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NEW FUNCTION THEORETIC PROOFS OF 
BROWN-HALMOS THEOREMS 

HOCINE GUEDIRI1 

ABSTRACT. In this note, based on complex function theory, we present 

new elegant proofs to the famous Brown-Halmos theorems for Hardy space 

Toeplitz operators. As a byproduct, we provide an alternative characteri

zation of Toeplitz operators on the Hardy space. 

1. INTRODUCTION 

The paper of Brown and Halmos [6] is fairly acknowledged by experts to 
be a main pillar of the modern theory of Toeplitz operators for at least two 
reasons: firstly, it studies extensively Hardy space Toeplitz operators and 
secondly, it offers insight into the study of Toeplitz operators on the Bergman 
space as well as on other function spaces. In that paper, they have investigated 
various properties of Toeplitz operators on the Hardy space, for more details 
we refer to [6, 9]. A natural question occurs at once, namely whether the 
set of all Toeplitz operators is a commutative algebra. It turns out that it is 
not closed neither under multiplication nor under commutation. Accordingly, 
Brown and Halmos established conditions on the symbols in order that the 
product of two Toeplitz operators is again a Toeplitz operator and for two 
Toeplitz operators to commute. Such results are known as Brown-Halmos 
theorems. Their original proofs were based on matrix methods. Stroethoff 
in [14, 15] presented new nice corresponding proofs based on the concept of 
the Berezin transform. A lot has been already done for the Bergman space 
versions of Brown-Halmos theorems, mainly by P. Ahern, S. Axler and Z. 
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Cuckovic [2, 3, 4, 7, 8] as well as many others, though the problem is not 

completely solved yet. 

Recently, Stroethoff and Zheng [16, 17] investigated a new class of Toeplitz

type operators, which they called dual Toeplitz operators. They have proved 

many corresponding properties. Among their results, they have established 

Brown-Halmos type theorems for dual Toeplitz operators, whose wonderful 

proofs were based on function theory. They mentioned that their approach 

cannot be carried over to Toeplitz operators because there is no canonical 

transformation of Hankel products HjH9 into rank-one operators such as the 

one used in [17]. For Bergman space Toeplitz operators, it is indeed unclear 

how such an approach can be adapted. However, for Hardy space Toeplitz 

operators, Stroethoff-Zheng's elegant technique can be successfully invoked 

with, of course, appropriate modifications. This probably provides insight 

into further techniques in the theory. In addition, we provide an alternative 

intertwining characterization for Toeplitz operators and we study an associated 

C* -algebra. Such task represents the aim of our present observation. 

2. PRELIMINARIES 

Let llJJ be the unit disk in the complex plane C and let 8llll be the unit circle. 

The Lebesgue space L 2 (8llll) is the space of square integrable functions on allll 
and the Hardy space H 2 (8llll) is the closed Hilbert subspace of L2 (8llll) spanned 

by the analytic polynomials. The space of essentially bounded functions on 

ollll is denoted by L00 (8llll). The space of bounded analytic functions, which is 

dense in H 2 (8llll), is denoted by H 00 (8llll). Note that the analyticity throughout 

has to be understood in the customary sense that the Poisson extension of the 

concerned function is analytic in llll. The orthogonal projection from L2 (8llll) 
onto H 2 (8llll) is denoted by P. Denote the orthogonal projection from L2 (8llll) 
onto (H2 (8llll))_L by Q = I- P. Let J be the unitary operator on L2 (8llll) 
defined by Jh(w) = wh(w). J satisfies J 2 = I and J(I- P) = PJ, 
see for instance [13, 18, 19]. For a symbol f E L 00 (8llll), the Toeplitz and 

Hankel operators on H 2 (8llll) are defined respectively by Tfg = P(fg) and 

Hfg = J(I- P)(fg), for all g E H 2 (8llll). We shall need the following notation 

f* ( z) = f ( w). It is well-known that f is analytic (co-analytic) if and only if 
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f* is analytic (co-analytic). 

The following crucial facts can be obtained by direct calculations, (see [13, 18]): 

Lemma 2.1. Let f and g be in L 00 (allll). Then, one has 

(1) Hj =Hr. 

(2) HjH9 = Ty9 - TyT9 . 

(3) TjH9 = H9Tr and H;Tf = T-f*H;, iff E H 00 (8llll). 

