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ON THE SPECTRUM OF THE TENSOR PRODUCTS OF
JC-ALGEBRAS

F. B. H. JAMJOOM AND H. AL-JEBREEN

ABSTRACT. We study the relationship between the spectrum o(A) of a JC-
algebra A and the spectrum o(C*(A)) of its universal enveloping C*-algebra
C*(A) (see below for definition). We also establish the Jordan analogue of
some results in the context of spectra of tensor products of C*-algebras. In

particular, we extend Guichardet’s results [5, Proposition 5] to JC-algebras.

1. INTRODUCTION

The first definition of a tensor product of JC-algebras was introduced by
Hanche-Olsen [7]. Further a progress in the theory was made by Jamjoom
[9, 10] who introduced a more general definition which provided a conve-
nient treatment of tensor products of JC-algebras and stressed the important
connection between the theory of tensor products of JC-algebras and tensor
products of C*-algebras. As the relation between JC-algebras and their uni-
versal enveloping C*-algebras is very strong (see [2, 3, 8, 9, 11]), we rely on
the theory of tensor products of C*-algebras throughout this paper and we as-
sume familiarity with the general theory as contained in [5, 12, 17]. We deal
with C*-algebras having an identity. If ; and A are C*-algebras, their mini-
mal and maximal C*-tensor products are denoted by 2; ® Az and?%; ® Ao,

min max
respectively. Given a *-representation {m;, H;} of a C*-algebra 2;,7 = 1,2, let
T Q;) mo denote the unique *-representation 71 ® g : 21 ® As — B(H; ® Ha?)
A A
of 24 Q)? As on H{® Hs defined by (71 ®72) (21 ®22) = 71(z1) @72 (22), 2; € Uj,

where ) is the minimum or the maximum C*-norm [17, 4.4.7, 4.4.22].
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The state space of a C*-algebra 2 will be denoted by S(2). It is convex
and weak* compact [11, p. 257]. The extreme points of S(2) are called pure
states, and the set of all pure states will be denoted by P(%). If p € S(),
then 7, will denote the representation of 2 on the Hilbert space H,, with
cyclic vector &,, obtained by the GNS construction (see [11, 4.5.2]).

A JC-algebra A is a norm (uniformly) closed Jordan subalgebra of the
Jordan algebra B(H), , of all bounded self adjoint operators on a Hilbert space
H. The Jordan product is given by a o b = (ab + ba)/2, where juxtaposition
denotes the ordinary operator multiplication. The centre of a JC-algebra is
the set Z(A) = {a € A : ab = ba Vb € A} [18, Proposition 1]. A subspace I of
a JC-algebra A is called a Jordan ideal if aob € I for every a € A and every
be Il A JW-algebra M C B(H),, is a weakly closed JC-algebra. The
central support of an element a in a JW-algebra M is the smallest central
projection e in M such that ea = a [18, p. 11]. A projection e of M is said
to be abelian if eMe is associative, and it is called minimal if it is non-zero
and contains no other non-zero projection of M, or equivalently, e is minimal
if and only if eMe = Re. A JW-factor is a JW-algebra with trivial centre;
a type I JW-factor is a JW-factor which contains a minimal projection. A
JW-algebra is said to be of type I, if there is a family of abelian projections

(éa)aes such that cm(eq) = 1y, > eq = 1y and card J = n. It is known
aeJ
that (see [8, Section 5.3]) each type I JW-factor is of type I, for some n,

probably infinite. A spin factor Vj is a (k + 1)-dimensional JW-factor of
type Is.

A linear map ¢ : A — B between JC-algebras A and B is called a (Jor-
dan) homomorphism if it preserves the Jordan product. A Jordan homo-
morphism which is one to one is called a Jordan isomorphism. A (con-
crete) representation of a JC-algebra A is a (Jordan) homomorphism 7 :
A — B(H),.q, for some complex Hilbert space H. It is said to be dense if
m(A)” = B(H)sq. A factor representation of a JC-algebra A is a (Jor-
dan) homomorphism of A onto a weakly dense subalgebra of a JW-factor M.
Type I factor representations are defined accordingly. Two factor repre-
sentations ¢, : A — M;, where M; is a type I JW-factor, i = 1,2, are said
to be Jordan equivalent if there is an isomorphism ¥ of M; onto M such
that ¢, = W¢,. Each type I factor representation of a JC-algebra A is Jordan
equivalent to ¢, : A — c(p)A*™*(a — c(p)a), where A** is the second dual of
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A, p is a pure state of A and c(p) the central support of p being a minimal
central projection in A** [1, Proposition 2.2], [8, 4.5.7, 4.6.2, 4.6.4].

