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REFLEXIVITY OF FUZZY BANACH SPACE 

OMER F. MUKHERIJ 

ABSTRACT. The concept of a fuzzy dual space of a fuzzy Banach space is 

introduced to give some results of fuzzy dual spaces analogous to those of 

normed spaces in ordinary analysis. Introducing fuzzy dual spaces allows 

us to prove the reflexivity of a fuzzy Banach space. 

1. Introduction 

The concept of fuzzy normed spaces was introduced by Felbin who used a 

fuzzy numbers to develop their theory of fuzzy normed spaces [2]. Itoh and 
Cho [6]defined and applied the concept of fuzzy bounded linear operator on 

fuzzy normed space and its fuzzy operator norm to get similar results to those 

of normed (or Banach) spaces. This paper introduce a definition of fuzzy dual 
spaces of fuzzy normed spaces and show that their properties are related. An 

alternative formula for the definition of fuzzy operator norm is also introduced 

and the meaning of the linear isometry of fuzzy canonical mapping has been 

described.We proved that a finite dimensional fuzzy normed space is reflexive 

and the reflexivity of infinite dimensional fuzzy Banach spaces is achieved for 
those which are uniformly convex. 

2. Preliminaries 

Let R and I be the set of real numbers and closed interval [O,l],respec

tively. Denote R(I) = { 77 : R -+ I/77 is normal,fuzzy convex and upper 
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semi-continuous} the set of all fuzzy real numbers.If 77 E R(I) and 77(t) = 0 

for t < 0 then 77 is called non-negative fuzzy real number. [2,6] The set of all 

non-negative fuzzy real numbers of R(I) is denoted by R*(I). 

The a-level set of a fuzzy real number 77 E R*(I) , [77]a = {t: 77(t) 2: a}= 

[771, 772], where 771 and 772 are two real numbers[2,5]. 

Let 77,0 E R(I), [1J]n = [1Jf, 172] and [o]a = [o1, o2] then for all a E (0, 1] , 

[77 EB o]a = [771 + of, 772 + o2] 

[77 e o]a = [77f -of' 772- o2] 

A partial order ~ in R(I) is defined by 77 ~ 0 if and only if 771 :::; 01 

and 772 :::; 02. The additive and multiplicative identities in R(I) are 6 and i 
respectively (c£.[2,6]) . 

Definition 2.1. [2] 

Let X be vector space over R(I), let II · II :X-----+ R*(I) be a mapping and 

let L, R : [01] x [1, OJ be symmetric and non-decreasing mappings satisfying 

L(O, 0) = 0, R(1, 1) = 1. Write 

[llxll]a = [llxllf, llxll2] 

for x EX, and a E (0, 1] 
The mapping II · II is called a fuzzy norm if: 

i. llxll = 6 if and only if x = 0. 

ii.llrxll=lrlllxll,xEX and rER. 

iii. for all x,y EX, 

(a) whenever s S llxiiL t S IIYIIi and s + t S llx + YIIL 

llx + Yll(s + t) 2: L(llxll(s), IIYII(t)); 
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(b) whenever s 2: llxiiL t 2: IIYIIi and s + t 2: llx + YIIL 

llx + Yll(s + t):::; L(llxll(s), IIYII(t)). 
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And then the quadruple (X, 11·11, L, R) is called a fuzzy normed linear space 
and we write (X, 11·11) or simply X when Land Rare as indicated just above. 

Proposition 2.1. [2] 

In a fuzzy normed linear space (X, II · II) the triangle inequality of Defintion 

2.1 (iii) is equivalent to llx + Yll ~ llxll EB IIYII,holds if L =min. and R =max. 

Definition 2.2. [6] Let (X, II ·II) and (Y, II ·II) be fuzzy normed spaces and T 
be a linear operator from X into Y. 

An operator T is called a fuzzy bounded operator if there exists a fuzzy number 
K >,:= O(K E R*(I)) with sup{K2: a E (0, 1]} < oo, such that: 

and 

where 

and 

(a) wherever s:::; llxiiL t:::; Kf and st:::; IITxiiL 

IITxll ( st) 2: min( llxll ( s), K( t) ); 

(b) wherever s 2: llxiiL t 2: Kf and st 2: IITxiiL 

IITxll (st) :s; max(llxll (s), K(t)); 

[K]a = [Kf, K2] 

[IITxll]a = [IITxll?, IITxiiH 

Proposition 2.2. [6] The inequalities (a) and (b) of Definition 2.2 are equiv

alent to the following inequality: IITxll ~ K ® llxll for all x EX. 