For f and gin L 2(8llll), consider the rank one operator defined by (.f&!g)h =< 

h,g > f, Vf E L 2 (8llll). Note that ll.f &! gil= ll.fll 11911· For wE llll and z E 8llll, 
let kw(z) be the normalized reproducing kernel of H 2 (8llll) defined by 

k (z) = \/1- lwl2 
w 1- wz ' 

and let 'Pw be defined by 
w-z 

'Pw(z) = - . 
1- wz 

It is easily seen that 'Pw is in H 00 (8llll) and that (zpw)-1 = 'Pw· Moreover, it is 

an inner function, i.e. I'Pwl = 1, and zp::V = 'Pw. The Toeplitz product T'PwT'Pw 

is the orthogonal projection onto H 2 (8llll) 8 {kw}, [13, 19]. Thus I- T'P,T'Pw 

is the rank one operator kw &! kw. In other words, we have 

(2.1) kw @ kw = I - T.n I;--;,-. 
r1v rw 

For a linear operator S on H 2(8llll) and w E llll, 
Sw(S) by 

(2.2) Sw(S) = S- T;(). ST.n•. 
rw rw 

define the linear operator 

From (ii) of Lemma 2.1 it follows that the commutator [Tj, T9 ] is given by 

(2.3) 

From Equation (2.1), we see that 

(2.4) H-j(kw &! kw)Hg = H-j (I- T'PwT'PJ Hg = H-jHg- H-jT'PwT'PwHg. 

Using part (iii) of Lemma 2.1 and Equation (2.2), we see that Equation (2.4) 

reduces to 

(2.5) H-j(kw &! kw)H9 = H-jH9 - T;p7v H'jH9 T'P1v = Sw ( H'jH9 ) . 
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Similarly, we obtain 

(2.6) 

Combining Equations (2.3), (2.5) and (2.6), we obtain 

(2.7) Hj(kw ® kw)H9 - s;(kw ® kw)HJ = Sw ([TJ, T9 ]). 

On the other hand, for operators T and S, we can easily verify that 

T*(f ® g)S = T* j ® S*g. 

Finally, combining the latter with Equation (2. 7), we obtain 

(2.8) 

3. INTERTWINING CHARACTERIZATIONS OF TOEPLITZ 

OPERATORS 

A given matrix is said to be Toeplitz if it is constant along diagonals par
allel to the main one. The famous Brown-Halmos characterization of Toeplitz 
operators asserts that: an operator T on H 2 (8Illl) is Toeplitz if and only if its 

matrix with respect to the generic basis is a Toeplitz matrix. An alternative 
characterization in terms of an operator equation involving the shift operator 

reads as [6, 9]: 

Theorem 3.1. A bounded linear operatoT T on H 2 (8Illl) is a Toeplitz operatoT 

if and only if 

S*TS = T, 

wheTe S is the unilateral shift operator Sf ( z) = z f ( z) = Tz f ( z). 

Note that for Bergman space Toeplitz operators there is no such characteriza
tion, (except in certain trivial cases), as pointed out by Englis [10]. 

A Toeplitz operator is said to be analytic, (co-analytic), if its symbol is ana
lytic, (co-analytic). The characterization of Theorem 3.1 restricted to analytic 
and co-analytic Toeplitz operators has the following reduced form: 

Corollary 3.1. 
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(1) A bounded linear operatorT on H 2 (8llll) is an analytic Toeplitz operator 

if and only if it satisfies the operator equation ST = TS. 

(2) A bounded linear operator T on H 2(8llll) is a co-analytic Toeplitz op
erator if and only if it satisfies the operator equation S*T = TS*. 

The operator Sw introduced in the previous section reveals on a new charac

terization of Hardy space Toeplitz operators: 

Theorem 3.2. ·A bounded linear operator T on 1{2 ( 8llll) is a Toeplitz operator 

if and only if 

Sw(T) = 0, for all wE llll. 

Proof. The only if part: fix a w E lill and consider a Toeplitz operator Tf on 

H 2 (8llll), with symbol f E L 00 (8llll). Since 'Pw is bounded analytic, cp~ behaves 

similarly, whence T;p;, TJT'P':n = T;p;, Tf'P':n = T(p':nf'P':n = Tfi'P':vl2 = Tf, as I'P~I = 1 
on the circle. Therefore, we infer that Sw(TJ) = TJ - T;p;, TJT'P':n = 0. 
The if part: Suppose that Sw (T) = 0, for all w E llll. Then, in particular for 

w = 0, we obtain T- T_z;TT_z = 0, whence T- T;TTz = 0. By Theorem 3.1, 

(or directly by using the original matrix characterization), we see that T must 

be a Toeplitz operator. D 

Notice that a result similar to that of Corollary 3.1 involving Sw is also valid. 

