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FOUR-DIMENSIONAL ALMOST KAHLER MANIFOLDS
OF POINTWISE CONSTANT
HOLOMORPHIC SECTIONAL CURVATURE

J.T. CHO AND K.SEKIGAWA

ABSTRACT. In this paper we prove that the theorem of Schur holds for
the class of 4-dimensional almost Kahler manifolds.

1. INTRODUCTION

Let M = (M, J,g) be an almost Hermitian manifold and U(M) the
unit tangent bundle of M. Then the holomorphic sectional curvature
H = H(z) (zx € U(M)) can be regarded as a differentiable function
on U(M). If the function H is constant along each fiber, then M is
called a space of pointwise constant holomorphic sectional curvature.
Especially, if H is constant on the whole of U(M), then M is called a
space of constant holomorphic sectional curvature. An almost Hermitian
manifold M = (M, J,g) is called a Hermitian manifold if the almost
complex structure J is integrable. On one hand, an almost Hermitian
manifold M = (M, J, g) is called an almost Kahler manifold if the Kahler
form is closed (or equivalently, Sxy,z9((VxJ)Y,Z) = 0)). A Hermitian
manifold M = (M, J,g) with the closed Kahler form is called a Kahler
manifold. A Kahler manifold is characterized by an almost Hermitian
manifold with the parallel almost complex structure with respect to the
Levi-Civita connection (cf. [6]). It is well-known that the theorem of
Schur holds for the class of Kahler manifolds, namely that a real 2n(> 4)-
dimensional Kahler manifold of pointwise constant holomorphic sectional
curvature is of constant holomorphic sectional curvature. However, A.
Gray and L. Vanhecke ([2]) have proved that the theorem of Schur does
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not hold anymore for the class of Hermitian manifolds by constructing
examples of Hermitian manifolds of pointwise constant holomorphic sec-
tional curvature which are not of constant holomorphic sectional curva-
ture. It is a natural question to consider whether the theorem of Schur
holds for a given class of almost Hermitian manifolds.

In the present paper, we show that the theorem of Schur holds for
the class of four- dimensional almost Kahler manifolds. More precisely,
we shall prove the following

Main Theorem. Let M = (M,J,g) be a four-dimensional almost
Kdhler manifold of pointwise constant holomorphic sectional curvature.

Then M is a Kdhler manifold of constant holomorphic sectional curva-
ture.

The above Theorem is an improvement of the result by T.Sato ([4],
Corollary 3.5).

2. PRELIMINARIES

Let M = (M, J,g) be an almost Hermitian manifold. We denote
by € and N the Kahler form and the Nijenhuis tensor of M defined
respectively by Q(X,Y) = ¢(X,JY)and N(X,Y) = [JX,JY]—-[X,Y]—
JIJX, Y] = J[X,JY] for X|Y € ¥(M), (¥(M) denotes the Lie algebra
of all smooth vector fields on M). We note the the Nihenhuis tensor
satisfies the following equalities.

(2.1) N(X,Y)=—N(Y,X), N(JX,Y)=—JN(X,Y).

for X, Y € X%(M). Further, we denote by V,R,p and 7 the Rieman-
nian connection, the curvature tensor, the Ricci tensor and the scalar
curvature of M, respectively. Here the curvature tensor, R, is defined by

R(X,Y)Z =[Vx,Vy|Z - VixyZ,

for X,Y,Z € ¥(M). Further, we denote by p* and 7* the Ricci *-tensor
and the *-scalar curvature defined respectively by

(2.2) p(z,y) = 9(Q7z,y) = trace (z — R(z,Jz)Jy),
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(2.3) " = trace %,
forz,y,z€ T,M, pe M.