Definition 2.3. Let (X, II · II) and (Y, II · II) be fuzzy normed spaces. Let 
T : X -------* Y be a bounded linear operator. The fuzzy operator norm ofT, 
denoted IITII, is defined by: IITII = inf{K >,:= O(K E R*(I))/IITxll ~ K ® 

llxll, forevery x EX} We write [IITII]a = [IITII1, IITII2] as the a-level set 
of the fuzzy real number IITII· 

Proposition 2.3. [6] IfT is a fuzzy bounded operator on a fuzzy normed space 

X, then IITxll ~ IITII ® llxll for all x EX. 
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Theorem 2.1. The norm ofT in Definition 2.3 is equal to 

IITII = sup 11Txll1\ 
llxll=i 

for every x E X where 

[IITIIla = [IITIIf, IITII2l 
and 

[sup IITxll]a = [ sup IITxllf, sup 11Txll2] 
llxll=i llxllf=l llxll~=l 

for any a E (0, 1]. 

Proof: Let IITII = sup{IITxll : x EX, llxll = i}. If K ~ O(K E R*(I)) with 
IITxll ~ K Q9 llxll then for every a E (0, 1], 

IITxllf ::::; Kf· llxllf 
and 

11Txll2 ::::; K2 · llxll2 
where 

[K]a = [Kf,K2] and [llxll]a = [llxllf, llxii2J. 
For 

x EX with llxll = l, 
then 

IITxllf::::; Kf and 11Txll2::::; K2, 
so that 

IITII = inf{K ~ 0/IITxll ~ K c>9llxll, forevery x EX} 

Conversely, let T be fuzzy bounded linear operator from X into Y. 
If x = 0, then Tx = 0 since Tis linear. 

If x(# 0) EX, then by Proposition 2.3, IITxll ~ IITII c>9llxll· 

For every a E (0, 1], 

IITxllf ::::; IITIIf · llxllf 
And 

11Txll2::::; IITII2 · llxll2· 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



Reflexivity of fuzzy Banach space 

If llxll = i, then 11Txll1 ::::; IITII1 and IITxll~::::; IITII~ 

This show that 

and 

with 

Hence 

for every x E X 

IITII1 = sup IJTxJJ1 
llxll1 

IITII~ =sup IITxll~, 
llxll~ 

[sup IITxll]a = [ sup IITxllf, sup IITxll~] 
llxll=i llxll1=1 llxll~=l 

IITII = sup IITxll, 
llxll=l 
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Lemma 2.1. [2] Let {x1,x2, ... ,xn} be linearly independent set of vectors in 
a fuzzy normed linear space (X, II · II) (of any dimension). Then there exists 
an rJ >-- O(rJ E R*(I)) with 

sup rJ~ < oo, 
nE(O,l] 

where [rJ]a = [rJ1, rJ~] and such that for every choice of scalars a1, a2, ... ,an 
we have 

n n 

II L aixill ~ (L Jail)rJ. 
i=l i=l 

Theorem 2.2. If (X, 11·11) is an n-dimensional fuzzy normed space, then every 
fuzzy linear operator on X is a fuzzy bounded. 

Proof: 

Let { e1, e2, ... ,en} be any basis for X. Then every x E X has a unique 
representation 

for every scalars a 1 , a2 , ... , an 

n 

x = Laiei, 
i=l 

Consider any fuzzy linear operator T on X. 
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Since T is a fuzzy linear then we have 
n n 

IITxll =II I:aiTeill ~ 2::: laiiiiTeill ~ la1IIITeill EB la2IIITe2ll EB ··· EB laniiiTenll 
i=l i=l 

For any a E (0, 1] then 
n 

11Txll1 ~ la1IIITei!11 + la2IIITe2111 + ... + lanii1Tenll1 ~ (max IITeilll)(l: lail) 
l<2<n 
~ ~ i=1 

and 
n 

11Txll2 ~ lalii1Telll2+1a2111Te2112+ ... +1anii1Tenll2 ~(max 11Teill2)(l:lail) 
l<L<n 

So 

Take 

where 

~ ~ i=1 

K = max IITeill with supK:f < oo, 
1-<::L-<::n 

[K]a = [Kf, K:f] = [max 11Teill1, max 11Teiii2J. 
1-<::L-<::n 1-<::L-<::n 

Now letting inf{77} /a E (0, 1]} > 0 and sup{7]2/a E (0, 1]} < oo, then by 
Lemma 3.1, we have 

11Txll1 ~ Kf · t lail ~ Kf. ~xlll' ~ Kf · llxll1 
i=l 771 

and 

for any x EX. 