Remark 3.1. Theorem 3.2 can be rephrased as follows: 

Tf is a Toeplitz operator -¢:::::::} Tf E n ker Sw. 
wEllli 

It seems to be interesting to see whether a less restricted characterization is 

valid, namely given wE lill (fixed): TJ is Toeplitz -¢:::::::} Sw(TJ) = 0? 

Also, it might be interesting to consider the following operator equation 

T;p;, TT'P':n = >..T, 

for instance. 

Denote by K the ideal of compact operators in the algebra B (H2 (8llll)). Fol

lowing the ideas of [11, 12], for fixed w E lill introduce the following set 

F(T'P~J := {T E B (H2 (8llll)), Sw(T) E K}. 
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The following assertion characterizes F(Tcp:;,): 

Theorem 3.3. 

(1) In terms of commutators, we have 

F(Tcp:;,) = {T E B (112 (8]]]))), [T,Tcp:;,) E K}. 

(2) F(Tcp:;,) is a proper C*-subalgebra of B (112 (8]]]))). 

Hocine Guediri 

Proof. 1) First, observe that I- T~p:;, Tcp:;, = T1_I'P';,I2 = 0 and I- Tcp:;,T<p:;, 
is the rank one operator kw 0 kw, whence they are both compact operators. 
Therefore, if T- T~p:;, TTcp:;, E K, then 

Tcp:;, ( T- T~p:;, TTcp:;,) = (Tcp:;,T- TTcp:;,) + (I- Tcp:;,T<p:;,) TTcp:;, E K. 
Thus, we infer that Tcp:;,T- TTcp:;, = [T, Tcp:;,) E K. 

Conversely, if Tcp:;,T- TTcp:;, E K, then we see that T~p:;, (Tcp:;,T- TT'P:;,) 
TI'P:;,12T- T~p:;, TTcp:;, = Sw(T) E K. 

2) Clearly F(Tcp:;,) is a linear self-adjoint subspace of B (112 (8]]]))). Moreover, 
it is easy to see that the operator Sw is bounded on B ( 112 ( 8]]]))), whence 
F(Tcp:;,) is norm-closed. Besides, it is closed under multiplication because 
[T1T2, T"':;,) = T1 (T2Tcp:;, - Tcp:;,T2) + (T1Tcp:;, - Tcp:;,T1) T2. For example, for 
w = 0, as in [11], we see that T = diag(-1)n is in B (112 (8]]]))) but not in 
F(Tz), whence the inclusion is proper. D 

4. BROWN-HALMOS THEOREMS 

The first Brown-Halmos theorem characterizes commuting Hardy space 
Toeplitz operators. Its original proof [6] hinges on matrix methods. Stroethoff 
[14, 15] provided an alternative proof which makes use of the Berezin trans
form. The more involved Bergman space version is due to Axler and Cuckovic 
[3], see also [14]. 

Theorem 4.1. Let f and g be in D)()(8]]])). Then, Tt and T9 commute if and 
only if one of the following conditions holds: 

(1) Both f and g are analytic. 
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(2) Both f and g are analytic. 

(3) There exist constants a and /3, not both zero, such that af + j3g zs 
constant. 

Proof. The sufficiency of these conditions is straightforward (it immediately 
follows from elementary properties of Toeplitz operators). So, clearly it is 
sufficient to show the necessity of one of the conditions (i), (ii) and (iii) when 
Tt and T9 commute. 

Suppose that Tt and T9 commute, then it follows from Equation (2.8) that 

Hjkw Q9 H;kw = Hikw Q9 Hjkw, Vw E lill. 

Since ko = 1, we obtain 

( Hj1) ® (H;1) = (H;1) Q9 (Hj1), 
which can be rewritten as 

(h, H;1) Hj1 = (h, Hj1} H;1, V hE H 2 (8lill). 

