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REFLEXIVITY OF FUZZY BANACH SPACE

OMER F. MUKHERIJ

ABSTRACT. The concept of a fuzzy dual space of a fuzzy Banach space is
introduced to give some results of fuzzy dual spaces analogous to those of
normed spaces in ordinary analysis. Introducing fuzzy dual spaces allows

us to prove the reflexivity of a fuzzy Banach space.

1. Introduction

The concept of fuzzy normed spaces was introduced by Felbin who used a
fuzzy numbers to develop their theory of fuzzy normed spaces [2]. Itoh and
Cho [6]defined and applied the concept of fuzzy bounded linear operator on
fuzzy normed space and its fuzzy operator norm to get similar results to those
of normed ( or Banach) spaces. This paper introduce a definition of fuzzy dual
spaces of fuzzy normed spaces and show that their properties are related. An
alternative formula for the definition of fuzzy operator norm is also introduced
and the meaning of the linear isometry of fuzzy canonical mapping has been
described.We proved that a finite dimensional fuzzy normed space is reflexive
and the reflexivity of infinite dimensional fuzzy Banach spaces is achieved for
those which are uniformly convex.

2. Preliminaries

Let R and I be the set of real numbers and closed interval [0,1],respec-
tively. Denote R(I) = {n : R — I/n is normal,fuzzy convex and upper
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semi-continuous} the set of all fuzzy real numbers.If n € R(I) and n(t) = 0
for t < 0 then 7 is called non-negative fuzzy real number.[2,6] The set of all
non-negative fuzzy real numbers of R(I) is denoted by R*(T).

The a-level set of a fuzzy real number n € R*(I) , [n]a = {t : n(t) > a} =
[n§,n%], where n$ and 1% are two real numbers|2,5].

Let 0,6 € R(I), Ml = [1$,m%] and [§]o = [0, 65] then for all & € (0,1]
(1 ® 8lo = [n7" + 67, 13 + 03]

[ ©0la = N7 — 07,13 — 03]

[ ® 0la = [T - 0F, M3 - 6%]

~ 1 1
100e=[—,—]ifny >0
[Lon] [n% ni‘] i

A partial order < in R(I) is defined by n < ¢ if and only if n{ < 67
and n§ < 0%. The additive and multiplicative identities in R(I) are 0 and 1
respectively (cf.[2,6]) .

Definition 2.1. [2]

Let X be vector space over R(I), let || - || : X — R*(I) be a mapping and
let L, R : [01] x [1,0] be symmetric and non-decreasing mappings satisfying
L(0,0) =0,R(1,1) = 1. Write

lzlla = [I=[F, [l<]2]
for z € X, and « € (0, 1]
The mapping || - || is called a fuzzy norm if:
i. |z|| =0 ifand onlyif z=0.
ii. ||rz| =|r||z|],z € X and re€R.
iii. forall z,y€ X,
(a) whenever s< |||, t<|lylli and s+t<|z+ylli,

Iz +yll(s +1) = L(l[=[|(s), Iyl ()5
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(b) whenever s> ||z|li,t > |lylli and s+t>|z+yli,
|z +yll(s +t) < L([lz]|(s), lylI(t)).

And then the quadruple (X, |- ||, L, R) is called a fuzzy normed linear space
and we write (X, || - ||) or simply X when L and R are as indicated just above.

Proposition 2.1. [2]

In a fuzzy normed linear space (X, || - ||) the triangle inequality of Defintion
2.1 (iii) is equivalent to ||x +y|| < ||z|| @ ||y||,holds if L = min. and R = maz.

Definition 2.2. [6] Let (X, |- ||) and (Y,|| - ||) be fuzzy normed spaces and T
be a linear operator from X into Y.
An operator T is called a fuzzy bounded operator if there exists a fuzzy number

K = 0(K € R*(I)) with sup{K¢§ : a € (0,1]} < oo, such that:
(a) wherever s<|z||},t <K and st<|Tz|},

[Tz||(st) = min([|z]|(s), K (t));

and
(b) wherever s> |z|]i,t> K] and st>|Tz|},
[Tz[|(st) < max([|z[|(s), K(t));
where
[Kla = [KT, K3
and

WITzll]a = [IT27, | T3].