Therefore IITxll ~ K Q?lllxll for every x E X i.e. Tis a fuzzy bounded operator. 

3. Fuzzy dual space and reflexivity 

Definition 3.1. Let (X, 11·11) be fuzzy normed space. A sequence {x77 }1 ~X 
is said to be converge to x E X, denoted by 

lim Xn =X 
n--+oo 
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if 

lim llxn- xll2 = 0 forevery a E (0, 1], 
n---too 

and is called a Cauchy sequence if 

lim llxm- xnll2 = 0 forevery a E (0, 1]. 
n,m---+oo 

A fuzzy set A ~ X is said to be complete if any Cauchy sequence in A converges 

in A. A complete fuzzy normed space is called a fuzzy Banach space. 

Definition 3.2. Let (X, 11·11) be fuzzy normed space. An operator Ton X is 

said to be fuzzy continuous at x E X if 

lim Xn = x 
n---too 

implies that 

lim Txn = Tx 
n---too 

for arbitrary Xn ~ X.The Tis said to be fuzzy continuous if it is continuous 

at every point of X. 

Definition 3.3. Let (X, II · II) and (Y, II · II) be fuzzy normed spaces. We 
denoted by FBL(X, Y) for the set of all fuzzy bounded linear operators from 

X into Y. If Y = R(I), then FBL(X, R(I)), the space of all fuzzy bounded 
linear functionals from X into R(I) is denoted by X*, is called the fuzzy dual 

space of the fuzzy normed space X. 

Proposition 3.1. If (X, II · II) and (Y, II · II) are fuzzy normed spaces. then 

FBL(X, Y) is a fuzzy normed space. Moreover, FBL(X, Y) is a fuzzy Banach 

space if (Y, II · II) is a fuzzy Banach space. 

Proof: 

Let {Tn} be a Cauchy sequence in FBL(X, Y) 

(3.1) lim IITn- Tmll2 = 0 forevery a E (0, 1]. . .. (1) 
n,m----+CX) 

For x E X then the sequence {Tn(x)} is a Cauchy sequence in Y and hence 

converge to some y E Y, say T(x) = y. So that 

(3.2) IITn(x)- Tm(x)ll ~ IITn- Tmll@ llxll· · · · (2) 
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Let x1, x2 EX and E > 0 then there exist N1(o:), N2(o:) and N3(a) such that 
for every a E (0, 1], 

IITn(xl + x2)- T(x1 + x2)ll~ < l E forevery n 2 N1(o:), 

IITn(xt)- T(xt)ll~ < l E forevery n 2 N2(o:), 

11Tn(x2)- T(x2) II~ < l E forevery n 2 N3(a). 

Take No( a)= max(N1(o:), N2(o:), N3(a)) 
Then for every n 2 No(a) we have 

IIT(xl + x2) - T(xt) - T(x2) II~ :S IIT(xl + x2) - Tn(xl + x2) II~ 

This proves that 

(3.3) 
Now since 

lim Tn(kx) = T(kx) then lim IITn(kx)- T(kx) II = 6 
n--+ CXJ n--+ ()() 

i.e. 

lim IITn(kx)- T(kx) 112 = 0, 
n->CXJ 

or 

II lim Tn(kx)-T(kx)il2 =Ilk lim Tn(x)-T(kx)ll~ll = 0 z.e. k lim Tn(x) = T(kx) 
n-+oo n-+oo n---+oo 

Hence 

(3.4) T(kx) = kT(x). 

Therefore from (3.3) and (3.4) we get that T is a linear operator. 

