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Integrability of detVu and evolutionary Wente’s problem
associated to reaction-diffusion operator

Sami Baraket and Taieb Ouni

ABSTRACT. In this paper, we consider the solution of evolutionary Wente’s
problem with the wavefronts operator for a global reaction-diffusion pop-
ulation model in RT x R%. We study in particular the best constant in the
so-called Wente’s inequality. We consider the best constant associated to

the L® norm of this solution.
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1. INTRODUCTION

The classical Wente’s problem arises in the study of constant mean curva-
ture immersions (see [9]), for which the scalar version of equation is just the
following problem:

(1.1) —AvY =detVv = ag, by, — agyby;,  in Q

) P =0 on 0f).
where z = (21, z2), a, b are functions defined in Q. If Q = R2, we shall replace
the boundary condition by the ground state condition

lim ¢(x) =0,
|| =00
where |z| is the Euclidean norm |z| = (27 + 23)'/2. In both case, when

v = (a,b) € H(Q,R?), it is proved in [10, 4] that v, the solution of (1.1)
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exists, lies in C(Q) and V1 in L?(2). More precisely, we have
(1.2) 9l ooy + IVl L2y < CEOQIVall 2y IVl 20

Many works have been done to estimate the best constant, see for example
[1, 8, 7] and some generalizations in [3, 5].

Here, we deal with the following problem: Let u € H}

loc

(R*, H'(R? R?)),
then we consider the equation
Orp(t,x) — DALo(t,z) + vo(t,z) = detVu(t,r) on R* x R?

|x]—+o0
0(0,7) =0 in R2
where D and y are positives constants which represent the diffusion and death
rate of mature population. Here H'(I, E) denotes the standard Sobolev space
of functions in L?(I) such that the derivative is also in L?(I) where I is an
interval in R and F is a Banach space.

It is not trivial that a solution exists for (1.3), since the second member lies
apparently just in L'(R?). But we know that detVu has a special structure
which admits some higher integrability than L', it lies indeed in the Hardy
space H! (see [6]). Here we will use the special form of determinant to show
that a global solution ¢ exists and moreover ||¢||yg2) is locally bounded.
We can get nearly the best estimate for it’s L* norm.

Given v = 0 and D = 1, then problem (1.3), is simply given in [2], by
Opp(t,x) — Agip(t,x) = detVu(t,z) on Rt x R?
(1.4) lim ¢(t,z) =0 Vit>0

|z|—+o0
0(0,z) =0 in R2.
The authors in [2] derived a representation formula for the solutions of (1.4)
which are defined in C (R x R?) and the best constant which appears in the
corresponding inequality is equals to (2m)~!.
First, thanks to the linearity of our problem, we can decompose the solution

¢ as 1 + 2, where

Owpa(t, ) — DAzpa(t, z) + ypa(t,z) =0 on Rt x R2
: |z[—+00

©2(0,2) = —po(z) in R?
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and
(1.6)
dp1(t,x) — DAzor(t, z) + vo1(t,z) =detVu(t,z) on RT x R?
lim ¢i(t,z) =0 Vt>0
|z| =400
¢1(0,2) = ¢o(z) in R?

where ¢( is the solution of classical Wente’s problem in R?, associated to
u(0,x):

(1.7) lim ¢o(z) =0.

{ —DAgy(z) = detVu(0,r) on R2
|z|—+00
It is well-known that po(t, ) is given by @9 = —E(t,-) * po(z), where
1 z|?
B(t,z) = 4D7rte_%~7t
denotes the fundamental solution of heat operator in R2. In other words, E

satisfies

atE — DAw + ’)/E = 5(070).
By the limit condition for g, it is easy to see that ||2]lcc < ||¢0]|co and
lim ||p2||cc = 0.
t—o0

Thus our study will concentrate on that of ¢;.

Throughout this paper, || - ||, denotes always the LP norm over R?2, V and
A denote always the derivation to the variable z. In the following we denote
by

(1.8) o(t,) = e pi(t,.) — @o
and
t
Gun(t) = /0 eV [[IV(8sa) (s, )2 Vb(s, )z + [Va(s, )2V (9sb) (s, ) |2
+9(IVa(s, ) |2 Vb(s, -)ll2] ds.

Note that u € H}, (RT, H'(R? R?)) implies that Gy (t) < oo for any t. We
define also ¥, (u) = Gy(00). We have the following result.
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Theorem 1.1. Let u be a function in HJ,, (R*, H'(R?,R?)), then a unique
global solution of (1.6) exists and 1 € C (R+ X ]Rz). Furthermore,

(1'9) ”¢(t7 )”oo _ 1

sup sup = ,
S, (w0 >0 Guy(t) 27D

where a and b are the two components of u, i.e. u(t,x) = (a,b)(t,z).
Remark 1.1. Consequently, we get ¢ € C (R+ X Rz)

Theorem 1.2. The solution o1 of (1.6) belongs to C (R, H(R?)) if u €
H..(RY, HY(R?, R?)). Furthermore, t — 1 (t,) is locally Lipschitz in L?(R?)
and we have the following estimates: For any t > 0,

1 t
L10) S+ D [ 19ots, 13 < o1 [ 62 (o
and
1.11 oRIF: DVt2<3G2t
(1.11) 10681122 (0,0 xr2) + V(L )5 < 2D Cun(t):

2. PROOF OF THEOREM 1

When u € D(R* x R?), we know that the solution of (1.6) is explicitly given
by:
(2.1) p1(t,x) = E(t,.) * po(x / E(s,-) x det(Vu)(t — s,.)(x)ds.