Proposition 2.2. [6] The inequalities (a) and (b) of Definition 2.2 are equiv-
alent to the following inequality : | Tz| < K ® ||z|| for all x € X.

Definition 2.3. Let (X,| - ||) and (Y,|| - ||) be fuzzy normed spaces. Let
T : X — Y be a bounded linear operator. The fuzzy operator norm of T,
denoted ||T||, is defined by: |T|| = inf{K = 0(K € R*(I))/||Tz| < K ®
llz||, forevery z € X} We write [||T]]la = [ITIT, IT]|3] as the a-level set

of the fuzzy real number ||T||.

Proposition 2.3. [6] If T is a fuzzy bounded operator on a fuzzy normed space
X, then | Tz|| < ||T|| @ ||z|| for all x € X.
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Theorem 2.1. The norm of T in Definition 2.8 is equal to
IT|| = sup [T,
llzl|=1
for every x € X where
ITMe = ITNT, 1T12]
and
[sup [[Tz[]]a =[ sup [|Tz||{, sup [Tz|3]

[l =1 llzllF=1 ll=llg=1

for any o € (0,1].

Proof: Let |T|| = sup{||Tz| : z € X, ||z| = 1}. If K = 0(K € R*(I)) with
|Tz|| < K ® ||z|| then for every a € (0,1],

1Tz < KT - [zl

and
ITz(|5 < K5 - ||=|l3
where
[Kla = [KT, K5] and  [||z(]o = [llz[IT, [|</I5]-
For
reX with |z|| =1,
then
ITz||f < KT and |Tz||3 < K7,
so that

|T|| = inf{K > 0/||Tz|| < K ® ||z||, forevery € X}

Conversely, let T' be fuzzy bounded linear operator from X into Y.
If £ =0, then Tz = 0 since T is linear.

If z(# 0) € X, then by Proposition 2.3, ||Tz| < ||T|| ® ||z]|-

For every a € (0,1],
[T=]|F < |T)T - l=/¢
And
ITzll3 < T3 - [[=]3
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If |lzf =1, then || T2|§ < ||T|¢ and |T=(lg < |T|3

This show that
IT||T = sup || Tz||{

[l
and
|T)|3 = sup || Tz||3,
llzllg
with
[Sup HTwH]a—[ sup ||Tz||¥, sup [Tz||3]
lzll= lzllg=1 llzllg=1
Hence
|T|| = sup [Tz,
[lz]|=1

for every x € X

Lemma 2.1. [2] Let {z1,22,...,z,} be linearly independent set of vectors in
a fuzzy normed linear space (X, | - ||) (of any dimension). Then there exists
an n = 0(n € R*(I)) with
sup 7y < oo,
a€(0,1]

where [n]o = [nT,n5] and such that for every choice of scalars a1, as, ..., an
1572

we have
llzamll Z|ail)77-

=1

Theorem 2.2. If (X, ||-||) is an n-dimensional fuzzy normed space, then every
fuzzy linear operator on X is a fuzzy bounded.

Proof:

Let {e1,e2,...,en} be any basis for X. Then every z € X has a unique

representation
n

T = E a;€;,

i=1

for every scalars aq, as, ..., a,
Consider any fuzzy linear operator T on X.
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Since T is a fuzzy linear then we have
[ Tz]| = | iaiTeill < zn: |ail[Teil| < |ar|[|Teill © lazl|Te2]| & ... & [an][|Tenl
i=1 i=1
For any ale (0,1] then 1
1T < laal|Terllf + laz|[|TeallT + .. +[an|[[Ten[lT < (max llTeiH‘i‘)(i |ail)
== i=1

and

n
ITz]5 < lar|[Terlly +laz||Tez]|3 + ...+ lan|[Tenlls < (fgiagll\Teillé’)(Z |ai])
- i=1