Also since 
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For E > 0. Choose a sufficiently large N such that 

IITn- Tmll1 :S: E and 

IITn- Tmll2 :S: E Vn, m 2: N 

Fix m 2: N. Then for each x EX and every a E (0, 1] 

We have, 

IITx- Tmxll1 :S: lim IITn- Tmll1· llxll1 :S: E • llxllf and 
n--->oo 

IITx- Tmxll2 :S: lim IITn- Tmll2 · llxll2 :S: E • llxll2 
n--->oo 

:. II(T- Tm)xll ~ E c>9llxll where E E R*(I) 

This proves that T - T m is a fuzzy bounded operator. 
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Now as T = (T- T m) + T m so that T is a fuzzy bounded operator and since 

lim liT- Tmll = 6 then liT- lim Tmll = 6. 
m~oo m~oo 

Therefore 

lim Tm = T. 
m--->oo 

Corollary 3.1. The dual space X* of any fuzzy normed linear space X is a 

fuzzy Banach space. 

Proof: 

Since (R(I), 11.11) is finite dimensional fuzzy normed spaced, then it is com

plete ( cf[2]) and so (R(I), 11·11) is fuzzy Banach space. Therefore X*=FBL(X, R(I)) 
is a fuzzy Banach space. 

Theorem 3.1. Let X be a real linear space, let 11.11 be a mapping:X----+ R*(I), 
then (X, 11·11) is a fuzzy normed space. 

Proof: Let r be any real number. We will show that the mapping 11.11 has 

the following properties:-

1. llxll = 6 if and only if x = 0. 

n. llrxll = lrlllxll for all x E R. 
iii. llx + Yll ~ llxll EB IIYII for every x, y E R. 
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1. Letllxll = 6. then for every a: E (0, l],we have llxll1 = 0 and llxll2 = 0 
and sox= 0. 

If x = 0 then llxll1 = 0 and llxll2 = 0 so that llxll = 6. 

n. If r = 0 then for every x E R. 
[llrxll]a = [IIOII]a = {0} = [lrlllxll]a 
i.e.llrxll = lrlllxll· 
Let r -::J O,then 

[llrxll]a = [llrxll1, llrxll2] 
= [lrlllxll1, lrlllxll1] 
[lrlllxll]a 
Hence llrxll = lrlllxll-

iii.since 11-11 is a fuzzy norm in R*(I), then for every a: E (0, 1] and for all 
x, Y E R, [llx + Yll]a = [llx + Yll1, llx + Yll2] 

As llx + Yll1 ~ llxll1 + IIYII1 and 
llx + Yll2 ~ llxll2 + IIYII2 ,it follows that 
llx + Yll ~ llxll EB IIYII· 
That is ((R), 11-II(R)) is a fuzzy normed space. 

Definition 3.4. Let (X, 11-11) be a fuzzy normed space, the fuzzy second dual 
of X, denoted by X**, is the space of all fuzzy bounded linear functionals 
Fxdefined on X* ,that is X** = (X*)*, X** is a fuzzy Banach space if it 
equipped with the norm 11.11 defined dy 

I!Fxll = sup{I!Fx(T)II: T EX*, IITII =I}. 

Proposition 3.2. If (X, 11-11) be a fuzzy normed space, then there exists a fuzzy 
mapping S : X -+ X** which is linear and preserves fuzzy norms. 

Proof: 
For any x E X, defined a fuzzy bounded linear functional f E X* with the 
properties:l!fll = i and f(x) = llxll· defined a fuzzy functional Fx on X* by 
Fx(f) = f(x). 
For each x E X, then Fx is linear. Indeed, 
Fx(o:fi + f3h) = (o:fi + f3h)(x) 
= (o:f!)(x) + (f3h)(x) 
= o:(fi(x)) + f3(h(x)) 
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= aFx(h) + f3Fx(h) Also Fx is a fuzzy bounded linear functional on X* 

because T is a fuzzy bounded linear functional on X so Fx E X**Vx E X. 

