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ON THE GEOMETRY OF 3-CONTACT CR-SUBMANIFOLDS OF 
MANIFOLDS WITH GENERALISED 3-SASAKIAN STRUCTURE 

Falleh R. Al-Solamy 

ABSTRACT. In a recent paper [4] Bejancu and Farran introduced a new 

structure on manifolds called a generalised 3-Sasakian structure which is 

in fact a generalisation of a 3-Sasakian structure [10] on manifolds. The 

authors studied this structure locally. However, in this paper we consider 

this structure globally and we investigate the geometry of 3-contact CR

submanifolds of manifolds with a generalised 3-Sasakian structure. 

1. INTRODUCTION 

The differential geometry of CR-submanifolds has shown an increasing de
velopment since Bejancu defined and studied CR-submanifolds of a Kaehler 
manifold [2"] as a natural generalisation of both invariant submanifolds and 
anti-invariant submanifolds. Since then many papers on CR-submanifolds in 
Kaehlerian, Sasakian, trans-Sasakian, nearly trans Sasakian, and Sasakian 3-
structures have been published [6, 8, 9, 11, 12, etc.]. 

Recently in [4] Bejancu and Farran have introduced a new structure de
fined locally on manifolds called a generalised 3-Sasakian structure, which is 
a generalisation of 3-Sasakian structures [10]. The aim of this paper is to 
study what we call 3-contact CR-submanifolds of manifolds with generalised 
3-Sasakian structure defined globally. 

Key words and pharases: 3-contact CR-submanifolds, Sasakian 3-structures, Generalised 
3-Sasakian structure, D-totally geodesic submanifold. MSC 2000: 53C40 
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In section 2, we review basic formulas and definitions which we shall use 
later. In section 3, we study integrability conditions of distributions and can
nonical parallel structure. In section 4, we obtain results on leaves of distribu
tions in 3-contact CR-submanifold. We also study totally umbilical 3-contact 
CR-submanifold. 

2. PRELIMINARIES 

Let M = M 4m+3 be a manifold with almost contact metric 3-structures 
(¢i,~i,T/i,g) (i = 1,2,3). On this manifold we have (c£.[10]) 

(2.1) "7i(~j) = T/j(~i) = 0, 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

¢i¢j - ~i ® T/j = -¢j¢i + ~j ® T/i = ¢k, 

g(¢iX, ¢iY) = g(X, Y)- "7i(X)ryi(Y), 

g(X, ~i) = "7i(X), 

for any X,Y tangent toM and cyclic permutation (i,j,k) of (1,2,3). M is 
called a manifold with generalised 3-Sasakian manifold if 

(2.7) (vx¢i)(Y) = g(X, Y)~i- "7i(Y)X + aij(X)¢jY + aik(X)¢kY, 

(2.8) VX~i = -¢iX + Ctij(X)~j + Ctik(X)~b 
where v is the operator of covariant differentiation with respect to the metric 
g on M, Ctij are 1-forms on M and Ctij + Ctji = 0. We give an example of this 
structure in the end of this section. 

Let M be an m-dimensional isometrically immersed submanifold of a man
ifold M with gerenralised 3-Sasakian structure. Let us denote by the same g 

the Riemannian metric tensor field induced on M from that of M. Through 
out this paper, we assume that M is tangent to (~ 1 ,~2 ,~3 ). 
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Definition 2.1. A submanifold M of a manifold M with a generalised 3-

Sasakian structure is called a 3-contact CR-submanifold if there exists a dif

ferentiable distribution D : x E M ------* Dx C TxM such that 

(1) the distribution Dis invariant under r/Ji, i.e ¢iD CD, (i = 1,2,3). 
(2) the complementary orthogonal distribution Dj_ : X E M ------* n; c TxM 

of D is anti-invariant under ¢i, i.e ¢iDt C Tj- M, (i = 1, 2, 3), where TxM 

and Tj- M are the tangent space and the normal space of M at x respectively. 

For any vector field X E T M, we put 

(2.9) 

where TiX (resp. FiX) is the tangential (resp. normal) component of ¢iX. 

For any vector field N E Tj_ M, we put 

(2.10) 

where tiN (resp. fiN) denotes the tangential (resp. normal) component of 

¢iN. 