A JC-algebra A is said to be reversible if ajay...an + anan_1...a; € A
whenever ay,as,...,a, € A, and is said to be universally reversible if m(A)
is reversible for every representation m of A [7, p. 5]. A spin factor V is
universally reversible when dim V' = 3 or 4, non-reversible when dim V' # 3,4
or 6, and it can be either reversible or non-reversible if dimV = 6 [1, p.
280], [8, 6.2.5]. Every JW-algebra without a direct summand of type I is
universally reversible [8, 5.1.5, 5.3.5, 6.2.3], and a JC-algebra is universally
reversible if and only if it has no type I factor representation onto a spin
factor other than V; and V3 [7, Theorem 2.2].

If Ais a JC-algebra, let C*(A) be the universal enveloping C*-algebra
of A, and let ®4 be the canonical involutory *-antiautomorphism of
C*(A). Usually we will regard A as a generating Jordan subalgebra of C*(A)
so that ®4 fixes each point of A (see [8], Theorem 7.1.8) for the existence
and properties of C*(A)). It is known [ 7, Lemma 4.2] that a JC-algebra A is
universally reversible if and only if it is reversible in C*(A).

The reader is referred to [3, 7, 8, 14, 15| for a detailed account of the
theory of JC-algebras and JW-algebras. The relevant background on the the-

ory of C*-algebras and von Neumann algebras can be found in | 4, 11, 12,
17].

Definition 1 Let A and B be a pair of JC-algebras canonically embedded in
their respective universal enveloping C*-algebras C*(A) and C*(B) and let A
be a C*-norm on C*(A) ® C*(B). Then the JC-tensor product of A and
B with respect to A is the completion JC(A (? B) of the real Jordan algebra

J(A ® B) generated by A® B in C*(A) 6)%) C*(B).

Theorem 1 (9, Corollary 2.3) Let A and B be JC-algebras. Then
c*(JC(A QE) B)) = C*(A) <§) C*(B)

where X is the minimum (min) or the mazimum (maz) C*-norm.

Theorem 2 (9, Proposition 4.1) Let A; be a JC-algebra and m; : A; —
B(H;) be a Jordan homomorphism, where H; is a complex Hilbert space. Then
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there is a unique Jordan homomorphism  of JC(A1 ® Aj) into B(H; ®
min
Hy) such that (m ® m)(a1 ® az) = mi(a1) ® ma(as), a; € A;, i = 1,2.

Furthermore, if w; is m]ectwe and A; has no representations onto spin factors

of the form Vi, 11, n < oo, then m; ® o 18 injective.
min

Theorem 3 (9, Proposition 1.2) Let A; and C be JC-algebras and let 7y :
Ay — C, my : Ay — C be pointwise operator commuting Jordan homomor-

phisms, i = 1,2. Then there exists a unique Jordan homomorphism 1 ®
maXx

w1 JC(A; ® Ag) — C such that (m1 ® m2)(ay ® ag) = mi(ar)ma(ag) =

ma(az)mi(ar) = mi(a1) o ma(ag), a; € A;.

The reader is referred to [9] for the properties of the JC-tensor product of
JC-algebras.

2. THE SPECTRUM

Recall that two representations {m1, H1} and {m2, H2} of a C*-algebra 2
are said to be spatially equivalent (or unitarily equivalent) if there is
an isometry u of Hy onto Hj such that um(x)u* = ma(z),z € 2A. They are
equivalent if there is an isomorphism ) of m;()~ onto m2()~ such that
Y(ri(z)) = m2(z),x € A, where m;(A)~ is the strong (= weak) closure of
mi(A) in B(H;), ¢ = 1,2. It is clear that spatially equivalent representations
are equivalent [13, 3.3.6]). A representation {m, H} of a C*-algebra 2 is called
irreducible if the only subspaces of H invariant under 7 are H and {0}, or
equivalently, ()~ = B(H) [13, 3.13.2]. Thus, every irreducible represen-
tation of a C*-algebra 2 is a type I factor representation. Two irreducible
representations of a C*-algebra 2 are either disjoint or spatially equivalent
(13, 3.13.3]. The cyclic representation {7, H,,&,} associated with a pure
state w of a C*-algebra 2 by the GNS construction is irreducible, and every
irreducible representation is spatially equivalent to a cyclic representation as-
sociated with some pure state of 2 [13, 3.13.2].