At this stage, we distinguish several cases: 

• If Hjl # 0 and Hj1 # 0, then there exists a complex number>., such 

that Hi1 = >.Hj1 and H;1 = >.Hj1. That is to say Q (g*- >.f*) = 0 

and Q (g* - >.j*) = 0; whence g*- >.f* and g*->.j* are analytic. Thus 
g*- >.j* is constant. It follows that a non-trivial linear combination of 
f and g, namely g- >.f, is constant, (which corresponds to condition 
(iii)). 

• If Hjl = 0, then f* is analytic, i.e. f* is co-analytic and either Hj1 = 0 

or Hi1 = 0, that is, f* is also analytic, (in which case f* is constant, 
which corresponds to condition (iii)), or g* is also co-analytic, (which 
corresponds to condition (ii)). 

• If Hj1 = 0, then f* is analytic and H;1 = 0 or Hj1 = 0, that is f* is 

analytic, (in which case f* is constant, which corresponds to condition 
(iii)), or g* is analytic, (which corresponds to condition (i)). D 

Theorem 4.1 has an important corollary on the characterization of normal 
Toeplitz operators. Before stating it, note that for the range of a complex
valued function to lie on a line in the complex plane, it is necessary and 
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sufficient that there exist complex constants a, (3 and A not all zero such that 
af + f3f =A. 

Corollary 4.1. Let f E L 00 (1Ill). Then, the Toeplitz operator Tt is normal if 
and only if the range of f lies on a line. 

Proof. Since f and f cannot be simultaneously analytic or co-analytic unless 
f is constant, by Theorem 4.1 Tt and Tj = Ty commute if and only if there 
are constants a, (3 and A not all zero such that af + (3f = A. Then, we infer 
that Tt and Tj commute if and only if the range of f lies on a line. D 

The second Brown-Halmos theorem answers the crucial question: when the 
product of two Toeplitz operators is again a Toeplitz operator? The Bergman 
space version was proved rather recently by Ahern and Cuckovic [2]. They 
pointed out that their approach can be extended to the Hardy space case too 
in the following way: since any f from L00 (81Ill) can be written as f = fi + h 
with BMOA components fi and h, then invoking the method of Proposition 
1 of [2], we see that if TtT9 = Th, then 

- 1 121!" 1 - izl2 -
!I(z)gl(z)+ h(z)g2(z)+ fi(z)g2(z)+-2 . 2 f 2(0)gl(O)d0 = h(z). 

7r o II- ze-d11 

Since the last term of the L.H.S. of the latter is the harmonic extension 
(Berezin transform) of f2g1, it is harmonic in particular. Hence every term in 
the above equation is obviously harmonic except f1g2. It follows that f1g2 is 
harmonic too which implies that 

- 8!1 8g2 
~ (fig2) = az Oz = 0. 

Since * is analytic, we see that either * = 0 or !!jf = ~ = 0, whence fi 
is constant or g2 is constant. In other words either f is co-analytic or g is ana
lytic. Therefore, we arrive to the statement of the forthcoming Brown-Halmos 
theorem. In contrast to the Hardy space situation, on the Bergman space the 
Berezin transform does not always yield harmonic functions. Thus, a similar 
conclusion requires extra analysis, which has been impressively developed in 
the nice piece of art [2]. 

Theorem 4.2. Let f and g be in L 00 (81Ill). Then, the product TtT9 is again 
a Toeplitz operator if and only if one of the following conditions holds: 
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(1) f is co-analytic. 

(2) g is analytic. 

In which case T1T9 = TJg. 

23 

Proof. From the elementary properties of Toeplitz operators, the "if part" is 

obvious. While the "only if part" is less trivial. For, suppose that T1T9 = Th 

for some hE 

L00 (8llll). From part (ii) of Lemma 2.1, we see that 

Th - T1T9 = Th- fg + HjH9 = 0. 

So, introducing the operator Sw, we see from Theorem 3.2 that since z E 8llll 

we have 

Sw(TJg-h) = Sw ( HjH9 ) = Hjkw l6l H;kw = 0. 

In particular for w = 0, we obtain 11Hj116l H;111 = 11Hj1II11H;1II = 0, whence 

H-jl = 0 or H;1 = 0. Therefore, we have two possibilities 

• If Hjl = 0, then f* is analytic, whence f is co-analytic, (which corre

sponds to (i)). 