Let v ( resp. v) be the covariant differenitiation with respect to the Levi

Civita connection on M (resp. M). The Gauss and Weingarten formulas for 

M are respectively given by 

(2.11) vxY = vxY + h(X, Y), 

for X, YET M and N E Tj_ M, where h (resp. A) is the second fundamental 

form (resp. tensor) of M in M, and vj_ denotes the normal connection. 

Moreover, we have 

(2.12) g(h(X, Y), N) = g(ANX, Y). 

Definition 2.2. A CR-submanifold M is said to be D-totally geodesic if 

h(X, Y) = 0, for each X, Y ED. 

Now, if we denote by l and m the projection operators corresponding to D 
and Dj_ respectively, then we have [9] 

(2.13) 

(2.14) 

lm = ml = 0, 12 = l 
' 

m 2 =m 
' 
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We state the following Lemmas [9]. 

Lemma 2.1. If M is a 3-contact CR-submanifold. Then ~i(i = 1, 2, 3) are in 

D. 

Lemma 2.2. Let M be a Submanifold of a manifold with almost contact 3-

structure tangent to (~ 1 , ~ 2 , ~ 3 ). Then M is a 3-contact CR-submanifold if and 

only if 

(2.15) and 

for any cyclic permutation (i,j,k) of(1,2,3). 

Example: Consider the Euclidean space R 4 (n+l) which has infinitely many 

quaternion structures coming from each copy of R 4 and their constant linear 

combinations, with coefficients being coordinates of points on S 2 . In particu

lar, R4(n+l) has a triplet of complex structures (J1, J2, J3) satisfying 

2 Ji =-I, Ji o Jj = -Jj o Ji = Jk, (JiX, JjY) =(X, Y) 

(V xJ;) (Y) = aij(X)JjY + aik(X)JkY 

for a cyclic permutation of ( i, j, k) = (1, 2, 3), where (,) is the Euclidean 
metric on R 4(n+l), \7 is the covariant derivative operator, X, Y are smooth 

vector fields on the Euclidean space R4(n+l) and aij are 1-forms satisfying 

aij + aji = 0. 

Let M be an orientable hypersurface of R4(n+l) with unit normal vector 

field N. Then the Gauss and Wiengarten formulas for the hypersurface are 

V'xY = V'xY + g(AX, Y)N, V'xN =-AX 

where \7 is the induced Riemanninan connection with respect to the Riemann

ian metric g and A is the Wiengarten map of the hypersurface M. We define 

the structure ( r/\, ~i ,r]i, g), i = 1, 2, 3 on M by setting 

where ¢iX and 7]i(X) are tangential and normal components of Ji(X) and 

~i is the unit vector field on M satisfying Ji~i = N. It is easy to ver

ify using the properties of J1, h, h that the structure ( ¢.;, ~i, 7Ji, g) satisfies 

the conditions (2.1)-(2.6). We shall show that on the unit sphere M = 
S4n+3 , for which the Wiengarten map is given by A = -I , this structure 
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satisfies all the conditions (2.1)-(2.8), showing that S 4n+3 has generalized 
Sasakian 3-structure. Now taking smooth vector fields X, Y on M and using 
0lxJi) (Y) = aij(X)JjY + aik(X)JkY together with Gauss and Weingarten 
formulas after equating tangential and normal components, we arrive at 

('\1 x¢i) (Y) = "Ji(Y)AX- g(AX, Y) + aij(X)¢jY + aik(X)¢kY 

g ('\1 X~i' Y) = g(¢iY, X)+ aij(X)g(Y, ~j) + aik(X)g(Y, ~k) 

which on taking A= -I gives conditions (2.7) and (2.8). 

3. INTEGRABILITY CONDITIONS OF DISTRIBUTIONS AND 
PARALLEL CANNONICAL STRUCTURES 

First we prove the following lemma for later use. 

Lemma 3.1. Let M be a 3-contact CR-submanifold of a manifold M with 
generalised 3-Sasakian structure. Then 

(3.1) vxTiY- AF;YX- Ti \lx Y- tih(X, Y) = 

g(X, Y)~i- 7Ji(Y)X + aij(X)TjY + aik(X)TkY, 

(3.2) h(X, TiY)+viFiY -Fi\lx Y- fih(X, Y) = aij(X)FjY +aik(X)FkY, 

for any X, Y E TM. 

Proof. From (2. 7), we have 

(3.3) vx¢iY- cPi\lxY = g(X, Y)~i -77i(Y)X + aij(X)¢jY + aik(X)¢A:Y. 