Now defined 
S : X ----+ X** 

X f-----7 Fx 

It is clear that S is linear. Moreover, 

1\Fxll sup{I\Fx(T)II: T EX*, IITII = l} 

= sup{IIT(x)ll : T EX*, IITII = i} 

~ sup{IITII G9 llxll : T EX*, IITII = i} 

it follows that for each a E (0, I] 

1\Fxllf S sup{IITIIf·llxllf} S llxllf 

and 

1\Fxll~:::; sup{IITII~·IIxll~}:::; llxll~, 

where IITIIi and IITIIa = [IITIIf·IITII~] 
So that 

(3.5) 1\Fx ~ llxll· ··(I) 

Now IIS(x)ll = 1\Fxll ~ llxll = lG9IIxll,then Sis a fuzzy bounded linear operator 
form X into X**. In fact 1\Fxll = llxll· If x(# 0) EX, using the properties of 
T we have, 

llxll = IIT(x)ll = 1\Fx(T)II ~ 1\Fxll G9 IITII· 

For any a E (0, I], 

llxllf s 1\Fxllf·IITIIf, 
and 

llxll~:::; 1\Fxii~·IITII~ 
Thus 

(3.6) llxll ~ 1\Fxll· · · (2) 

Hence Fx EX** and therefore from (3.5) and ((3.6)) we have IIS(x)ll = llxll· 
That is, the mapping 

S: X----+ X** 

preserves fuzzy norms 
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Definition 3.5. Let(X, 11.11) be a fuzzy normed space, then S : X ---+ X** ,defined 
in the previous proposition, is called the canonical mapping from X into X**. 

Definition 3.6. Let(X, 11·11) be a fuzzy normed linear space,and letS be the 
fuzzy canonical mapping from X into X**, then X is said to be reflexive fuzzy 
normed linear space if S(X) =X**. 

Theorem 3.2. The fuzzy dual space of the finite dimensional fuzzy normed 

space (X, 11·11) is (X, 11·11). 

Proof: 
Let X* be the fuzzy dual space of the n-dimensional fuzzy normed space X, 
T EX*, and {e1,e2, ... ,en} be any basis for X. Then every x EX has a 
unique representation 

n 

x = L akek, foranyscalarsal, a2, ... ,an 
k=l 

Define ak = Tek such that ak E R(I). Since T is linear and bounded, then 
n 

k=l 

n 

Lakak 
k=l 

Foe a given positive integer k choose x be such that llekll ~ i, so that 

and 

where 

llo:kll IITekll 
~ IITII ® llekll· 

llo:kll1 :S IITII1·11ekll1 
::; IITII1 

llak112::; IITII2·11ekll2 
::; IITII2 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



Reflexivity of fuzzy Banach space 45 

So that llakll ~ IITII where a= {ak} <;;;;X and llall ~ IITII· 
Conversely, suppose a = { ak} <;;;; X is given,define T on X by T( x) 
"n n ~ Dk=l akak for x = l:k=l akek E X. then by Lemma 3.I, there is an rt >- 0 
such that llxll ~ (l::~=l lakl)rt· 
If [rt]a = [aa, ba] for every a E (0, I] we have 

n n 

llxll~ 2': (L lakl).ba and llxll1 2': (L lakl).aa, 
k=l k=l 

or 

and 

t lakl ::; II~~~ ::; llxll~· 
k=l 

Now, since 
n 

IITxll II L akakll 
k=l 

n 

~ sup(L llakakll) 
n k=l 

Then for each a E (0, I] we have 
n 

11Txll1 :S II L akak111 
k=l 

n 

< (sup llanll1·11xlll). L lakl 
n k=l 

< (sup llanllf.llxlll), 
n 

and similarly 

IITxll~ ::; (sup llanii~).JJxll~· 
n 

Thus 

IITxll ~(sup llanll) ® llxll. 
n 

Taking the supremum over all x of norm i, we get 

IITII sup IITxll 

=ic sup llanll 
n 
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Hence T EX* and IITII ~ llall· 
Therefore we observe thatX* and X are isometrically isomorphic. 

Remark: 

If we write equality for isometric isomorphism we have, X** = (X*)* = 
X* = X,where X* and X** are the fuzzy dual space and the second fuzzy 
dual space of the finite dimensional fuzzy normed space X respectively. 
Therefore every finite dimensional fuzzy normed space X is reflexive. 

Theorem 3.3. Every reflexive fuzzy norm space is a fuzzy Banach space. 

Proof: 

If X is a reflexive fuzzy normed space then it is linearly isometric to X** ,thus 
the proof follows by using proposition 3.1 . 