We will establish the estimate (1.9) in this case, then the existence and es-
timate of ¢; in general case will come from density arguments. First, we
consider the value of o1 at the point (¢,0), we have

(2.2)
lyl

£.0 ¢ o y)d O et (Var) (b—s. ) duds = I
m,wézwm yjézwmewmuwms—+.

Using polar coordinates, we get

po [T e 0)rdrdo
—// ~ADri wo(r,@)rdr

6 -t 2m +oo
/ / 6_4_Dt )o(r, 0)drdd
-2

—'yt 400
/ / e 1Dt dppodrd + e (0).




Integrability of detVu and evolutionary Wente’s problem ...

Since

detVu = _f(arb)g — (agb),«’
r

t 27 —+o0o 6_4LD2;A’78
LT b~ ] - o s
2
t 2 400 e*ﬁ—’)’s
B /0 /0 /0 O (m (agd)(t — s,7,0)drdfds.

It is easy to see that

7‘2 7‘2 7‘2
5 i 5 L W
" AD7s s 2D7s 2D7nr

we have

Then
t 2 p+oo e__;_;s_vs
—// / % " 2Dnr (agb)(t — s,r,0)drdods
0JO 0
am oo ’ye iDs 8
/ / / 2D7nr (aob) (t =857, 9)drd0ds.
Thus

e1(t,0) — 6‘”@0(0)
o 2m r+o0 o= 7py . 00 P27 o= 3pp
=e 7 / / Orpodrdd —e™7 / / (agb )(0,r,0)drdd

2 p+oo e—m— ys
- / / / ————Bs(agb)(t — s,r,0)drdfds

/2" et b)(t 0)drdod
/ / 5Dy ———(agb)(t — s,r,0)drdods.

On the other hand, —DApy = detVu(0, x) means

1 1 2 (a,b)g — (agb)»f
— =0, (rdrp0) — 5030 =

—Oy [Tartpo - @] Oy (80% + _lz) .

SO

D D
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Therefore

Drorpo(r,0) — (agh)(0,7,0) = — /OT Oy [%(69@0)(0,0) + (a,0)(0, 0, 0)} do.
Then,

P1(t,0) — e pp(0) = / o / e wn [Dr8 o (r,0) — agh(0, r, 8)] drdd
2D7r " ’ Y

2 oo 6_4Ds—788 )
o b)(t — d d
/0/0 /0 2Dnr 5(agb)(t — s, 7,0)drddds
/t/27r/+00 ’ye"f—;s—vs( b)(t 0)d .
DY - S,T, r S
0Jo Jo 2Dnr
_ ) ]
/0/0 /0 2Dnr (agb)(s,r,0)drdfds
2
t ptoo p2m = ap=s) — (=)
- /0/0 / 2Dm~ Os (agb) (s,r,0)drdods

+oo p2m e 4D(t D) 'yta i,
N / / / 2D7‘r7~ (6 (a’eb)) (87 T, 9)d7’d0ds.
We get finally

9 +oo p2m e 4D(t s) s . ’
(2.3) // / D 05 (€7°(agd)) (s, 7, 0)drdbds.
If we denote by

1 27
b(s,r) = %/0 b(s,r,0)do
we have

27 2
/ |b—b|?df < / b3dd, Y be H(0,2n).
0 0
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Then

t 400 2
6(4,0)] < —— / e / 1 / (0,06 [b— B(s,7)]| + |ags [b— b(s,r)] | dbdrds
2w 0 0 ™ Jo

~ t s “+o00 1 2 B
+”2‘7r‘5/0 ‘ /0 ;/0 |ag [b—b(s,)]| dfdrds

1 t
< 3D / e7°(|V(D5a) (5, ) 2| VB(5, )12 + [V a(s, 1ol V(sb)(s, ) lads
0
t
v s | |
t3mp |, IV@6 ) IVEs, ) ds
1

<
~ 27D Gury(2).