• If H;1 = 0, then g* is analytic, whence g is analytic, (which corre-

sponds to (ii)). 0 

A first corollary is about the so-called zero product problem: 

Corollary 4.2. A necessary and sufficient condition for the product T1T9 of 

two Toeplitz operators on the Hardy space H 2 (8llll) to be zero is that at least 

one factor be zero. In other words, among the class of Toeplitz operators there 

are no zero divisors. 

Proof. Clearly if TJ = 0 or T9 = 0, then TJTg = 0. Now, suppose T1T9 = 0, 

then T1T9 is a Toeplitz operator with zero symbol. By Theorem 4.2 we see 

that either f is co-analytic or g is analytic and T1T9 = T19 = 0. Thus fg = 0 

a.e. on llll. We distinguish several cases: 

(1) Iff or g is identically zero, then the problem is solved. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



24 Hocine Guediri 

(2) Iff ¢. 0 and g ¢. 0, then 
(a) If fg = 0 and g is analytic, then g = 0. 
(b) If f g = 0 and f is co-analytic, then 1?J = 0 and 1 is analytic. 

Therefore 1 = 0. 

Hence we infer that either Tf = 0 or T9 = 0. D 

Yet, three more corollaries of Brown-Halmos Theorem 4.2 are listed below: 

Corollary 4.3. 

( 1) A Toeplitz operator TJ is an isometry if and only iff is a unimodular 
constant. 

(2) A Toeplitz operator TJ is unitary if and only iff is a constant function 
of modulus 1. 

Proof. 1) IfTJ is an isometry, then TjTJ =I, i.e. TyTJ = T1. By Theorem 4.2, 
this implies that f is analytic and 1 f = 1!1 2 = 1. Conversely iff is a constant 
function of modulus 1 then it is clear that TyTJ = Ty1 = r 111 2 = T1 = I. 
Therefore, Tf is an isometry. 

2) If Tj = Ty and TJ are both isometries, then by (1) above f and f are 
analytic. Hence f is constant and IJI = 1. D 

Remark 4.1. It turns out that even more is true, namely: there are no 
Toeplitz operators that are partial isometries other than the isometric ones 
Tf with IJI = 1, see [5]. Note that the Bergman space case was addressed 
by Cuckovic [7, 8]. Cuckovic's approach makes use of the Toeplitz algebras 
structure theorems, and should work for the Hardy space situation as well. 

Corollary 4.4. The only idempotent Toeplitz operators are the trivial ones, 
i.e. 0 and I. 

Proof. If T} = Tf, then T}- TJ = TJ(TJ- I) = TJ(TJ- Tl) = TJTJ-1 = 0. 
Corollary 4.2 implies TJ = 0 or TJ- 1 = 0. Thus Tf = 0 or TJ = T1 =I. D 

Corollary 4.5. If a Toeplitz operator Tf is invertible, then Tj 1 is a Toeplitz 
operator if and only iff is analytic or f is co-analytic. 
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Proof. Iff is analytic then, by Theorem 3.2, for every w E lill we have T'P':vTf = 

TfT'P':v, which implies that 

Tj 1 (T'P::VTJ )Tj1 = Tj 1 (TJT'P:;,,)Tj 1 . 

Hence, we obtain 

Tj 1T'P':v = T'P::vTj 1 

Now, Theorem 3.2, implies that Tj 1 must be a (analytic) Toeplitz operator. 

Iff is co-analytic, then again by Theorem 3.2, we haver;;" TJ = T1T;::V, which 
implies that 

T - 1T* T* r-1 
f ,n* - "'* J . Y'W 'r'W 

From Theorem 3.2, we conclude that Tj 1 is a (co-analytic) Toeplitz operator. 

For the only if part, suppose that Tj 1 is a Toeplitz operator T9 say. Since 

Tj 1TJ = T9TJ = I = T1, which is a Toeplitz operator, Theorem 4.2 implies 

that either f or g is analytic. On the other hand since we have TJTj 1 = 

T1T9 = I= T1, again by Theorem 4.2, we see that either g or 1 is analytic. 

Now, if 1 is analytic then the proof is complete. But if 1 is not analytic, then g 

must be analytic and non-constant (because if g is constant then T9 = Tj 1 = 

A.I which means that TJ =-!-I, i.e. f = t and 1 =*which is analytic). Thus 
g is not analytic and hence f must be analytic, which completes the proof. 0 
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