So "
7l < (a1 Tesl(3 los)
Take .
K= llgiasanTeiH with sup K§ < oo,
where
[Kla = (K5, K8) = [masx |Teil, ma [ Tei[5]

Now letting inf{n{/a € (0,1]} > 0 and sup{ng/a € (0,1]} < oo, then by
Lemma 3.1, we have

el a - Kla' ”:I}“? @ «a
[Tz} < Ki 'Z|ai| < T‘ < K7 - loflT

i=1 1
and "
Kg - [lzllg
ITz|3 < Kg - ) lai| < =22 < K3 - ||$
i=1 2
for any x € X.

Therefore | Tz|| < K® ||z|| for every z € X i.e. T is a fuzzy bounded operator.

3. Fuzzy dual space and reflexivity

Definition 3.1. Let (X, || - ||) be fuzzy normed space. A sequence {z,}{ C X
is said to be converge to z € X, denoted by

lim z, =z
n—oo
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if
lim lzn — || =0 forevery « € (0,1],
and is called a C::uciloy sequence if
lim ||zpy —x,||5 =0 forevery o€ (0,1].
n,m—00
A fuzzy set A C X is said to be complete if any Cauchy sequence in A converges

in A. A complete fuzzy normed space is called a fuzzy Banach space.

Definition 3.2. Let (X, || -||) be fuzzy normed space. An operator T' on X is
said to be fuzzy continuous at z € X if

lim z, =«
n—oo
implies that
lim Tz, =Tx

n—oo
for arbitrary z,, C X.The T is said to be fuzzy continuous if it is continuous

at every point of X.

Definition 3.3. Let (X,| - ||) and (Y, - ||) be fuzzy normed spaces. We
denoted by FBL(X,Y) for the set of all fuzzy bounded linear operators from
X into Y. If Y = R(I), then FBL(X, R(I)), the space of all fuzzy bounded
linear functionals from X into R(I) is denoted by X*, is called the fuzzy dual
space of the fuzzy normed space X.

Proposition 3.1. If (X,|| - ||) and (Y,|| - ||) are fuzzy normed spaces. then
FBL(X,Y) is a fuzzy normed space. Moreover, FBL(X,Y) is a fuzzy Banach
space if (Y, -||) is a fuzzy Banach space.

Proof:

Let {T},} be a Cauchy sequence in FBL(X,Y)
(3.1) n}rllr-iloo | Tn — Twlls =0  forevery ae€ (0,1. ...(1)
For x € X then the sequence {T},(z)} is a Cauchy sequence in Y and hence
converge to some y € Y, say T'(x) = y. So that
(3.2) [Tn(z) = T (2)|| S | Tn = Tl @ [l ... (2)
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Let 1,22 € X and € > 0 then there exist Nj(«a), Na(a) and N3(a) such that
for every a € (0,1],

1
|Tn(z1 + z2) — T(x1 + 32) |5 < 3 € forevery n > Ni(a),
o 1
[Tn(z1) = T(x1)ll5 <5 € forevery n = Ny(a),
3

[Tn(2) — T(z2)[|5 <
Take No(a) = max(N1(«), No(a), N3())
Then for every n > Ny(a) we have

1T (21 + x2) = T(21) = T(w2)|3 < | T (21 + x2) — Tn(z1 + 22) I3

e forevery n > N3(a).