Now, we put
G(z,y,z,w) = R(z,y,z,w) — R(z,y,Jz, Jw),

where R(z,y,z,w) = g(R(z,y)z,w), for z,y,z,w € T,M(p € M). T.
Sato ([3]) has proved the following

Proposition 2.1. Let M = (M, J,g) be an almost Hermitian manifold
of pointwise constant holomorphic sectional curvature ¢ = ¢(p), p € M.
Then we have

(2.4) R(z,y,z,w) = c(/l—p)Ro(x,y,z,w) + P(z,y,z,w),
where

Ro(x,y,z,w) = g(m,w)g(y,z)—g(x,z)g(y,w)
+g(z, Jw)g(y, Jz) — g(z, J2)g(y, Jw)
—29(z, Jy)g(z, Jw),

and

P(z,y,z,w) = 91—6[26{G(a:,y,z,w)+G’(z,w,x,y)}
—6{G(Jz,Jy,Jz,Jw) + G(Jz,Jw, Jz, Jy)}
+13{G(z, z,y,w) + G(y,w,z,2)}
~G(z,w,y,2) — G(y,z,z,w)}
-3{G(Jz,Jz,Jy,Jw) + G(Jy, Jw,Jz, J2)
~-G(Jz,Jw,Jy,Jz) — G(Jy,Jz, Jz, Jw)}
+4{G(z, Jy, z,Jw) + G(Jz,y,Jz,w)}
+2{G(z,Jz,y, Jw) + G(Jz, z, Jy,w)
—G(z,Jw,y,Jz) — G(Jz,w, ]y, 2)}],

for z,y,z,we T,M, pe M.
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It is also well-known that the following identities hold for an almost

Kéhler manifold M = (M, J,g) (cf. [5]):
(2.5) 29((ViJ)y,2) = g(Jz, N(y, z)),
for z,y,z,w € T,M(p € M), and
1 *
(2.6) VNP = NI = 2(7" = 7).

By (2.5) and the Ricci identity, we have further

G,y 5w) = ol N(N(z,w),9) = gly, N(N(z.), 7))

(2.7) S A0(a, J(T,N) (2, 0)) — gy, SV NSz, )}

for z,y,z,w e T,M, pe M (cf. [5]). Taking account of (2.7), Proposi-
tion 2.1 reduces to the following

Proposition 2.2. Let M = (M,J,g) be an almost Kdahler manifold
of pointwise constant holomorphic sectional curvature ¢ = ¢(p)(p € M).
Then we have

R(z,y,z,w) = C—(flRo(x,y,z,w) + P(z,y,z,w),
where
Ro(z,y,z,w) = g(z,w)9(y,2) — g(z,2)g(y, w)
+9(z, Jw)g(y, Jz) — g(z, J2)g(y, Jw)
—29(‘7:7Jy)g(27‘]w)7
and
Ple,y,zow) = ——[28{g(z, N(N(z,w),y)) — (.N(N(z.w,:r))}

4-96
+20{g(z, N(N(z,y),w)) — g(w, N(N(z,y), z)

)
(N( )}
+14{g(z, N(N(y,w),2)) — g(z, N(N ( w), z))}
+10{g(y, N(N(z,2),w)) — g(w, N(N(z, 2),y))}
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+14{g(w, N(N(y,2),z)) — g(z, N(N(y, z),w))}
+10{g(z, N(N(z,w),y)) — g(y, N(N(z,w), 2))}]

o (26{9(Jy, (VaN)(J2,1)) — (T, (V,N)(Jz,w))
(w0, (V.N)(J2,9)) = g(J2, (Vul) (J2,9))
~6{9(y, (V2uN)(z, J) = g2 (Vy N) (2, J)

(w0, (V5.N)(z, J9)) = 9(z, (Vou) (2, 0))}
H13{g(J2, (VeN)(Jy,w)) ~ o(Jz, (V.N)(Jy, w)
(w0, (VyN)(J2,2)) — 9y, (V)2 2))

(T2, (VuN)(Jy, 2)) — g(Jw, (VoN)(Jy, 2))

+9(Jy, (V.N)(Jz,w)) — g(Jz, (V,N)(Jz,w))}
—3{g(5, (V2 N)(y, Jw)) ~ gl (V02N 3, Jw))
a0, (75,0)(2,72)) = 5(0, (V2 V)(z,J2)

