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CERTAIN CLASSES RELATED TO FUNCTIONS OF
BOUNDED BOUNDARY ROTATION

NAILAH A. AL DIHAN

ABSTRACT. A general class of analytic functions in the unit disc, con-
taining the functions of bounded boundary rotation and closely related
to the functions of bounded argument rotation, is defined; and for this
class of functions the distortion and coefficient theorems are proved and

the radius of convexity is obtained.

1. INTRODUCTION
Let p be an analytic function in E = {z : |2| < 1} given in the form
p(2) =1+ b,2". Then p is said to be in the class P[A,B],-1<B<
n=1
A <1if and only if for z € E
1+ Aw(z)
p(z) = 1+ Bw(z)
where w(0) = 0 and |w(z)| < 1. If f(z) = z+ ) b,2" is analytic in E,

n=2
2f'(2)
) € P[A,B]forall z€ E.

These classes were introduced by Janawski [1].

then f € S*[A, B] if and only if
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2. DEFINITIONS AND SOME PRELIMINARY RESULTS

Definition 1. Let P[A, B, C, D] denote the class of functions p that are
analytic in E and represented by

k+2 k—2
pe) = T (z) -

where p,(z) € P[A,B], pa(z) € P[C,D] where -1 < B < A < 1,
-1<D<(CX<1, k>2. Itisclear that

p2(2)

Py[A, B,C, D] = P[A, B]

and Pi[1,—1,1,—1] = P, the well known class introduced by Pinchuk

[5].

Definition 2. Let f be an analytic function given by f(z) = z +
® ,a,2". Then f € Ri[A,B,C,D] if and only if there exist s; €
S*[A, B] and s; € S*[C, D] such that for z € E,

(s1(2) %

(s2(2)) %
Clearly Ry[A, B,C, D] = S*[A, B] and Ry[1,—1,1,—1] = Ry the class of
bounded argument rotation introduced in [8]. When A = C =1—-2p
and B = D = —1 we have the class Ri(p) which was introduced in [4].

Definition 3. Let f be an analytic function given by f(z) = z +

® 5a,2", f'(2) # 0, z € E. Then f € Vi[A,B,C, D] if and only if
there exist s; € S*[A, B|, s; € S*[C,D] where -1 < B < A <1 and
—1< D < C <1 such that

(1) f'(z) =

where V5[A, B,C, D] = C|A, B] the class introduced by Silvia (7] and
Vi[l,—1,1, —1] = Vj the well known class of bounded boundary rotation
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defined by Paatero [3]. When A = C =1-2pand B =D = -1
we have the class Vi(p) which was introduced in [4]. It is clear that
f € Vi[A,B,C, D] if and only if zf' € Ri[A, B,C, D].

Taking logarithmic differentiation of (1) we have

Lemma 1. Let f € Vk[A,B,C,D]. Then

(zf'(2))
702) € Pi[A, B,C, D]

3. DISTORTION AND COEFFICIENT THEOREMS

Lemma 2 [1]. Let f € S*[A, B]. Then for |z| <7, 0<7r <1,
r(1 — Br)*5" <|f(2)| <r(1+ Br)*5" ifB#0, and

re” A" < |f(2)| < re?"if B=0.

Theorem 1. Let f € Vi[A, B,C, D). Then

(1-Br)5 % _ )< (1+ Br)*s> "%
(1+Dr)55% ~ (1-Dr)5 %
when B#0 and D #0.
rexp(—Ar(k +2)/4) < 1f(2)] < rexp(Ar(k +2)/4)
1+ Dr)5>5% ~ T (1-DnFF

when B=0 and D #0.

(1-Br)*5 e < |f'(2)]
(1+ BT)A*TBE??BCT’C_Z—2

when D =0 and B # 0.

IN A


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


22 NAILAH A. AL DIHAN

IA

|f'(2)]

k A-
exp — {Z(A+ C)r+ 5 Cr}

IA

k A-
exp{Z(A+ C)r + 5 Cr}

when B = D = 0. All these bounds are sharp, as can be seen from f
given by the equations below:

»' (1+B(512) BB%
(1 - Déyz) 5252 161] = 162] = 1,
— Dog
B#0,D #0.
exp Ab z(k + 2)/4

when B = 0 and D # 0.

C—D k-2

0(2) =3 (1— D62z)TT
k—2
(1 +B<51z) B ﬁ‘iﬁexp 5 Céyz when D =0 and B # 0.

exp{g(A+C)61z+ (A;C)(ng} B=D=0.