Now using the equations (2.9), (2.10) and (2.11), the above equation gives 

(3.4) vxTiY + h(X, TiY)-AF;YX + viFiY- Ti \lx Y 

-Fi vx Y- tih(X, Y)- fih(X, Y) = g(X, Y)~i- 7Ji(Y)X + aij(X)TjY 

+ aij(X)Fj Y + aik(X)TkY + aik(X)FkY, 

for X,Y E TM. 

Comparing the tangential and normal parts in the above equation we get 
the result. D 

Next we prove 
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Lemma 3.2. Let M be a 3-contact CR-submanifold of a manifold M with 
generalised 3-Sasakian structure. Then 

(3.5) 

for any Y, Z E Dj_. 

Proof. From equation (3.1), we have 

(3.6) 

for Y, Z E Dj_. Interchanging the vector field Y and Z in equation (3.6), we 
get 

(3.7) 

Subtracting (3.6) and (3.7), we get 

Ti[Y, Z] = AF;YZ- AF;ZY 

for allY, Z E Dj_. 0 

Now we prove 

Theorem 3.1. Let M be a 3-contact CR-submanifold of a manifold M with 
generalised 3-Sasakian structure. Then the distribution Dl_ is integrable if and 
only if 

(3.8) 

for any Y, Z E Dj_. 

Proof. Let Dj_ be integrable. Then for Y, Z E Dj_, we have [Y, Z] E Dj_. This 
implies that Ti[Y, Z] = 0. Then by Lemma (3.2), we have AF;YZ = AF;zY 
for Y, Z E Dj_. 

Conversely, let AF;YZ = AF;zY for Y, Z E Dj_ which implies that Ti[Y, Z] = 
0, for Y, Z E Dl_. This gives that [Y, Z] E Dl_. Therefore Dl_ is integrable. 0 

Next we will study the integrability condition of the distribution D. For 
this, first we have 
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Lemma 3.3. Let M be a 3-contact CR-submanifold of a manifold M with 

generalised 3-Sasakian structure. Then 

(3.9) 

for all X, Y ED. 

Proof. From Equation (3.2), we have 

(3.10) h(X, TiY)+v~FiY -Fivx Y- fih(X, Y) = O:ij(X)FjY +aik(X)FkY, 

for X, Y E T M. If X, Y E D, then using the fact that Fj Y = 0 for Y E D, 

the above equation gives 

(3.11) 

for X, Y ED. Interchanging the vector field X andY in (3.11), we get 

(3.12) 

for X, Y ED. Subtracting (3.11) and (3.12), we obtain 

Fi[X, Y] = h(X, TiY)- h(Y, TiX), 

for all X, Y ED, which gives the result. D 

Theorem 3.2. Let M be a 3-contact CR-submanifold of a manifold M with 

generalised 3-Sasakian structure. Then the distribution D is integrable if and 

only if 

(3.13) 

for any X, Y E D. 

Proof. Let D be integrable. Then for X, Y E D, we have [X, Y] E D. This 

implies that Fi[X, Y] = 0. Then by Lemma (3.3), we have h(X, TiY) = 
h(Y, TiX) for X, Y ED. 

Conversely, let h(X, TiY) = h(Y, TiX) for X, Y ED. Then by Lemma (3.3), 

we have Fi[X, Y] = 0 for X, Y E D. This gives that [X, Y] E D. Therefore D 

is integrable. D 
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Before we close this section, we study 3-contact CR-submanifold with par
allel cannonical structure. For this, let us define the covariant differentiation 
ofT;, Fi, t; and J; as follows : 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

- j_ 
(vxt;)(N) = vxt;N- t; vx N, 

(vxf;)(N) = v"1fiN- J; v-1 N, 

for any X, Y E TM and N E Tj_M. 

Definition 3.1. The endomorphism Ti(resp. the endomorphism fi, the 1-
form F; and t;) is called parallel if yT; = 0 (resp. v J; = 0, v F; = 0 and 
yt; = 0) 

Now using (3.14) and (3.15) in Lemma 3.1 we have 

(3.18) (vxT;)(Y) = ApiyX + t;h(X, Y) + g(X, Y)~; -ry;(Y)X 

+o:;j(X)Tj Y + o:;k(X)TkY, 

and 

(3.19) (v xF;)(Y) = f;h(X, Y)- h(X, T;Y) + o:;j(X)Fj Y + o:;k(X)FkY, 

for any X, Y E TM. 