+9(2, (VN5 72) ~ 9w, (Vs V), J2))

(0, (Vo) Jw)) = g(z, (Vo V)@, J0)}
H4{=g(y, (VaN) (2, Jw)) = gz, (Vsy N) (2, )
(2, (VyN) (w0, 12)) = g(Jy, (Vo) (T, J2))}
+2{g(w, (VaN)(Jy, J2) + 9(Jz, (Vo) (Jy, J2)
+9(z, (VuN)(Jz, Jy)) + 9(Jw, (Vi N)(J 2, Jy))
(=, (VaN)(Jy, Jw) ~ g, (V5 N)(Jy, Jw)
(2, (YN}, Jy)) — 9(J 2, (V1) (o, Jy)

forz,y,z,we T,M,p € M.

1,

From (2.1), we have also

(2.8)  (VzN)(JX,Y) = —(Vz)N(X,Y) = J(VxN)(X,Y)
—N((Vz)X,Y)

for XY, 7 € ¥(M).

In the sequel, we shall consider the case dim M = 4. Then, from
Proposition 2.2, taking account of (2.1)-(2.8) by long and tedius calcula-
tions, we have
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Proposition 2.3. Let M = (M, J,g) be a four-dimensional almost
Kahler manifold of pointwise constant holomorphic sectional curvature

c=c(p)(p € M). Then we have

Rz = 1{34342—0(17)»

Rijgaq = -C—(é@ - i%(f* =),
Risza = —5({—) 4 515(7* —ry - %(As1 — Aus + Ast — Aga),
Rissp = _C—(f—) _ ;’—2(7* 1+ 51;-(,431 — A+ Asi — An),
Rists = —i(f—) 4 -31—2(7* —r) - -:-(Alg ~ Ag) - %(AM ~ An),
Rins = —6(4—1’) 4 35—2(7* - %(Alg + Am) — g(Ag1 + Asa),
Rasy =~ () 2 (A4 Aga) + 5 (A + A,
Rozs = ~S2 g (e )4 (A A) + (A — As),
Riss = —Raan = —3(Asu~ Au),
Riss = —Rugpa = _i(A12 _ Ag),

1

Risza = Rossa = "Z(Ass + Ayq),

1
Rigia = Rigs = “Z(An + Azq),
1

Riss = <(An+ A+ An = 34),
Rasat = 513-(/141 b Aus + Asz — 3As),
Risis = —%(Azg + Aga+ Ast — 3An),
Risi = —%(/14l + Agg + A — 3A14),

where we set A;; = g(ei, (Ve,N)(e1,e3)), Rijui = R(ei,ej,ex,er) for a
unitary basis {e;} = {e1,e2 = Jey,e3,eq4 = Jeg} of T,M, pe M.
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From the above Proposition 2.3, we have easily

(2.9) T+ 317 = 24c.

3. PROOF OF THE MAIN THEOREM

Let M = (M, J,g) be a four-dimensional almost Kahler manifold of
pointwise constant holomorphic sectional curvature ¢ = ¢(p)(p € M).

First, we shall calculate the square norm || R||? of curvature tensor at
an arbitrary point p of M. Let {e;} = {e1,e2 = Jey,e3,e4 = Jez} be
any unitary basis of T, M. By direct calculation, we have the following
general formula

(31) ||R“2 = 4Z(Rfalb + R§a2b + R 3a3b + R4a4b)
a,b
_4(R§212 + R2313 _+_ R2414 _+_ R§323 + R 2424 + R3434)
+8(R¥234 + R 1324 + Rl432)

Taking account of Proposition 2.3, we have

9, 1 26
ZRlalb = §C + 8(/412 A21)2 + g(An + A22) + 3—22—(7' — T)2
+64(A13 A31)2 + 64(A24 — A42)
9
+64(A13 + A42) + —62(/131 Az4)2
3
(3.2) 3; (r"—71)+ 2(/‘113 + Aaa)
1

32(7' — 7)(Agz + 2A13 + 3A31 + 4A2)
3 3
+—(A13 — Az1)(A2a — Ap) + _“(AIB + Ag2)(Az1 + Azq)

32(A23 + Asp + A — 3A41) .