By (St¢rmer [14, Theorem 5.1] and [15, Theorem 4.1]), a JW-algebra
is a type I JW-factor if and only if it can be faithfully represented to act
irreducibly on a complex Hilbert space. It is important to note that a concrete
irreducible representation of a JC-algebra A is not necessarily dense. Indeed,
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let V be an infinite dimensional spin factor representation. We may suppose
that V acts faithfully and irreducibly on a complex Hilbert space H. But then,
V # B(H)s.q , for otherwise, V would be universally reversible [8, 7.4.6]. Also,
it is easy to see that a JC-algebra A acts irreducibly on a Hilbert space H if
and only if its universal enveloping C*-algebra C*(A) acts irreducibly on H
(10, Lemma 1].

An ideal (respectively, a Jordan ideal) I of a C*-algebra (respectively, a
JC-algebra) 2 is called primitive if it is the kernel of some irreducible repre-
sentation (respectively, a type I factor representation) of 2. The primitive
space, Prim(2), of 2 is the space of all primitive ideals of 2. Given sub-
sets § C A, FF C Prim(A) we write hull(S) = {P € Prim(¥): S C P},
ker(F) = N{P : P € F}. The class {hull(S) : S C 2} form the closed sets for
a topology on Prim(2) called the Jacobson or hull-kernel topology (see
(13, 4.1.1, 4.1.2] and [3, p. 2]). Since equivalent (respectively, Jordan equiv-
alent) representations have the same kernels, Prim() = {kerm, : p € P(A)}
(13, 3.13.7], [1, Proposition 2.2]. The set of equivalence classes of all irreducible
representations of a C*-algebra (respectively, type I factor representations of a
JC-algebra) 2 is denoted by o(2), and is called the primitive spectrum of
2. It is endowed with the inverse hull-kernel topology from Prim(2) induced
by the natural surjection g : ¢(2) — Prim(A), given by g([7]) = kerw. We

A
define hull (J) in () as the preimage g~ (hull(J)) of hull(J) in Prim(2A).

Lemma 1 Let A be a JC-algebra, and p be a pure state of A. If I; is a closed
Jordan ideal of A such thatI; NIy C ker ¢,, 1t = 1,2, then eitherl; C ker ¢,
or Iy C ker ¢p.

Proof. Recall that ¢, : A — c(p)A*™(a +— c(p)a) is the type I factor represen-

tation of A and let ¢,: A** — c(p)A**(x — c(p)z) be its normal extension to
A** [8,4.5.7]. Identifying the weak closure I~ of I; in A** with e; A**, for some
central projection e; of A**, as in [8, 4.5.8|, we have I; NIy = e;eg A** N A since
Ii = e, A" NA. Tt follows that I NI, = ejepA*™ = (I1N 1)~ C ker ¢,. If nei-
ther I7 nor I are contained in ker ¢p, then there is an element a; € I;, such that
c(p)a; = ¢,(a;) # 0, which implies that c(p)c(a;) # 0, where c(a;) is the cen-
tral support of a; in A**. Since c(p)c(a;) < ¢(p) and ¢(p) is a minimal central
projection in A**, ¢(p)c(a;) = c(p). It follows that c(p)(c(a1)c(az)) = ¢(p) # 0,
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contradicting the fact that c(ai)c(ag) € Z(A**) C Z(I7)N Z(I;) C ker B,
Hence, either I; C ker ¢, or I C ker P,

It is shown in (3, Proposition 2.1] that if A is a universally reversible JC-
algebra, then the map v : Prim(C*(A)) — Prim(A) given by I — IN A is
an open, closed and continuous surjection. Our next Theorem gives a similar
relationship between the spectrum o (C*(A)) of C*(A) and the spectrum o (A)
of A. But first recall that if A is a universally reversible JC-algebra and if J is a
® g-invariant ideal of C*(A), then J is generated by JN A , that is J = [J N 4]
[7, Lemma 4.3].

Theorem 4 Let A be a universally reversible JC-algebra. Then the map
V:0(C*(A) = a(A), ([r]— [r|a))

s an open, closed and continuous surjection.