Definition 3.7. Let (X, 11·11) be a fuzzy normed space. A set A C X is called 
a fuzzy bounded set if for each a E (0, 1] there exists M = M(a) > 0 such 

that llxll~ :S M Vx E A. 

Example 3.1. Let T : £1 -> £00 be the linear operator defined by: for x = 

{(1,(2, ... } E f1,Tx = y = {/'1,')'2, ... } E foo, where Ill':::; M and M is a real 
number, with norm 

llvlloo =sup II'Yjll 
j 

Let ll·lh be an ordinary £1 norm define by 
00 

llxll1 = L ll(jll 
j=l 

where x = { (j} and every x E £1 has a unique representation 
00 

x = L(kek 
k=l 

where{ek} beschauderbasis, and let ll·ll(.e1 ) and ll·ll(.eoo) betrianglefuzzynorms 

such that llxll(.e1 ) = (mllxlll, llxll1, nllxlll) where 0 < m < 1,1 < n < oo 

and llvll(.eoo) = rllvlloo, llvlloo, sllvlloo) where 0 < r < 1, 1 < s < oo. 
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Now for 'Yk = f(ek) then 
00 

IITxlloo 
k=1 

00 

k=1 
00 

sup lhjll 2:::: ll(kll 
J k=1 

sup lhjllllxll1 
J 

Hence 11Txllu:1 ) ~ K ® llxll(£1), 
where K a fuzzy number ~ O(K E R*(I)) 
such that 

[K]a = [Kf, K2] =[sup 11'1111, sup 11'1112] 
j j 

with {K2/cx E (0, 1]} < oo. 

47 

Then T is a fuzzy bounded operator from a fuzzy norm space W'1), 11-11(£1)) 
into the fuzzy linear normed space ((Roo), 11-11(£=))· 

Example 3.2. ( R1 )* is (Roo) i.e. the fuzzy dual space of ( ( R 1), 11-11 (£1 )) is ( (Roo), 11-11 (£=)) 
The fuzzy dual space of (Rl) = ((R1), 11-11(£1)) is (Roo)((Roo), 11-11(~'=)) where 11-11(£1 ) 

and 11-11 ( ~'=) are the norms defined in example 3.1 . 

Let {e1, e2, ... }be a schauder basis for (R1, 11-11(£1 )) then every x = {xn} E R1 
has a unique representation 

(3.7) 
00 

x = LXkek = x1e1 + x2e2 + ... 
k=1 

Let T E ( R 1) * the fuzzy dual space of R 1· 

Since T is linear and fuzzy bounded then 

(3.8) Tx = x1Te1 + x2Te2 + ... = xn2 + X2'/2 + ... 
Where 'lk = T(ek) for every k = 1, 2, .. 

For every a E (0, 1] and llekll(£1 ) = i. then 11'/112 = IIT(ek)ll2 ~ ITII2-IIekll2 = 
IITII2 
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Take M = M(a) = IITII2 then lhll2 ~ M 
and 

(3.9) 

Hence { 'Yk} E (.Coo) 

OMER F. MUKHERIJ 

On the other hand for {,Bd E (.Coo) we may define g on (£1) by g(x) = x1,81 + 
x2,82 + ... ,where x = {xk} E (£1) 
We have 

00 00 

IJg(x)ll ~ L llxk,Bkll ~ s~p II,Bjll l2l L llxkll 
1 J k=1 

= K 12lilxll, taking K = s~p II,Bjll 
J 

:. llg(x)ll ~ K 12lilxll thus g is linear and fuzzy bounded. 
Hence g E (£1)* 

Now, from (3.8) we have 

IITxll ~sup II'Yjll 12lilxll 
J 

Taking sup over all x of norm i we get 

(3.10) IITII ~ s~p II'Yjll 
J 

From ((3.9)) and ((3.10)) we get 

IITII =sup lhjll whichisthenormon(£00 ). 

j 

It follows that the objective fuzzy linear mapping of (£1)* onto (.Coo) defined 
by T ~---+ bd is an isomorphism. That is,(£1)* and (.Coo) are isometrically 
isomorphic. 