Similarly, we calculate R2,,,, R2,5, and R?_,, and have

(33) 4 Z Rlalb 2a2b + R3a36 + R4a4b)
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13 3 *
= 18 4 (77— )P = T = 1)+ T (A — Asi — Aua + )
+(Arz — An)? + (A + An)® + (Ass — Agz)? + (Asz + Augg)?
5
+Z{(A13 - A31)2 + (Agq — A42)2 + (A + A42)2 + (Az + A24)2}

3
+§{(A13 — As1)(Aza — Asz) + (A1s + Ag2)( Az + And) }

1
+§{(A23 + A3y + A1q — 31441)2 + (A1a) + Aqr + Agz — 3/‘132)2
+(A1a+ Ay + Aszp — 31‘123)2 + (Ags + Az + Agq — 3A14)2}

Next, we calculate the second term of (3.1). Taking account of Proposi-
tion 2.3, we have

(34) - 4(R§212 + R?SIB + R%414 + R,?';.323 + R%424 + R§434)

- (A}s - A31)2 + (A4 — A42)2 + (A3 + 1442)2 + (As1 + A24)2}
——{(A13 — As1)(A2q — Ag2) + (A13 + Ag)(As1 + Aza)}-

Lastly, we calculate the last term of (3.1). Taking account of Proposition
2.3, we have

(3-5) 8(Riysq + Risgg + Riz3)
o 1, 5  3C, . T —1T
=3c +E(T —7) +§(7’ -7)+ (A1z — Azi — Agq + Asa).

Therefore by (3.1) and (3.3)-(3.5), we have

Lemma 3.1. Let M = (M, J,g) be a four-dimensional almost Kdhler
manifold of pointwise constant holomorphic sectional curvature ¢ = ¢(p)

(p € M). Then we have

*

T — 7T

17
”RH2 = 12 + a(T* - *)2 + (Als — Az — Agg + A42)
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+(A2 — Azl)2 + (A + /122)2 + (Azq — 1‘143)2 + (Ass + A44)2

5
(3.6) +§{(A13 - A31)2 + (Agq — A42)2 + (A + Ag)* + (Az + A24)2}

3

+Z{(A13 — As1)(A2a — As2) + (A1z + Ag2)(Az1 + Aza)}
1 .

+§{(A23 + Asz + (A — 3A0)% + (Al + Aa + Ags — 3As)°

+(A1g — Ay + Az — 3/123)2 + (Ags + Asz + Agr — 31414)2}

for any unitary basis {e;} = {e1,e9 = Jey,e3,e4 = Jez} of T,M,p € M.

Now we replace {e3, e4} by {€4, —es}. Then by virtue of (2.8), we see
that Ays, A1, A4 and Ays is changed respectively into

(3.7) A s gler, (Ve N)(er,e4q))
Az — %{Q(N(ela e3),e3)’ + g(N(er, es),eq)}
Agi > gleq, (Ve N)(er, €4))
= —Asn+t %{Q(N(ela es),e1)’ + g(N(e1, e3), €2)*}
Azs — —g(ez, (Ve N)(er,e4))

1
= —Ai+ §{g(N(61a€3 ,63)2 (N(€1,63),64)2}

) +g
Ay +— —g(e;;,(V@N)(el,e(l))
= —Ag— %{Q(N(ela%),elf+9(N(61763)762)2}

Thus from (2.6) and (3.7) we have

1

(38) A13 — A31 — A24 -+— A31 — 5(7'* — T),
1

Agqg — Agg — Az + Asg + 5(7'* -7),
1

Az + Agg — Agq — Ayg — :2'(7* —7),

1
Az + Aza — A1z — Az + 5(7* !
Replacing {es, eq} by {eq, —e3}, we have further
(3.9) Az — Ay ¥ A + A,
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Ay + Agp — — Az + Aa,
Ay — Ags — Aszz + Aua,
Ass + A — —Asq + Ags,

(3.10) Agz — —Ajy,
A32 — —A32,
A14 L— -Azs,

Ay — —Aq.