Proof. First note that if 7; : C*(A) — B(H;) is an irreducible representation
of C*(A), i = 1,2, such that m; and 7y are equivalent, then 7, |a and 79 |4
are Jordan equivalent irreducible representations of A, hence ¥ is well defined
and clearly is a surjection, by [14, Theorem 5.1], [15, Theorem 4.1] and [10,
Lemma 1].

Suppose that I is a closed Jordan ideal of A, and let [I] be the closed
ideal generated by I in C*(A). Recall the open continuous surjection maps
g: 0(C*(A)) — Prim(C*(A)), g : 0(A) — Prim(A) ([r] — kern). If [r] €

o(C*(A)\ hull ([T]), that is [r] ghull ([1]) =5 (hull([1])), then kerm =§
([r]) ¢ hull([I]), which implies that ker 7 2 [I], and so, kermNA 2 [[]NA = I.

A
Hence ker 7 | 4= kerm N A ¢ hull(I), which implies that [ | 4] ¢hull (I), that

A A
is, [r |a] € 0(A)\ hull (I). On the other hand, if [r |4] € 0(A)\ hull (I), for
some irreducible representation m of C*(A), then ker 1N A = ker 7 | a¢ hull(I),

A

which implies that ker 7 2 [I], that is ker 7 ¢ hull([I]), and so [r] ¢hull ([I]).
A A

Therefore, U1 (O'(A)\ hull (I)) = d(C*(A))\ hull ([I]) and ¥ is continuous.

A
Next, note that if J is a closed ideal of C*(A) and [7 |4] € Y(hull (J)),
A ~—1
for some (7] chull (J) =9  (hull(J)), then kerm D J. It follows that, g([7 |4
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A A
) =kerm [p=kermrNA D JN A and so, [r |4] €hull (JN A). That is, U(hull

(3)) C hull (J N A). Conversely, let [r |a] €hull (31 A) = g~ (hull(J N A)),
then g([r |4]) = kerm [4=kerr N A D JNA € hull(JN A). Since JN A =
PA(J)NA, and JN P4 (J) is D 4-invariant, [JN A] = J N ®4(J), by [7, Lemma
4.3]. Therefore, kerm D [kerm [4] 2 [JN A] = JN®4(J). But then kerm D
J or kerm O ®4(J), because ker 7 is primitive [13, 3.13.9], so, J C ker or
J € ®a(ker7), which implies that both ker m and ® 4(ker ) are contained in
hull(J). Since ® 4(ker 7) = ker(mo®4) and 7 and 7o ® 4 are obviously equiva-

lent irreducible representations of C*(A), we have [r] 65_1 (hull(3)) :thLll (J),
and so, [ [a] = U([r]) € Y(hall (3)). That is, hull (30 A) C U(hull (J)).
Therefore, \Il(hall @) = h/z\dl (JNA), and ¥ is a closed map.

It remains to prove that ¥ is open, so let J be a closed ideal of C*(A).
We claim that U (U(C*(A))\ hall (3)) = o(A)\ hall (N A). Indeed, if

[ |a] = ¥([n]) € © (a(C*(A))\ hq/;ll (3)), then kerm 2 J, which implies

that ®4(kerm) 2 ®4(J). But 7 and 7 o &4 are equivalent irreducible rep-
resentations of C*(A) and so kerm = ker(m o ®4) = ®(kern). It follows
that kerm does not contain the ®4-invariant closed ideal J+ ®4(J) | 12,

10.1.9] of C*(A), and hence kerm 2 J + ®4(J) = [(J + ®a(J)) N A] = [J N A].
A
Therefore, ker m |42 JN A which implies that |7 |4] ¢hull (JN A). That is,

A A
[7 [a] € o(A)\ hull (JNA). On the other hand, if [r |4] ¢hull (3N A),
then kerm N A = kerm |42 JN A which implies that kerm 2 J. Therefore,

7 ([n]) = ker 7 ¢ hull(3), and so, [r] ¢9  (hull(3)) =hull (J). It follows that
(7 |a] = ¥([n]) € ¥ <<T(C*(A))\ hull (3)) Hence,

¥ <g(c*(,4))\ hll (3)) — o(A)\ hull (3N A). proving that ¥ is open.
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3. TENSOR PRODUCT OF STATES AND REPRESENTATIONS
OF JC-ALGEBRAS