Next, for X E T M, N E Tj_ M, equation (2.7) gives 

(vx¢;)(N) = vx¢;N- c/J;vxN = o:;j(X)¢jN + o:;k(X)¢kN. 

Using equations (2.9)-(2.11) in the above equation, we obtain 

(3.20) v xt;N + h(X, t;N) - A fiN X+ v-1 j;N + T;AN X + F;AN X 

-t; v-1 N- fi v-1 N = o:;j(X)(tjN + fjN) + o:;k(X)(tkN + fkN), 

for any X, Y E TM, N E Tj_M. 

Comparing tangential and normal components in the above equation and 
using (3.16), (3.17), we get 

(3.21) (vxt;)(N) =A JiNX- T;ANX + o:;j(X)tjN + o:;k(X)tkN, 
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and 

(3.22) (vx /i)(N) = -h(X, tiN)- FiANX + aij(X)fjN + a·ik(X).fkN, 

for any X, Y E TM, N E Tl_M. 

Now we prove 

Proposition 3.1. Let M be a 3-contact CR-submanifold of a manifold M 

with generalised 3-Sasakian structure. Then ti(i = 1, 2, 3) are parallel if and 

only if Fi are parallel. 

Proof. Assume that ti(i = 1, 2, 3) are parallel, i.e vti = 0. Then from (3.21) 
it follows 

which implies that 

g(h(X, Y), fiN) +g(h(X, TiY), N) -aij(X)g(N, Fj Y) -aik(X)g(N, FkY) = 0, 

for any X, Y E TM and N E Tl_M. 

Thus we have 

Transvecting N on both sides, we get 

(3.23) fih(X, Y) = h(X, TiY)- aij(X)FjY- aik(X)FkY. 

From (3.19) and (3.23) it follows that Fi(i = 1, 2, 3) are parallel. Converse 
part follows on the same line. 0 

Lemma 3.4. Let M be a 3-contact CR-submanifold of a manifold M with 

generalised 3-Sasakian structure Then 

(3.24) 

(3.25) 

for all X E TM. 

vX~i = -TiX + aij(X)~j + aik(X)~kl 

h(X, ~i) = -FiX, 

Proof. For X E T M, we have 

vx~i = -¢iX + aij(X)~j + aik(X)~kl 
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which can be written as 

\JX~i + h(X, ~i) = -(TiX +FiX)+ aij(X)~j + aik(X)~k 
= -TiX- FiX+ aij(X)~j + aik(X)~k· 

Comparing the tangential and normal components on both sides, we get the 
result. D 

Proposition 3.2. Let M be a Submanifold of a manifold with genemlised 
3-Sasakian structure. If Fi( i = 1, 2, 3) are pamllel, then M is a 3-contact 
CR-submanifolds. 

Proof. From (3.19), we have 

(3.26) fih(X, Y) = h(X, TiY)- aij(X)FjY- aik(X)FkY. 

Putting Y = ~j in (3.26), we get 

fih(X, ~j) = h(X, Ti~j)- aij(X)Fj~j- aik(X)Fk~j' 

which by virtue of equation (2.2) implies that 

fih(X, ~j) = h(X, ~k) + aik(X)~i· 
Now using h(X,~i) = -¢iX =-FiX, the above equation reduces to 

(3.27) 

Equating the normal component in equation (3.27), we get 

fiFj = Fk. 

Moreover putting Y = ~i in (3.26) we get 

fih(X, ~i) = h(X, Ti~i) - aij (X)Fj~i - aik(X)Fk~i 

or 

or 

- fiFiX- aij(X)~k- aik(X)~j = 0, 

from which we get fiFi = 0 by equating normal component. Thus we have 
fiFj = Fk and fiFi = 0. Hence using Lemma (2.2), M is a 3-contact CR
submanifold. D 
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4. GEOMETRY OF LEAVES ON 3-CONTACT 

CR-SUBMANIFOLDS 

The aim of this section is to obtain results on the immersion of leaves of 

distributions in 3-contact CR-submanifolds M of manifold with generalised 

3-Sasakian structure. We shall obtain necessary and sufficient conditions in 

order that the leaves in M to be totally geodesic. 