Wi

H|Tn(21) = T(@)llg + (| Tn(z2) — T(z2) — T(22)ll3 <€

This proves that
(3.3) T(x1 + x2) = T(x1) + T(x2)
Now since

lim T, (kx) = T(kx) then lim ||T,(kz)— T(kz)|| =0
n—o0 n—oo
i.e.
lim ||T,(kz) — T(kx)||§ =0,
or

| lim Ty (kx)=T(kx)||3° = ||k lim T,(x)—T(kz)||5]| =0 d.e. k lim T,(z) = T(kz)
n—oo n—oo n—oo
Hence
(3.4) T(kx) = kT (x).
Therefore from (3.3) and (3.4) we get that T is a linear operator.
Also since

(T —Tw) (@) = Tz — Tpz|| = lim Tz — Tzl = lim ||Thz — Tzl
n—oo n—oo
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For € > 0. Choose a sufficiently large N such that
Tn —Thllf <€ and
|Tn = Twmll3 <€ Vn,m=>N
Fix m > N. Then for each z € X and every a € (0,1]
We have,
1Tz = Tpz|l{ < lim [|Tn = Tolf - [l2]l7 < € [l]7°  and

Tz~ Tzl < lim [T, — Tnll§ - loll§ < e lallg

ST =Tzl X €® ||z|| where € € R*(I)
This proves that T' — T, is a fuzzy bounded operator.

Now as T' = (T'—T;,,) + Ty, so that T is a fuzzy bounded operator and since
lim |7 —Tp||=0 then |T — lim Ty =0.
m—oo m—0o0

Therefore
lim T,, =1T.

m—00

Corollary 3.1. The dual space X* of any fuzzy normed linear space X is a
fuzzy Banach space.

Proof:

Since (R(I), ||.||) is finite dimensional fuzzy normed spaced, then it is com-
plete (cf[2]) and so (R(X), ||.||) is fuzzy Banach space. Therefore X*=FBL(X, R(I))
is a fuzzy Banach space.

Theorem 3.1. Let X be a real linear space, let ||.|| be a mapping:X — R*(I),
then (X, ||.]|) is a fuzzy normed space.

Proof: Let r be any real number. We will show that the mapping ||.|| has
the following properties:-

i |z|| = 0 if and only if 2 = 0.
ii. [lrz|| = |r|||z| for all z € R.
iii. llz +y| < ||zl @ ||y|| for every z,y € R.
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i. Let|z| = 0. then for every a € (0,1],we have ||z[|% = 0 and lz|lg =0
and so z = 0.
If z =0 then ||z||$ = 0 and ||z||§ = 0 so that ||z| = 0.

ii. If r = 0 then for every z € R.

lIrzlla = {0l]a = {0} = [Ir[l=[[]a

Le[ral = |rfllz].
Let r # 0,then
lIrzllla = [llr2($; [ra|lS]

= [[rlll=[17, Ir}ll=]I{]

(Il /e
Hence |rz|| = |r]||z|.
iii.since |.|| is a fuzzy norm in R*(I), then for every a € (0,1] and for all

z,y € R, [llz + yllla = [lz + ylIF, |z + y|1$]

As flz +ylIf < [lz]|§ + llyllf and
Iz +yll5 < llzll3 + [lyll3,it follows that
lz+yll < llzll & [lyll.
That is ((R),.](r)) is a fuzzy normed space.

Definition 3.4. Let (X, ||.||) be a fuzzy normed space, the fuzzy second dual
of X, denoted by X**, is the space of all fuzzy bounded linear functionals
Fpdefined on X*that is X** = (X*)*, X** is a fuzzy Banach space if it
equipped with the norm ||.|| defined dy

1Pzl = sup{[|Fx(T)|| : T € X*,||T| = 1}.

Proposition 3.2. If (X, ||.||) be a fuzzy normed space, then there exists a fuzzy
mapping S : X — X** which is linear and preserves fuzzy norms.