In this section we give the Jordan analogue of (Guichardet [5, Proposi-
tion 5]) which asserts that if 2;,7 = 1,2 is a C*-algebra, then the mappings
(p1,p2) — p1 8 Py of S(?1) x S(Az) into S(2 3 Ag) and (mq,7m2) —
T ® 7o of (7(22(1) x 0(Az) into o (2 ® Ag) are contlnuous where p; ® P
is the product state of p; and p, (see (12, 11.3.8], [10, Theorem 6]). Then
we establish the Jordan analogue of the following commutative diagram

P(Qll) X P(A2) i) P(A1 m%x A2)

T | | T
(7(911) X O'(Az) Q) O'(Al m(%)x A2)
[5, p. 14], where T is the canonical map (p — 7,) : P(%) — (A), which
is known to be open, continuous and surjective [4, 3.4.11], and 7, is the
irreducible representation associated with p by the GNS construction [11,
4.5.2], (17, 1.9.14].

For clarity and convenience we prove the following Theorem which is used
in [5, P. 13] without proof.

Theorem 5 If {m;, H;} is a representation of a C*-algebra U;,1 = 1,2, then
T ® o is irreducible.

max
Proof. Since the identity map on A; ® Ay extends to a surjective
*-homomorphism 9 : 2A; ® Az — A; ® A», the following diagram com-

max min
mutes
A1 ® A2—>Ql1 ® A2
min
7\’1m® 7r2\. /T ® w2
B(H1 ® Hg)
Hence

(m ® 7)1 ® A»g)

maXx max

((m ® m2)o)(A1 ® A2)
= (m ® 7T2)(Ql1 ® A2)

min
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so it follows from the commutation theorem [12, 11.2.6] that

(1 ® m)(@M ® A) = ((m ® m)(A1 ® As)) = (m1(A1)) ® (ma(A2))".

max max min min

Therefore, (71 ® m9)(™A1 ® Ag))ICOHSiStS of scalars if and only if (ms(2s))"
max max

consists of scalars. Hence, m; ® g is irreducible by [13, 3.13.2].
maXx

Theorem 6 Let 2; be a C*-algebra, H; and K; be Hilbert spaces,i = 1,2. If
:2; — B(H;) and ¢; : A; — B(K;) are representations of 2; such that m; is
spatzally equivalent to ¢;, then m; ® my is spatially equivalent to ¢, ® @y.

max

Proof. Let uw; : Hi — K;,i = 1,2, be the isometries that effectuate the
equivalence, i.e. u;m;(z;)u; = ¢;(z) for all z; € ;. Then u; ®uy : H; ® Hy —
K1 ® K3 given by (u1 ® u2)(§; ® &) = u1(€;) ® ua(&y) is an isometry [11,
2.6.12]. Thus,

(u1 ®u2)(m ®@ o) (21 @ x2) (U] ®u3) = wymy(z1)uf ® ugma(wa)us

= ¢1(z) ® ¢o(z), Vr; €A

The proof is completed by linearity and continuity of 77 ® 73 and ¢; ® ¢,.
maXx maXx

Remark 1 Note that if p; is a pure state of a C*-algebra A;, i = 1,2, then

p1 ® pyispure [5, p.13]. Indeed, since the cyclic representation {m,_ , H,,,¢ .}
max 7
associated with p; by the GNS construction is irreducible [17, 1.9.22], 7, ®
max
is irreducible by Theorem 5. If z; € A;, i = 1,2, then

Tpy

(pr ® po)(z1®@22) = p1(z1)py(e2)

<7rP1 ($1)§p1 > §P1 ) <7rpz (-7;2)51,2 ) §p2>
<(7TP1 ® 7T;’Q)(xl ® .’E2)(€p1 ® gpg)a fpl ® €p2>'

By linearity and continuity of 7,, ® m,,, and continuity of inner product,
max

we have

(pl m®;x p2)(2) = <(7TP1 m(%x 7!',,2)(2)(5,)1 ®§p2)7€p1 ®€p2)7 VzeA; ® As.

maXx
Therefore, m,, ® Ty, is spatially equivalent to the representation 7, 8
ma;

(11, 4.5.3], which 1mp11es that p; ® ps is pure, by [17, 1.9.22].
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Definition 2 A JC-algebra A is said to be of complex type if all its type
I factor representations are into a type I JW-factor isomorphic to B(H)s,
for some complex Hilber space H. That is, if $ : A — M is a type I factor
representation, where M is a type I JW-factor, then ¢(A)™ = M = B(H)s.,.