Proof. The proof follows immediately from Lemma 2 and Definition 3.

Lemma 3 [1] Let p € P[A, B] be given by p(z) = 1 + anz Then
|bn| < A— B foralln.

Lemma 4. LetFEPk[ABC’D] -1<B<A<1land -1<D<
C <1, be given by F(z —1+ch Then

1 16 + (((k + 2)(A — B) — (k — 2)(C — D)) — 16)r?

6) 5 [ 1F(re®)d0 < T

I k+2 A—B k-2 C—-D
— v < .
0”2WA [FreP)ldd < — =T pe t 1 T-Doe
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Proof.
(i) Let F(2) =1+ Z cn2". Then using Parseval’s identity we have
1 2n F 2d9 _ = 2,.2n
o [ IEGe)Pds = 3 fear

n=0

<14 (E32A-B) - (k=2(C-D) Dzn

where we use Lemma 3. Hence the result.

(ii) Now
o k42 k-2,
(o) = 2250 - S22 0),
where p; € P[A, B] and p, € P[C, D].

Since, for p € P[A, B],

(A - B)w'(2)

p(z) = (1+Bw( )2’

1 f2 A — B)|w'(re®?)|dd A-B
_/ ' ( )|d9 / ( )l ( — )l < —
27 Jo o |1 + Bw(re®)| 1—- B?r

k+2 A-B +k—2 C-D
4 1— B%r? 4 1— D?r?

1 27 .

- FI 10 de <
hence 5 /0 |F'(re”)|df <
This proves the second part of the lemma.

A Special Case: When k =2, F € P[A, Bland

o ' _ B2 —1)2
o [ IR pas < = ((Al _BT)Q 2)
1 (A-B)

27
_ / 10 < .
27r/0 |[F(re™)ldf < 1 — B2r2
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Theorem 2. Let f € Vi[A,B,C,D] be given by f(z) = z+ ) _ an2".
n=2
Then for all n,

[ Cy(k,A,B,C,D)n"p "7 2 forD>0,B>0
Ca(k, A, C)n~? if D=B=0
lan| <{ Cs(k, A, B,C, D)n"=5 12 if B<0,D<0
Cy(k,A,B,C,D)n=2 if B>0,D<0
| Cs(k, A, B,C, D)n=5 2+ 552 22 if B<0,D>0,

where the C}s are constants depending on A, B,C, D, k.

The function fy(z) given in Theorem 1 shows that the exponent of n is
the best possible.

Proof. Using Lemma 1 we have

(2f'(2)) = f(2)p(2)

where p € P;[A, B,C, D]. Let F = (2(zf'(2))')'. Then

F(z) = f'(2)[p*(2) + 2p/(2)]

and

27 .
manl < o [ IF @) + 29 (2)1d, for 2 = re.

— 2mrn1l Jp

Using Theorem 1 and Lemma 4 we have the following cases:

(i) If D > 0, B > 0, then

1 1 1 < 1
1-Br 1-—r

Ci(k,A,B,C, D)

(1 — 'r')C;DD¥+1 '

n3|a,| <
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(ii) If B =D =0, we have
n3|an| S M‘
(1-r7)
(iii) If B < 0,D <0, we have
1 < 1 .
1+Br — 1-r
Cs(k,A,C, B, D)

T

Then, n®|a,| <

(iv) If B> 0,D < 0, then
lan| < C4(k, A, B,C, D)n"2.

1 1 1 1
(v) If B<0,D >0, then < and

1+4Br —1-r 1-Dr “1—r
Cs(k, A, B,C, D)

A—-B k42 | C—D k=2 ‘
— r)—_Bi+TT+1

n3]an| <

4

1
In the above inequalities, setting » = 1 — — we obtain the upper
n

bounds for |a,| as stated in the theorem.

4. INTEGRAL OPERATOR AND RADIUS PROBLEM

Lemma 5 [1]. Let p(z) € P[A, B] be given by p(z) = 1+biz+byz®+---.
Then

1-— Ar 1+ Ar
< < < .
T B S Rep(z) < |p(z)| < T+ Br

Theorem 3. Let f € Vi[A,B,C,D]. Then f maps |z| < ro onto a
conver domain, where

2) ro = 8/{(A—D)(k+2)+ (C - B)(k—2)
+[((A= D)(k+2) + (C — B)(k - 2))?
+16((k +2)AD — (k- 2)CB)]?}.
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Proof. Since f € Vi[A, B,C, D] we have

(2f'(2))

7(2) = p(2), p(z) € P[A, B,C, D).