Taking account of (3.9) and (3.10), we see that
51—;{(/423 + Azp + Ay — 3A4)  + (Ara + Agr + Az — 3A32)% + (Ayg + A +
Aszy — 3A93)% + (Azs + Aza + As — 3A14)%}

and

(A12— Ag1)?+ (A1 + Az2)2+ (Asg— Aaz)*+ (Asz+ Agq)? are both invariant
by the change {es,e4} into {e4, —e3}. On the other hand, from (3.8) we
see that

(311) A13 - A31 - A24 + A42 — —(Alg - A31 - A24 + A42)(T* — T),

(3.12) (A1z — 1‘131)2 + (Agq — A42)2 + (A13 + A42)2 + (As + Az4)2
— (A3 — A31)2 + (Agq — A42)2 + (A3 + A42)2 + (As1 + A24)2
+2(T* — T)(Al3 — Az1 — Aoa + Aga) + (T* - T)?',

(3.13)

—

Az — Az1)(Ags — Ag2) + (Ars + Asa)( Az + Aza)
Ayz — Az1)(Azq — Agg) + (Ars + Ag2)(Az1 + Asa)

1
'—‘(T* — T)(A13 —_ A31 it A24 + A42) - 5(7'* — 7')2.

(
(
Since | R||? is invariant by the change {es, e4} into {e4, —es}, taking ac-
count of Lemma 3.1 and (3.11)-(3.13), we have

(3.14) (1" = 7){(A1s — Asy — Agq + Asgz) + %(T*—T)} =0.


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


FOUR-DIMENSIONAL ALMOST KAHLER MANIFOLDS 49

Suppose that M is not Kahlerian. Then there exists a point p € M such
that 7* — 7 > 0 at p. From (3.14) it follows that

1
(3.15) A1z — Az1 — Aps + A = —5(7* —7)

at p. From (3.2) and (3. 15) we calculate at p

9 1
Z Rl = gc + (Alz An)* + §(A“ + Agg)?

26, 2 3¢, ., c

+§2‘5(T —7) *55(7 —T)+Z(A13+Az4)
1 1

(3.16) +Z(A13 — Az)* + Z(AIS + Agy)?

1 3

+1_6(T —7)(A13 — As1) + 16(7*—7)(A13+A42)
5

+m(7’ - 7'.) + 3_2(A23 + A32 + A14 — 3A41)2.

Since Y, , R?,,, depends only on e; (invariant by the change {es, e4} into
{es, —es}), taking account of (3.7) - (3.10) and (3.15) we have

(3.17) (7* — 7)(As2 + A31) =0

at p. Thus from (3.17) we have

(3.18) A+ A5 =0

at p. But by changing {e1, eq, €3, €4} into {es, eq, €1, €2}, we see that
(3.19) Agp — —Agq, Az — —Asgs.

So, (3.18) and (3.19) yield

(3.20) Az + A =0

at p. On the other hand, Proposition 2.3 yields

r
(3.21) P11 = 1 + 2(/‘113 + Az),
T 1
P22 = 1 §(A13 + Az),
1
P33z = i 5(1431 + A42)
T 1
Pas = 1 + E(ASI + Ag2),
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where we set p;; = p(ei, ;). From (3.18), (3.20) and (3.21) we see that

(3.22) pi =~ (1<q S. 4).

Thus we have

Lemma 3.2. Under the same hypothesis as in Lemma 3.1, if M is not
Kahlerian, then the open subspace My = {p € M|t* — 7 > 0 at p} is an
FEinstein manifold.