Remark 2 (i) Let A = 2,4 , where 2 is a C*-algebra, and let ¢ : A — M
be a type I factor representation of A. Then ¢ extends to a normal surjection

¢: A* — M, by [8, 4.5.7]. Thus, there exists a central projection e in A**
such that eA*™ = M. Since A** is the self-adjoint part of a von Neumann
algebra, M is isomorphic to the self-adjoint part of a type I von Neumann
factor. Hence M = B(H)s;.q, for some Hilbert space H, by [8, 7.5.2].

(ii) If A is a JC-algebra, then A is of complex type if and only if all its
concrete irreducible representations are dense [1, Proposition 3.5]. Indeed, if
A is of complex type, and 7 : A — B(H) is an irreducible representation of
A, then 7(A)~ is an irreducible JW-algebra, and so it is a type I JW-factor
[15, Theorem 4.1]. Since A is of complex type, m(A)~ is the self adjoint part
of a von Neumann algebra, and so m(A)~ = B(H)s.,. The converse is obvious
by [14, Theorem 5.1].

Lemma 2 Let A; be a JC-algebra of complex type, H; and K; be Hilbert
spaces, © = 1,2. Ifm; : A; > B(H;)sa and ¢; : Ai —» B(K;)sa are ir-
reducible representations of A; such that m; is Jordan equivalent to ¢;, then

m1 ® w2 s Jordan equivalent to ¢ ® ¢Po.
max max

Proof. Since A; is of complex type and 7; is Jordan equivalent to ¢;, B(H;)s.q =
B(K;)s.a which implies that B(H;) & B(K;). Therefore, 7;: C*(A;) — B(H;)
and q/S\, C*(A;) — B(K;) are equivalent irreducible representations of C*(4;)
and hence they are spatially equivalent, by [12, 10.3.7]. It follows that 7{\1 ® 7{\2

max
A A

is spatially equivalent to ¢; ® ¢, , which implies that 74\1 ® 7?2 is equivalent
max max
A A

A A . .
t0 ¢ ® ¢g and so, M1 ® T2 = (M1 ® T2) |4, @ A, is Jordan equivalent to
maXx maXx max max

N N
# m‘%’x ¢y = (¢1m§x¢2) lrca; ® As) -

max

Lemma 3 Every JC-algebra of complex type is universally reversible.
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Proof. Let A be a JC-algebra of complex type, and let ¢ : A — V be a
spin factor representation of A. Since A is of complex type ¢(A)~ = V =
B(H)s.q, for some complex Hilber space H, which implies that V is universally
reversible, by [8, 7.4.6], and so, V = Va or V = V4, by [1, p.280]. Therefore, all
the spin factor representations of A are onto V; or V3. That is, A is universally
reversible by [7, Proposition 2.2].

Definition 3 Let A be a JC-algebra of complex type and let p be a pure state
of A. An irreducible concrete representation 7 : A — B(H),, is said to be
associated with p if there is a unit vector £ such that p(a) = (7(a)¢,€) for
all a € A.

Note that the unit vector in the above definition is uniquely determined
up to a scalar multiple of modulus one by virtue of the density of m(A) in
B(H)s.q-

Lemma 4 Let A be a JC-algebra and let ¢ : A — M C B(H)s, be a type I
factor of A. Then there is a unit vector £ € H such that wg o ¢ is a pure state
of A.

Proof. Let %: A* — M, the normal extension of ¢ to A**. Then there
exists a central projection e in A** such that eA** =¢ (A**) = M, hence the

restriction 1 of <;5 to eA* is an isomorphism of eA** onto M. Since M is a
JW-factor of type I, there is a unit vector £ € H such that the vector state wg
on M is pure [15, Theorem 4.3], and so, we 0 is a pure state of eA**. Since
(1—e)A* C kerweo & and A*™ = eA™ @ (1 —e)A™, it is now easy to see that
wgo é is a pure state of A** which is normal. Since a normal state p on A** is

pure if and only if p |4 is pure on A, we see that w¢ o ¢ = (weo @) |4 is a pure
state of A.

Remark 3 Let A be a JC-algebra of complex type.

(i) If p is a pure state of A and {m, H,{} is the cyclic representation as-
sociated with ﬁ\ obtained by the GNS construction, where ﬁ\ is a pure state
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extension of p to C*(A), then {7 |4, H,&} is an irreducible concrete represen-
tation associated with p.

