

too 0.706E-04 0.7039E-04 

~ 0.1503E+Ol 0.1514E+01 

~ 0.2726E+06 0.2784E+06 

:llio 0.3416E+08 0.3504E+08 

~ 0.3923E+09 0.3948E+09 

The comparison is made between NBPC (new bloek predictor) and TBPC 

(Trapezoidal bloek predictor corrections) in the behavior of global error. The 

numerical results presented here arc those produced by the above methods 

when applied to the following test problems. 

(1) 
y' = (20y -l)/80, y(O) = 1, 0 :S: x :S: 20 
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(2) 
y' = ycosx, y(O) = 1, 0:::; x:::; 1 

TABLE 5. Tc:-:l Problcm(i) 

Number of steps Step size Globler NDPC TBPC 
100 0.2 2.31xlo-o 1.21x1o-o 
200 0.1 4.56x1o-r 1.79x1o-r 
400 0.05 3.98xw-x 2.88x1o-x 

800 0.025 6.27xl0-~1 5.18x1o-!) 

1000 0.02 4.45.?.:10 ·lU :~.4.rl0 ·lU 

TABLE 6. Test Problem(ii) 

Number of steps Step size Glohler NBPC TBPC 
100 0.01 3.29l.r10 ·tl 3.05x10 ·tJ 

200 0.005 4.57:r1Q I 2.o:3x10 1 

400 0.0025 5.67x10 ·X ;~.98x10 ·ts 

800 0.00125 6.10x10 ~~ 4.55x10 -~ 

When implemented with the test equations (9.2) and (9.3) the speed-ups 
shown in Tables (7) and (8) are achieved. 

TEST I : y' = y, 0 :S .r :S 1. y(O) = 1.0 

(11.3) 

TEST II: y' 

(11.4) 

Analytic solutiony( x) = e"' and n f "' 1 

8x7 , 0:::; x:::; 1, y(O) = 0.0 

with x 7 calculated using power function (nJ c::: 48 

Analytic solution and y(x) = :ct\ and nf "'48 

In both cases h was fixed and equal to 0.0001. where (p) is the predicted 

value from the model 

and (a) is the actual value form experiment. 

The ratio chosen for p in the speed-up model is the value applicable to the 
sending of a large array of REAL32's. This was measured to be 2.3. There is 
a little amount of communication associated with a single REAL32 but this is 

negligible and hence we would expect reasonable predictions of performance 
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TABLE 7. Speed -Up results(TEST I). 

Bloc size Number of processors ,P 
k 2 3 4 5 

100 (p) 1.574 1.987 2.262 2.629 
(a) 1.410 1.882 2.178 2.481 

500 (p) 1.478 1.938 2.302 2.589 
(a) 1.452 1.907 2.305 2.596 

1000 (p) 1.478 1.941 2.308 2.589 
(a) 1.473 1.934 2.3020 2.900 

TABLE 8. Speed -Up results(TEST II). 

Bloc size Number of processors, P 
k 2 3 4 5 

100 (p) 1.944 2.815 3.768 4.634 
(a) 1.938 2.799 3.752 4.588 

500 (p) 1.945 2.869 3.774 4.652 
(a) 1.941 2.855 3.764 4.613 

1000 (p) 1.945 2.869 3.778 4.655 
(a) 1.939 2.869 3.762 4.696 

with this value. The above tables give excellent correlation between the theo­
retical and practical performances. Table (3) below, shows the performance of 
the algorithm, measured in equivalent MFLOPS, for TEST I. The values are 

TABLE 9. Equivalent MFLOPS(TEST II). 

Bloc size Number of processors, p 
k 2 3 4 5 

100 0.48 0.64 0.76 0.84 
500 0.49 0.66 0.81 0.93 
1000 0.49 0.67 0.81 0.94 

to be compared with 0.35, the rate obtained for a sequential implementation 
and show the parallel algorithm increases the performance of a sequential so­
lution by 2.5 times. The following tables show speed-up estimates for k = 100 
but are typical for any block length. The figures indicate the effects of vary­
ing both the number of processors and the amount of work in the differential 
equation and the communication ratio p. It can be seen form the speed-up 
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TABLE 10. Speed-Up(Ratios (k = 100, P = 2). 

Communication ratio p 

nf 1/8 1/4 1/2 1 2 4 
1 1.68 1.66 1.63 1.57 1.46 1.29 
4 1.81 1.80 1.73 1.74 1.66 1.53 
16 1.93 1.92 1.92 1.90 1.87 1.80 
64 1.98 1.98 1.98 1.97 1.96 1.94 

TABLE 11. Speed-Up(Ratios (K = 100, P = 5). 

communication ratio p 

nf 1/8 1/4 1/2 1 2 4 
1 4.09 3.93 3.64 3.18 2.53 1.80 
4 4.45 4.35 4.15 3.80 3.26 2.53 
16 4.79 4.75 4.66 4.49 4.20 3.71 
64 4.94 4.93 4.90 4.85 4.75 4.56 

model, equation (9.1), and the above tables that if nf increases and p decreases 

then S ---+ k j q = p indicating that maximum efficiency could theoretically be 

achieved. 

12. CONCLUSIONS 

Models with satisfactory performance have been developed for block method 

of second-order with variable block length. It is now feasible to propose the 

performance of an algorithm which can be determined before implementation 

of the approach. This methodology can be recommended for all algorithm 

designs and in particular when the granularity is fine. 
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