Proof:
For any x € X, defined a fuzzy bounded linear functional f € X* with the
properties:||f|| = 1 and f(z) = ||z||. defined a fuzzy functional Fy on X* by
For each x € X, then F} is linear. Indeed,
Fe(afi +Bf2) = (af1 + Bf2) (@)
= (af1)(z) + (Bf2)(z)
= a(fi(z)) + B(f2())
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= aF,(f1) + BFy(f2) Also F, is a fuzzy bounded linear functional on X*
because T is a fuzzy bounded linear functional on X so F, € X**Vz € X.
Now defined

S X - X*

T +— F,
It is clear that S is linear. Moreover,
IFell = sup{[|[Fe(D)||: T € X*,|IT| =1}
= sup{|T(z)|| : T € X*,|T|| =1}
< sup{||T| & ||zl : T € X*,||T|| = 1}
it follows that for each « € (0, 1]
[F)IT < sup{[| 7|7 [lzll7} < =T
and
1Fz 2 < sup{[|T(|5-lzll5} < [ll3,
where || T[T and [|Tla = [T 17T1$]

So that
(3.5) 1Fe <l ... (1)
Now ||S(z)|| = ||Fe| < ||z|| = 1®]||z||,then S is a fuzzy bounded linear operator

form X into X**. In fact ||F;| = ||z|. If (% 0) € X, using the properties of
T we have,
lzll = IT(@)]| = | F(D)I| < |1 Fell @ (T]]-
For any «a € (0, 1],
)y < IE=(TITT,

and

lzl|3 < [[F)g-NT3
Thus
(3.6) lzll < [|1Fsll - (2)

Hence F, € X** and therefore from (3.5) and ((3.6)) we have ||S(z)| = ||z
That is, the mapping
S:X - X
z +— F,

preserves fuzzy norms
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Definition 3.5. Let(X, ||.||) be a fuzzy normed space, then S : X — X** defined
in the previous proposition, is called the canonical mapping from X into X**.

Definition 3.6. Let(X, ||.||) be a fuzzy normed linear space,and let S be the
fuzzy canonical mapping from X into X**, then X is said to be reflexive fuzzy
normed linear space if S(X) = X**.

Theorem 3.2. The fuzzy dual space of the finite dimensional fuzzy normed
space (X, ||.[I) s (X, [|]])-

Proof:
Let X* be the fuzzy dual space of the n-dimensional fuzzy normed space X,
T € X*, and {e1,e3,...,e,} be any basis for X. Then every 2 € X has a
unique representation

n
x = Zakek, foranyscalarsay, as, ..., ay,
k=1
Define oy, = T'ey, such that oy, € R(I). Since T is linear and bounded, then

T(z) = T aex)
k=1
n
= ZakTek
k=1
= Zakak
k=1

Foe a given positive integer k choose z be such that ||ex|| < 1, so that

lokll = [[Tex
< TN ® flexll-
lowllT < [IT5[lellT
< |7
and
lokll3 < [IT(|5-flexlls
< [Tl
where

U TNe = UTNT TN and  [llexla = [lexllT, lexl$]:
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So that [|ag|| < ||T'|| where o = {ax} C X and ||| < ||T|.

Conversely, suppose o = {ax} C X is given,define T on X by T(z) =
> ket ako for z = 377 ager € X. then by Lemma 3.1, there is an n > 0
such that [|z]| = (32F_; |ak|)n.

If [n]a = [a®,b?] for every a € (0,1] we have

n n
lzl§ > (3 laxl)b* and fal|f > (3 lax]).a®,
k=1 k=1

or n
[kl
D lax] < aal < |l=|f
k=1
and "
T [e3
> loud < B2 < g
k=1
Now, since
n
IT| = | aroul
k=1

< sup( | [laal)
" k=1
Then for each a € (0, 1] we have

n
IT2|f < 1D arol?
k=1

IN

n
(sup flanlI$-[|2[1F)- Y lax|
n

k=1

IN

(sup [lanI[[z]I7),
n

and similarly
ITz(|3 < (sup [[om|[2)-lz]|3-
n

Thus
ITz]| < (sup [|anll) ® [l]].
n
Taking the supremum over all z of norm 1, we get
1Tl = sup|Tz||

< sup [|on|
n
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Hence T € X* and ||T|| < |||l
Therefore we observe thatX* and X are isometrically isomorphic.
Remark:

If we write equality for isometric isomorphism we have, X** = (X*)* =
X* = X ,where X* and X** are the fuzzy dual space and the second fuzzy
dual space of the finite dimensional fuzzy normed space X respectively.
Therefore every finite dimensional fuzzy normed space X is reflexive.