(ii) If  : A — B(H) is an irreducible representation associated with a pure
state p of A, then 7 is a type I factor representation and hence 7 is Jordan
equivalent to ¢,, for some v € P(A) and so 7* : B(H)* — A* maps the set S
of normal states of B(H) injectively onto the smallest split face F,, of S(A)
containing v [ 1, Proposition 2.2]. Since 7 is associated with p

p(a) = (m(a)¢,€) = (1*(we))(a) , a € 4,

for some unit vector £ € H. Thus p = m*(w¢) € 7*(S) = Fy, so F, C F,.
Since F,, is a minimal split face, F, = F,, which implies that ¢,, ( and hence
) is Jordan equivalent to ¢, [1, p. 273].

(iii) If py, pp € P(C*(A)) such that p = p; [a= py |4 and {m1, H1,&1},

me, Ha, are the cyclic representations associated with p;, po, respectively,
2 P15 P2 P
then for each a € A

(r1(a)y1,€1) = p1(a) = p(a) = py(a) = (m2(a)és, &a)-

Hence 71 |4 and 73 |4 are both associated with p which implies that 71 |4
is Jordan equivalent to 72 |4, by (ii).

The following Theorem is the Jordan analogue of [4, 3.4.11].

Theorem 7 Let A be a JC-algebra of complex type and let T, : P(A) — o(A)
be the map given by p — [¢p]. Then T, is an open continuous surjection.

Proof. 1t is clear from Remark 3(iii) that T; is well defined, and is obviously
surjective. To see that T, is an open map, note that if p € P(C*(A)) then
p |a€ P(A), since A is of complex type [1, Proposition 5.3]. So, let r be
the restriction map (v 4)* |p(c=(4)) from P(C*(A)) onto P(A), where (1 4)* :
C*(A)* — A* is the dual of the embedding ¢4 : A — C*(A), and consider the
following commutative diagram.

P(C*(4)) I, o(C*(4))

r| IR
P(A) T o(A)
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The fact that T, is open follows immediately, since T', ¥ and r are all surjective
maps, T" and ¥ are open and 7 is continuous. It remains to prove that Ty is
continuous, so let n : P(A) — Prim(A) (p — ker¢,). By [6, Theorem 4.1],
is a continuous, open and surjective map. Since g : 0(A) — Prim(A) is open
and continuous surjection (see [13, 4.1.12]), it is easy now to conclude from
the following commutative diagram

P(A o(A
n(\) 5 .(/g)
Prim(A)

that T, is also continuous. This completes the proof.

Let 2A; be a C*-algebra, ¢ = 1,2. Then the map

([7‘(1], [7['2]) — [7!'1 m(%x 7T2] :(T(Q(l) X O’(AQ) — (T(Al ® Ag)

max

is continuous. The following Theorem gives the Jordan analogue of this result.

Theorem 8 If A;, i = 1,2, is a JC-algebra of complex type, then the map
D, : 0(A1) x 0(A2) — 0(JC(Ay m%x A)) gwen by ([m1],[m2]) — [m1 m(%)X T2,

where [m;] € 0(A;), is continuous.

Proof. By Lemma 2, if m; : A; — B(H;)so and ¢; : Ai — B(K;)sq. are
irreducible representations of A; such that 7; is Jordan equivalent to ¢,, then

m1 ® g is Jordan equivalent to ¢; ® ¢4, hence P, is well defined. To show
max max

that @, is continuous, let @ : 0(C*(A;)) xo(C*(A2)) — 0(C*(41) ® C*(A2))
be the continuous map given in [5, Proposition 5|, then consider the following
commutative diagram

o(C* (A1) X 0(C*(Az) &, o(C(A1) ® C"(A2))

v R
(T(Al) X (T(A2) (I_)Q O’(JC(Al m®;x Ag))

from which it is easy to conclude that ®, is continuous, since ¥ and T are
surjective, continuous and open maps (cf. Theorem 4), and ® is continuous.
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Theorem 9 Let A;, i = 1,2, be a JC-algebra of complez type, then the map
0o« P(A1) x P(Ay) — P(JC(A1 ® Ay)) given by (py,p2) = pr ® py is

continuous.