The last inequality comes from

+o00 1 2m B
/ = / |0sag [b—b(s,r)]| drdb
o TJo

+oo q _
< [ Houaallaoanllo - 55, zzoamdr

+o00 2 2 1/2 +00 27 2 1/2
[ / / (9520) dﬁdr] { / / (9?) dadr]
0 0 r 0 0 T

IVOsa(s, )|l Vb(s, -)l|2-

IN

IN

Since equation (1.1) is invariant by translation with respect to the variable

x, so we get the same estimate for all by considering ¢;(z + -), hence
1

2.4 t,2)| < ——=Gu~(t), VteR' zeR2
(2.4) 6(6,2)] < 55 Guq (8

For the inverse inequality, let A : RT — R™T be a smooth, decreasing, com-
pactly supported function such that h(0) = 1. Take now u(s,z) = h(s)uo(x)
where ug will be determined later, and g the solution of classical Wente’s
problem corresponding to ug. So the solution of associated heat equation

(1.6) is explicitly given by (2.1). We will look at the value of ¢1(t,0) given by
(2.2).
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If we take ug = (ag,bo) = g(r)r with g a regular radial function with
compact support in R?, such that ug € H'(R?), then

2(s ’
h—() [T‘ZQQ(T)] .

det(Vu)(s,z) = h2(s)det(Vuo)($) = o

According to (2.3), we obtain that
27
#(t,0) = 27rD/ / / e”sh2 "e 4D<t g% (r) cos? OdOdsdr
_—D/o [ o) g s
Let h(s) = e~(117)5/2 then clearly

1 o0
Jim [6(6.0)| = 55 [ 1 (r)dr = 40 0).

Otherwise, a direct calculus shows that

Gur () = —27 /0 " 1912 (5) [T/ 2h(s)] ds / o342(0)do.

0
For t large enough, we get

Gunlt) = /0 *g(0)do = |[Vao|l2]| Vboll2.

In conclusion, we find in this special case

o B0 e
t=oo Guny(t)  [|Vaoll2l|Vboll2

Then
18(¢, )l
sup sup————
5, (w)#0 t>0  Guy(t)
+o00o
(2.5) 1 /
> sup lim 2, 0

T, (w20t Gupy( 3D / ” 2dr
0
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+oo
/ rgz(r)dr
Choosing ge(r) = r*~1e™"/2 with ¢ > 0, then by [1], hm g =1

and we deduce that

llo(t; ) lloo 1
26 sup Ssup 2 .
20 2, (w)#£0 >0 Guy(t) 21D

Finally, the proof is then done. g

3. PROOF OF THEOREM 2

We recall that
¢(t,z) = e"1(t,x) — po(z).
First, we will prove (1.10). Thanks to density arguments, we can just consider
the case where u € D(R' x R?). By equations (1.6) and (1.7), we have

Op — DAY +vp = e detVu(t,z) — detVu(0,z) + ver o1 (t, ) — voo(z)
t t
= / O [€77detVu] (o, z)do + ’y/ 0o €77 1] (0, 2)do
0 0

t t
= / 0o [€77detVu] (o, z)do + ’y/ O0y¢(0, x)do
0 0

Now, we are just to concentrate our attention to the following equation
t
(3.1) b — DAG — / 0, [77det V) (0, z)do.
0
Multiplying (3.1) by ¢ and integrating with respect to t, we get

%‘b(t,w)Q -D /Ot d(s,z)Ad(s,z)ds = /Ot o(s,x) /OS 0o €77 detVu] (o, z)dods.

Now we integrate over R?, then

t
%/R? o(t,z)%dx + D/o /R? |Vé(s,z)|*dxds

- [ [ s [ a0yt
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Hence, by (2.4), we get

1 t
1001 +D [ 1V ) s

< [ [ 10600 [
Sy

Otherwise, we have

Oy [€"'detVu] = ye'detVu + edet [V(8;a), Vb] + ¢'det [Va, V(oe)],

Oy (€77 detVu] (o, z) ‘dmdads

0o €77 detVu] (o, ) ‘dsdadx.

which implies
(3.2) /Rz 91 [ det Ve (o, 2)]dz < |V (O1a)(@: ) 2 VE(er, e +
e’ (|[Va(o, )2V (8eb)(a, ) |2 + ]| Va(o,-)||2]|Vb(e, M) =Gl (o).

Finally we obtain

t
83 glo I3+ D [ [Ve(s,lBds

1 t s 1 t
< ! = 2
<7 /0 /0 Gur(8)Glr (0)dords = = /O G (5)2ds

and (1.10) follows.
For proving (1.11), multiplying (3.1) by d;¢ and integrating with respect to ¢
and z, we get easily

D
Hat(bH%?([O,t]x]RQ) + §“V¢(ta )3

t t
=— / / @(s, )05 [€7°detVu] (s, z)dsdz + o(t, a:)/ 0s [€7°detVu] (s, x)dsdz.
R2 JO R2 0
Then
2 D 2
10l 22(p0,xmey + SNV 2 < T+ 1

Using (2.4) and (3.2), we get

I 1
IIll < ﬁ/o Gu,’y(S)G{u,fy(S)dS = mGu,w(t)Q

and

1 1

t
< — ! =— 2,
1 € g5 Cunl) [ Glas)ds = 5 5Gus(t)
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The proof of (1.11) is then completed.

(1]
2l
8]
(4]
(5]
(6]
[7]
8]
(9]
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