Theorem 3.3. Fvery reflexive fuzzy norm space is a fuzzy Banach space.

Proof:

If X is a reflexive fuzzy normed space then it is linearly isometric to X** ,thus
the proof follows by using proposition 3.1 .

Definition 3.7. Let (X, |.||) be a fuzzy normed space. A set A C X is called
a fuzzy bounded set if for each a € (0, 1] there exists M = M(a) > 0 such
that ||z]|§ < M Vz e A

Example 3.1. Let T : ¢; — {s be the linear operator defined by: for xz =

{¢1:Co, .} € 61, Tz =y = {v1,79, ...} € oo, where ||y < M and M is a real
number, with norm

[9lloo = sup [|v; |
J

Let ||.]}1 be an ordinary ¢; norm define by

o0
lzll = 11¢ll
j=1

where z = {(;} and every x € {; has a unique representation

o0
T = Z Crek
k=1

where{ey,} be schauder basis, and let ||.||(,,) and ||. || ) be triangle fuzzy norms
such that ||z||(s,) = (m|lz|[1, [|[|1, n[|z[/1) where 0 <m < 1,1 <n < oo
and [|yll(e0) = Tll¥lloo; [¥lloos sl[Ylloo) where 0 <7 <1,1 <5 < o0.
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Now for v, = f(ex) then

ITzlloo = Hy||oo=”ZCk’Yk”
k=1

ZHCWk”

k=1

o0
= sup [y > 1]
J k=1

= sup [l l|]lx
J

IN

Hence [|Tz{|(¢,) S K ® [[](cy),
where K a fuzzy number > 0(K € R*(I))
such that

[Klo = [KT, K3] = [sup [|7]|{, sup [[7]3]
J J
with {K§/a € (0,1]} < .
Then T' is a fuzzy bounded operator from a fuzzy norm space ((¢1), ||.||(g1))
into the fuzzy linear normed space ((£co), ||-[l(z..))-

Example 3.2. ({1)" is ({) i.e.the fuzzy dual space of ((¢1), ||.[l(¢,)) is ((¢oo), [ (¢s0))
The fuzzy dual space of (¢1) = ((€1), [|-l(e1)) i (€o0) ((loo); [I-l o)) Where [[.[[ ey
and |[[.|(s..) are the norms defined in example 3.1 .

Let {e1, €2, ...} be a schauder basis for (¢1,]].||(s,)) then every z = {z,,} € £;
has a unique representation

(3.7) T = Z.’L’kek = T1€] + To€g + ...
k=1

Let T' € (¢1)* the fuzzy dual space of /.

Since T is linear and fuzzy bounded then

(38) T =x1Tey +x9Tes + ... = T17Y9 + X2y + ...

Where v, = T'(ei) for every k = 1,2, ..
For every a € (0,1] and [lex||(s,) = 1. then ||v[|§ = [T'(ex)lI§ < TS llexlls =
IT°1l5
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Take M = M(a) = ||T|| then ||v]|§ < M
and

(3.9) Sgplmll <7l

Hence {v;} € (Yx0)

On the other hand for {3} € ({o) we may define g on (¢1) by g(z) = 18, +
x2fy + ..., where z = {z} € (£1)

We have

o0 o0
lg@) I <> lleeBell < sup 1851 @ D llall
1 J k=1
=K ®|z|, taking K =suplp,
J

S lg(@)]] < K @ ||z|| thus g is linear and fuzzy bounded.
Hence g € (¢1)*
Now, from (3.8) we have

ITz|| < sup (|l @ [l]]
J

Taking sup over all z of norm 1 we get

(3.10) 1T} < sup ||,
J

From ((3.9)) and ((3.10)) we get
IT|| = sup [|v;|l  whichisthenormon({x).
J
It follows that the objective fuzzy linear mapping of (£1)* onto (£ ) defined

by T + {74} is an isomorphism. That is,(¢1)* and ({s,) are isometrically
isomorphic.