Proof. Let p; € P(A;), we shall first show that p; ® p, is a pure state
max
of JC(A; ® Ajz). So let ;/)\1 be an extention of p; to C*(A;), then ;/J\, is
max
pure and hence the cyclic representation (7/r\i,H,~,§i) associated with ﬁ\, is ir-
reducible, by [17, 1.9.22]. If 7; is the restriction of 74\1 to A;, then m; is ir-
reducible [ 10, Lemma 1]. Therefore m1; ® my = (7%\1 ® 7?2) lrc(a; & Ag)
maXx max max

is irreducible, by Theorem 5 and [10, Lemma 1] and so the weak closure

<(7T1 m®;x 7F2)(JC(A1 m@;x Ag))) of (71'1 m(%x ’/TQ)(JC(Al m(éx Ag))n B(H1 ®H2)

is a type I JW-factor. Note that /91: we, 0 74\1-, where we, is the vector state
z — (z§;,&;) which is a pure state of B(H;) (see [12, 10.2.5]). Since A; is of
complex type, 7;(A;)~ = B(H;)s.. and hence the restriction of we, to m;(A;) ™ is
a pure state (cf. Remark 2(ii)). Therefore, the support e; of we, in 7;(4;)~ is a
minimal (and hence abelian) projection [15, Corollary 4.4]. Since 71(A4;)®1 <
(m1 @ ma)(JC(A; e Ay)) and 1 ® ma(Az) — (m; ® m9)(JC(Ay o Ay)),

we have 11(41)” ®1 — ((m ® m)(JC(A1 ® Ag))) and 1®me(Az)” —

((7T1 ® m)(JC(A4; ® Ag))) . Hence <(7r1 ® m2)(JC(A; ® Ag))) con-
max max max max
tains the JW-algebra generated by the JW-algebra m1(A4;)” ® 1 and the JW-
algebra 1 ® my(Az)~, which implies that e; ® es belongs to
((m ® m2)(JC(A1 ® Ap))| . Since
maXx max
m1(A1) ® m2(Az) = (M1 © m2)(A1® A2) = (M1 ® m)(JC(A1 ® Ay)),

(m ® m)(JC(A1 ® Ag))) is the JW-algebra generated by 71(A;)” ®
m2(A2)”. By [18, IIL5.12], e1 ® ey is the support of we, ® we, = we e,
and is obviously abelian since (e; ® e2) B(H, ® Ha)(e1 ® e3) is unitarily equiv-

alent to e; B(H1)e; ® e2B(Hz)ez. Therefore, we g¢, is a pure state of

((7r1 ® m)(JC(A41 ® Az))) , by [15 , Corollary 4.4]. Note that for all
max max
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a; € A;

(pr ® po)lar®az) = pi(a1)py(az)
= (m1(a1)€1,&1)(m2(a2)é2, &)

= wegee, © (M m‘%’x m2)(a1 ® az),

and hence by the uniqueness of p; ® p,, we must have p; ® P2 = We @€, ©
(1 ® m2), which implies that p; m® py is a pure state of JC’(A1 ® Ay),
and that 0, is well defined.

The continuity of 6, is immediate, since 6, is the restriction of the map
S(A1) x §(A2) — S(JC(Ar ® Az)) ((p1,p2) = (1 @ p) to P(A1) X
P(Aj) and the continuity of this map follows easily from the continuity of
8 S(C*(An)) x 5(C*(42)) — S(C*(41) ® C*(42)) ((f1, f2) = (fi ® fo)
[5, Proposition 5] by Theorem 1 and since each state of A; extends to a state

of C*(A;) and each state of C*(A4;) restricts to a state of A;.

Collecting the results of Theorem 7 and Theorem 9 we have

Theorem 10 Let A;, ¢ = 1,2, be JC-algebras of complex type. Then the
following diagram of continuous maps is commutative.
P(41) x P(47) 65 P(IC(A ® Ay))

T, | | T,
(J'(Al) X (T(AQ) (Il’ O'(JC(Al m®;x Az))

Corollary 11 Let A;, i = 1,2, be JC-algebras of complex type. Then the
following diagram is commutative.

P(C*(A1)) x P(C*(42)) 8,  P(C*(A1) ® C*(42))

max

N\, Jr
T | P(A1) x P(A2) 64 P(JC(A @ Az)) 1T
T, | | T,
0(A1) x 0(A2) g o(JC(A m(%x Az))
v SR
o(C*(A1)) x a(C*(Az)) 2, 0(C*(A1) ® C*(As))

maXx
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