We put My = {p € M|r* — 7 =0 at p}. Then M = My U M;. If the
interior M| of M, is non-empty, then M/ is a Kahlerian and has constant
holomorphic sectional curvature, and is Einsteinian. Thus we have

Proposition 3.3. Let M = (M, J,g) be a four-dimensional almost
Kahler manifold of pointwise constant holomorphic sectional curvature,
then M is an Einstein manifold.

Now, we suppose that My is non-empty, and we discuss on My. Then
(3.15), (3.18) and (3.20) yield
(3.23) Az —An = —5(17—7),

1
Ay — Ay = Z(T* - 7')-

From Proposition 2.3 and the Einstein condition we have

(3.24) A+ Az = Asz+ Aug,
Aia — An = Asq— Ass,

(3.25) Ay = Ag,
Ag = As.

Also, from Proposition 2.3, (3.23) and the definition of p* we have
* * * 1
(3.26) Pra = P23~ —Pu1 = *5(1412 — Ay),

* * * 1
P13 = Paa = —P31 = —5(/411 + Aga).
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Here, we recall the following general formula which holds in a four-
dimensional almost Hermitian manifold (cf. [1]);

*

T — T

5 9(z,y),

p(z,y) + p(Jz, Jy) — p™(z,y) — p"(Jz,Jy) =
for any tangent vector z,y on the manifold. So, since My is an Einstein
manifold, we have

(3.27) p*(z,y) +p"(y,z) = %g(w,y),

for any z,y € T,M, and any p € My. From (3.16), taking account of
(3.15), (3.18), (3.20), (3.23), (3.24), (3.25), (3.26) and (3.27) we have

9 L, . 1, 3c,
328) TR = g4 gl - g - g )
18 5 1
‘+‘3?(7'* — T)Z + g(Ap; - A41)2.

Also, from Lemma 3.1 together with (3.15), (3.18), (3.20), (3.23), (3.24),
(3.25), (3.26) and (3.27) we have

* 1 * 2
p7ll* = 7).

(3:20) [IRI? = 1262 + (" — 7)2 + 2(Ars — Aut)? + 2 g

64

From (3.29) we see that (A;4 — A41)? is a function on My, and hence
from (3.28), 3,4 R},1, 1s independent with the choice of €;. Thus we
see that My is a 2-stein space. Further, since (A4 — A41)? is a function
on My, (A1a — Aq1)? is independent with the choice of a unitary basis
{ei} = {e1,e2 = Jer,e3,e4 = Jez}. Thus, from (2.8), (3.18), (3.20) and
(3.23) we have

(A1a — An)?* = {g(coste; +sintey, (Ve,N)(costey + sintey, e3))
_9(64, (Vcostel+sin tep N)(COS te; + sin teg, 63))}2
= (A4 — Ag1)?cos? 2t

for all real number t. So, we see that

A14 - A41 = 0’
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and hence from (3.28) and (3.29) respectively we have
9 1 1

(3.30) Zme = gCZ + g”ﬂ”‘”2 - 3—27*2
RIE 18 )
T3l T gl o)

and . |
(3.31) IRI? = 12" + = (r = 1) + 27| = ).

Now, let f denote the smooth function on My defined by

f Z Rlalb

Then for any tangent vector € T,M, (p € My) we have

(332) ERxarb - (33,$)g(.’15,33),

where we set Ryozb = g(R(z,€,)z,ep). By taking twice Euclidean Lapla-
cian in T, M in both members of (3.32), we have

: 1
(3.33) f(p) = g+ el RI.

Thus from (3.30), (3.31) and (3.33) we have

U U DU S
(3.34) 3¢ " 96" + 322( T)* — 32(7 ) =0
At last, from (2.9) and (3.34) we have
7
322 (T - T)2 0’

and hence 7™ — 7 = 0 on My. This is a contradiction. Therefore we
conclude that My is empty, and we have proved our Main Theorem.
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