Definition 3.8. A sequence {z,}3° in X is said to be weakly convergent if
there is an £ € X such that for every T' € X*,
Tim [[T(z,) - 7)) = 0,
ie.
Jim |[T(z) ~ T(@)[§ = lim |T(2,) ~ ()5 =0 forevery ae (0,1

written z,, —" x in X. A fuzzy normed space X is called uniformly convex
if

lim ||z, — yn|| = 0
n—o0
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where {x,} and {y,} are infinite sequence in X with ||z, < 1 and ||y,||1 and
. In — Yn =
1 — | =1
im || 222

Definition 3.9. Let (X, ||.|[) be a fuzzy normed space and X* be its fuzzy
dual,a sequence {f,} in X*

lim [fal@) - f()] =0 Vo e X,
ie.
T [|fu(e) ~ f@)IL = lim [[fu@) — f@L =0
for every a € (0,1] and every z € X. In this case we write f, —*" f in X*.

Lemma 3.1. Let (X, ||.||) be a fuzzy normed space, if a sequence { f,,} of fuzzy
bounded linear functionals on X is weakly* convergent to f in X* then

11l < timin | 7,

Proof:-

By definition, a sequence {f,} in X* is weakly* convergent to f in X*if
i ||fulz) — f@)]| =,
for all x € X.
Since for all « € (0, 1],
W @IT = [1f@IT] < [fn(z) = f(@)]|]f — Oasn — oo,

and
@2 = 11f@)2] < [[falz) = f(2)]I§ — Oasn — oo,

It follows that for any « € (0, 1],
Tl [ fa@lf = f@IE and  lim [I£. ()5 = /()3
Thus
Tim ||fa(@)] = 1@)]
If {f»} in X* then there exists an operator norm || f,|| such that ||f,(z)| <
|lfnll ® ||| (see Itoh and Cho [6] theorem 2.6).
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Now,
@I = lim |fa@)]
< T [lful@ ]
Then for any a € (0, 1] we have
7@ < liminf [ £, el
And
@5 < timinf || £ 3.3

for any z € X.
Therefore

11l < timin | £,

Theorem 3.4. Fvery uniformly conver fuzzy Banach space is reflexive.

Proof:- Assume that X uniformly convex fuzzy Banach space. Let z** €
X** with ||z**|| = 1. It suffices to show that z** € X holds for every z** € X**
such that ||z**| = 1.

Let {z,,} be a sequence in the canonical image S(X) of X in X** such that
T, —¥ 2 and ||z,| < 1.
Since for all a € (0,1]

W™ e = U™ 175 ™12, [lzalla = lzallf; l2nll3],

by Lemma 3.1 we have,
la** 1§ <liminf o] and [2**[§ <limint [,
Then
2075 < limint [l + allf and 22715 < Tmind (o0 + 23

So we have

(3.11) 2 = ||2z™[|{ < liminf ||z, + 2 ||T < limsup ||z, + Zm || < 2
n,Mm—00 nyM—00

and

(3.12) 2 = ||22™)|§ < liminf ||z, + |5 < lmsup ||z, + zm |5 < 2.
n,M—00

n,m—0o0
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From (3.11) and (3.12) we get

im 22t Tme g fim P Emge g
n,m—00 2 n,m—o0 2
Hence v
xT -
lim [ 2ty g
n,m— o0 2
By uniform convexity this implies that
lim ||z, — zm| = 0.
n,M—00

i.e. {x,} is cauchy sequence. As X is complete then {z,} converges in X and
its limit equals z**, whence x** € X this proves that X is reflexive.
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