Definition 3.8. A sequence {xn}~ in X is said to be weakly convergent if 

there is an x E X such that for every T E X*, 

lim IIT(xn)- T(x)ll = 6, 
n->oo 

i.e. 

lim IIT(xn)- T(x)ll1 = lim IIT(xn)- T(x)ll2 = 0 forevery a E (0, 1] 
n----too n--+oo 

written Xn ---+w x in X. A fuzzy normed space X is called uniformly convex 

if 

lim llxn- Ynll = 6 
n->oo 
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where {xn} and {Yn} are infinite sequence in X with llxnll ~ i and IIYnlli and 

lim IIXn- Yn II= i. 
n--+CXJ 2 

Definition 3.9. Let (X, 11·11) be a fuzzy normed space and X* be its fuzzy 
dual,a sequence {fn} in X* 

lim llfn(x)- f(x)ll = 6 '1/x EX, 
n--+CXJ 

i.e. 

lim II f n (X) - f (X) II; = lim II f n (X) - f (X) II; = 0 
n---+cx:> n---+oo 

for every a E (0, 1] and every x EX. In this case we write fn ------+w* fin X*. 

Lemma 3.1. Let (X, 11·11) be a fuzzy norrned space, if a sequence {in} of fuzzy 
bounded linear functionals on X is weakly* convergent to f in X* then 

llfll ~ liminf llfnll· 
11--+CXJ 

Proof:-

By definition, a sequence {fn} in X* is weakly* convergent to f in X* ,if 

lim llfn(x) - f(x) II = 6, 
n--+CXJ 

for all x EX. 

Since for all a E (0, 1], 

lllfn(x)ll1-llf(x)ll11 :S llfn(x)- f(x)ll1------+ Oasn---+ oo, 

and 

lllfn(x)ll~ -llf(x)ll~l S llfn(x)- f(x)ll~------+ Oasn---+ oo, 
It follows that for any a E ( 0, 1], 

lim llfn(x)ll1 = llf(x)ll1 and lim llfn(x)ll2 = llf(x)ll2 n---+CX> n---+CX) 

Thus 

lim II f n (X) II = II f (X) II 
n--+CXJ 

If {!11 } in X* then there exists an operator norm llfnll such that llfn(x)ll ~ 
llfnll ® llxll (see Itoh and Cho [6] theorem 2.6). 
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Now, 

llf(x) II lim llfn(x) II 
n-->oo 

=:;< lim llfnll Q9 llxll 
n--too 

Then for any a E (0, 1] we have 

llf(x)ll? :S liminf llfnll?-llxll? 
n-->oo 

And 

llf(x) 112 :S liminf llfnll2 -llxll2 
n-->oo 

for any x EX. 
Therefore 

llfll =:;< liminf llfnll 
n-->oo 

Theorem 3.4. Every uniformly convex fuzzy Banach space is reflexive. 

Proof:- Assume that X uniformly convex fuzzy Banach space. Let x** E 

X** with llx**ll = i. It suffices to show that x** EX holds for every x** EX** 
such that llx** II = i. 
Let { Xn} be a sequence in the canonical image S(X) of X in X** such that 
Xn ____,w* x** and llxnll =:;< i. 
Since for all a E (0, 1] 

[llx**ll]a = [llx**ll?, llx**II2J, [llxnll]a = [llxnll?, llxnii2J, 
by Lemma 3.1 we have, 

llx**ll? :S liminf llxnll? and llx**ll2 :S liminf llxnll2 
n-->oo n-->oo 

Then 

ll2x**ll? :S liminf llxn + Xmll? and ll2x**ll2 :S liminf lxn + Xmll2 
n,m~oo n,m---+oo 

So we have 

(3.11) 2 = ll2x**ll? :S liminf llxn + Xmll? :Slim sup llxn + xmll? :S 2 
n,m---+oo n,m---+oo 

and 

(3.12) 2 = ll2x**ll2 :S liminf llxn + Xmll2 :Slim sup llxn + Xmll2 :S 2. 
n,m---+oo n,m---+oo 
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From (3.11) and (3.12) we get 

lim II Xn + Xm I If = 1 and 
n,m,--+oo 2 

lim II Xn + Xm 112 = 1 
n,m---->oo 2 

Hence 
lim II Xn + Xm II = i 

n,m---->oo 2 
By uniform convexity this implies that 

lim llxn - Xm II = 0. 
n,m--+oo 

i.e. { xn} is cauchy sequence. As X is complete then { Xn} converges in X and 

its limit equals x**, whence x** E X this proves that X is reflexive. 
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