From Equations (3.1) and (3.2) we have 

(4.1) Ti \lx Y = -AF;YX- tih(X, Y)- g(X, Y)ei + rJi(Y)X 

-aij(X)TjY- aik(X)TkY, 

and 

(4.2) Fi \lx Y = viFiY- fih(X, Y)- aij(X)FjY- aik(X)FkY, 

for any X E TM andY E D.l. 

Now we prove 

Proposition 4.1. Let M be a 3-contact CR-submanifold of a manifold M 

with generalised 3-Sasakian structure. Then 

(i) the distribution D is integrable and a leaf of D is totally geodesic in 

M if and only if 

(4.3) g(h(X, W), ¢iZ) = 0. 

for all X, W E D and Z E D.l. 

(ii) the distribution D is integrable and the leaf of D is totally geodesic in 

M if and only if M is D-totally geodesic. 

Proof. (i) Suppose that the distribution D is integrable and its leaf is totally 

geodesic in M. Then we have \JxW ED, \JXcPiW ED for all X, WE D. 
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Now, for X, WED andY E DJ..., equation (4.1) yields 

0 g(Vx¢iW, Y) = -g(¢iW, \lxY) = g(¢i \lx Y, W) = g(Ti \lx Y, W) 

-g(AFiY X+ tih(X, Y), W)- g(X, Y)rJi(W) + rli(Y)g(X, W) 

-aij(X)g(Tj Y, W)- aik(X)g(TkY, W) 

-g(AF;YX, W) = -g(h(X, W), ¢iY), 

from which we get (4.3). 

Conversely, let equation ( 4.3) holds, then using (3.13), the distribution D 
is integrable. Now, by virtue of equation (2.7), we get 

(4.4) g(h(X,¢iW),FiZ) = g(Vx¢iW,FiZ)=g(¢VxW,¢iZ) 

g(vxW, Z) = o, 
for any X, WED and Z E DJ.... 

From (4.4), we obtain \lxW ED for all X, WED, that is, each leaf of D 
is totally geodesic in M. 

(ii) Suppose that D is integrable and its leaves are totally geodesic in M. 
Then we have \lxW ED for all X, WE D. Thus using the Gauss formula 
we obtain 

g(h(X, W),N) = g(VxW,N) = 0, 
for all X, W E D and N E TJ... M. Hence M is D-totally geodesic CR
su bmanifold. 

Finally, we suppose that h(X, W) = 0 for X, W E D. Then from (3.13) it 
follows that Dis integrable and VxW E TM for all X, WE D. Now using 
equation (2.7), we have 

g(VxW,Z) =g(Vx¢iY,¢iZ) =g(h(X,¢iW),¢iZ) =0, 

for all X, W E D and Z E DJ.... Thus \7 x W E D, i.e each leaf of D is totally 
geodesic in M. This completes the proof. D 

For the leaves of distribution DJ..., we have: 

Proposition 4.2. Let M be a 3-contact CR-submanifold of a manifold with 
generalised 3-Sasakian structure. If the distribution DJ... is integrable, then a 
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leaf of Dl_ is totally geodesic in M if 

(4.5) g(h(X, Z), FiY) + g(X, Y)ryi(Z) = 0. 

Proof. For X, Y E Dj_ equation (4.1) gives 

Ti \lx Y = -ApiyX- tih(X, Y)- g(X, Y)~i· 

Taking inner product with Z E D in the above equation and using the fact 

that ~i E D, we get 

g(\l x Y, TiZ) = g(h(X, Z), FiY) + g(X, Y)ryi(Z), 

for all X, Y E Dj_ and ZED. 0 

Definition 4.1. A 3-contact CR-submanifold M of a manifold with gener

alised 3-Sasakian structure is called D-totally umbilical if h(X, Y) = g(X, Y)H, 

for X, Y E D, where His the mean curvature vector. 

Proposition 4.3. Let M be a D-totally umbilical 3-contact CR-submanifold 

of a man'ifold M with generalised 3-Sasakian structure. Then M is a D-totally 

geodesic CR-submanifold. 

Proof. By definition of D-totally umbilical 3-contact CR-submanifold, we have 

h(X, Y) = g(X, Y)H, X,YED 

Also from the Lemma 3.4, we have 

XETM. 

For X E D, we have FiX = 0, using this in the above equation we get 

which means that M is a D-totally geodesic. 0 
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