Using Lemma 5 we have
(zf’(z)) kE+2\1-Ar k—2\1+Cr
T fz) = ( 4 )1—Br ( 4 >1+D7'
—((A-D)(k+2)+ (k—2)(C - B))r
4(1 — Br)(1+ Dr)
((k+2)AD — (k — 2)CB)r?
41 -Br)(1+ Dr)

I

(zf'(2))
'(2)
sharpness of the result follows from the function f,, where

(zfo(2)) [k 1\ 1- Az k' 1\1+Cz
fo(2) _(Z+5>1—BZ_(Z~§)1+D2

We note here that for the class Vi, = Vi[1,—1,1, —1] this result agrees
with a result of Robertson [6].

and hence Re > 0 for |z| < 7, where 7y is given by (2). The

Remark 1. The above proof shows that if p € P[4, B, C, D], then Re
p(2) > 0 for all |z| < ro where g is given by (2).

Using the relation between Rx[A, B, C, D] and Vi[A, B, C, D] we have

Remark 2. Let f € Ry[A,B,C,D]. Then f maps |z| < ry onto a
star-like domain where rg is given by (2).

Lemma 6 [2]. Let N and D be analytic in E with N(0) = D(0) =0

and D be a p-valent starlike function. Suppose that II\DAZ(% € P.. Then

N(z
B((gePk.

Theorem 4. Let g, f € R[A, B,C, D], and

F(z) = {

—1
a+l—n

Yyt+a+1l-n
27
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where a > —1, v >0, 0 < 1 <1, n<0.
n—oa-—1
7

Then F' € Ry, (—)

n—1—-«
Proof.

(a+1- n)zF’(Z) _ (f(2)2g(2)2"™" — v [5(f(#))*g(t)t"~ ~"dt
F(z) Jo (f(t))>g(t)tr—1-dt

We define the functions

M(2) = f*(2)g(2)277" = [ (F(8) g}t
and

N() = (a+1=1) [ (7(®)g(t) " de.

Then we see that M(0) = N(0) = 0 and N(z) is (@ + v + 1 — n)-valent
starlike for z € E.

Also
M) o ()1 () q
N'(z) a+1-n f(z2) a+1-7ng(z2) a+l1-9
But (2)
zf'(z
-
P € P[A,B,C,D| C P,
and )
29(2) ¢ p1a B,C,D] C P
9(2)
Hence,
M'(z) a 1 a+1
N’(z)_a—}—l—npl(z) a+1—np2(z)+[ a+1—n}

where p;, € P, i =1,2.
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So
M) o [k+2 k-2
N(z) a+1—-77[ - h2(z)]
1 k+2 k—2
+a+1—n{ 4 ha(2) - 4 h4(z)]

+ [1 - O‘—“J where h; € P, i = 1,2,3,4
a+1-—n

k+2 o 1
- [ 1 (aq-l_nh“3*+a:rf:;h“20

k—2 o 1
T <a+1_n@V*+;:Tt;M@0}

sty

a+l-n
E+2( a+1 k=2 a+1
= H —
1 la—i—l—n l(z)] 1 la+1—nH2(z)]
+[1__&]
a+1l-—n
where H; € P[1,-1], i =1,2.
Hence
M'(z) E+2| a+1 a+1
= H l— ———
N'(2) 4 [a+1—n 1&%+( a+1—n)]
k—2 1 1
_ o+ Hy(2) + 1o+l
4 |la+1l-n a+1l-—n

= 22560 -2 2 h0)

where f; € P(l — ﬁ_—a,—l), 1=1,2.

So

z2F'(2) n 2n 2n
Pl—2 V=p|1—— -
F(z) < k(n—l—a Py n B ’
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Hence

2 2
F € R (_ﬂ_) = Ry [1——7—7————,—1,1-————7—7———,—1}.
n—1—-«a n—1—« n—1—«

Using similar techniques, we can also prove the following

Theorem 5. Let f,g € Vi[A, B,C, D], and

P = {2 fa(t)g(t)f’_l"’dt}a_d-—"

Ui

where o > —1, v > 0, 05—1—<1,n30.
ThenFE%(L)
n—1—-«a
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