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Integrability of det\7u and evolutionary Wente's problem 
associated to reaction-diffusion operator 

Sami Baraket and Taieb Ouni 

ABSTRACT. In this paper, we consider the solution of evolutionary Wente's 

problem with the wavefronts operator for a global reaction-diffusion pop­

ulation model in IR+ x IR2 . We study in particular the best constant in the 

so-called Wente's inequality. We consider the best constant associated to 

the £ 00 norm of this solution. 
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1. INTRODUCTION 

The classical Wente's problem arises in the study of constant mean curva­

ture immersions (see [9]), for which the scalar version of equation is just the 

following problem: 

(1.1) 
= det V' v = ax 1 bx2 - ax2 bx1 

=0 
in 0 
on ao. 

where x = (x1,x2), a, bare functions defined in 0. IfO = IR2, we shall replace 

the boundary condition by the ground state condition 

lim 1/J(x) = 0, 
lxl-++oo 

where fxl is the Euclidean norm fxf = (xr + x§) 112 . In both case, when 

v = (a, b) E H 1 (0, IR2), it is proved in [10, 4] that 1/J, the solution of (1.1) 
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exists, lies in C(O) and '\l'lj; in £ 2(0). More precisely, we have 

(1.2) 11'1/JIILoo(n) + ll'\l'I/JIIL2(n) :s; C(O)II'\laiiL2(n)li'\lbiiL2(n)· 

Many works have been done to estimate the best constant, see for example 
[1, 8, 7] and some generalizations in [3, 5]. 

Here, we deal with the following problem: Let u E Hz~c (JR+, H 1 (JR2, JR2)), 
then we consider the equation 

{ 
8tc.p(t, x)- Df:l.xc.p(t, x) + ")'c.p(t, x) = det'\lu(t, x) on JR+ x JR2 

(1.3) lim c.p(t, x) = 0 V t > 0 
lxl-->+oo 

c.p(O,x) =0 in JR2 , 

where D and ")' are positives constants which represent the diffusion and death 
rate of mature population. Here H 1 (J, E) denotes the standard Sobolev space 
of functions in L 2(J) such that the derivative is also in L 2(J) where I is an 

interval in lR and E is a Banach space. 

It is not trivial that a solution exists for (1.3), since the second member lies 

apparently just in L 1 (JR2). But we know that det'\lu has a special structure 
which admits some higher integrability than £ 1 , it lies indeed in the Hardy 
space 1{1 (see [6]). Here we will use the special form of determinant to show 

that a global solution c.p exists and moreover II'PIILoo(JR2) is locally bounded. 
We can get nearly the best estimate for it's £ 00 norm. 

Given")'= 0 and D = 1, then problem (1.3), is simply given in [2], by 

{ 
8tc.p(t, x)- f:l.xc.p(t, x) = det'\lu(t, x) on JR+ x JR2 

(1.4) lim c.p(t,x) = 0 V t > 0 
lxl-->+oo 

c.p(O, x) = 0 in JR2 . 

The authors in [2] derived a representation formula for the solutions of (1.4) 

which are defined inC (JR+ x JR2) and the best constant which appears in the 
corresponding inequality is equals to (27r)-1 . 

First, thanks to the linearity of our problem, we can decompose the solution 

c.p as 'PI + c.p2, where 

{ 
8t'P2(t, x)- Df:l.x'P2(t, x) + "Y'P2(t, x) 

(1.5) lim 'P2 ( t, x) 
lxl-->+oo 

'P2(0, x) 

= 0 on JR+ x JR2 

=0 V t>O 

= -c.po(x) in !R2 
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and 

8t'Pl(t,x)- D!:l.x'Pl(t,x) +r'Pl(t,x) 
lim 'Pl(t,x) 

lxl->+oo 
cp1(0,x) 

= det'Vu(t, x) on JR+ x JR2 

=0 V t>O 

= 'Po(x) in JR2 , 

3 

where cpo is the solution of classical Wente's problem in JR2, associated to 

u(O, x): 

(1.7) { 
-D!:l.cpo(x) = det'Vu(O, x) on JR2 

lim cpo(x) = 0. 
lxl->+oo 

It is well-known that 'P2(t,x) is given by 'P2 = -E(t, ·) * cpo(x), where 

1 lxl 2 

E(t, x) = 4D1rt e- 4Dt -1t 

denotes the fundamental solution of heat operator in JR2. In other words, E 

satisfies 

8tE- D!:l.x + rE = 8(o,o)· 

By the limit condition for cpo, it is easy to see that II'P2IIoo :::::; II'Polloo and 

lim II'P2IIoo = o. 
t->oo 

Thus our study will concentrate on that of 'Pl· 

Throughout this paper, II · liP denotes always the LP norm over JR2, \7 and 

b.. denote always the derivation to the variable x. In the following we denote 

by 

(1.8) ¢(t, ·) = e1 tcp1(t, .) -'Po 

and 

Gu,1 (t) =fat e18 [IIV'(8sa)(s, .)II2IIV'b(s, ·)112 + IIV'a(s, ·)11211V'(8sb)(s, ·)112 

+ rii'Va(s, ·)II2IIV'b(s, ·)ll2]ds. 

Note that u E Hz~c (JR+, H 1 (JR2, JR2)) implies that Gu,1 (t) < oo for any t. We 

define also I;1 (u) = Gu,1 (oo). We have the following result. 
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Theorem 1.1. Let u be a function in Hz~c (JR.+, H 1 (JR?, ll~?)), then a unique 
global solution of (1.6} exists and 'PIE C (JR.+ x JR.2). Furthermore, 

(1.9) sup sup ll¢(t, ·)lloo = _1_ 
~-y(u)t"O t>O Gu,"f(t) 2n-D' 

where a and b are the two components of u, i.e. u( t, x) = (a, b) ( t, x). 

Remark 1.1. Consequently, we get 'P E C (JR.+ x JR.2 ). 

Theorem 1.2. The solution 'PI of (1.6} belongs to C (JR.+, H 1 (JR.2 )) if u E 
Hz~c (JR.+, H 1 (JR.2 , JR.2 )). Furthermore, t r----t 'PI ( t, ·) is locally Lipschitz in L 2 (JR.2 ) 

and we have the following estimates: For any t > 0, 

(1.10) 
1 t 1 rt 
2ll¢(t, ·)113 + D Jo IIV¢(s, ·)113ds :S 41rD Jo G~,"f(s)ds 

and 

(1.11) 

2. PROOF OF THEOREM 1 

When u E 'D(JR.+ x JR.2), we know that the solution of (1.6) is explicitly given 
by: 

(2.1) 'Pl(t, x) = E(t, .) * 'Po(x) +lot E(s, ·) * det(Vu)(t- s, .)(x)ds. 

We will establish the estimate (1.9) in this case, then the existence and es­
timate of 'Pl in general case will come from density arguments. First, we 
consider the value of 'Pl at the point (t, 0), we have 
(2.2) 

IYI 2 IYI 2 

'Pl(t, 0) = r e~;:-"(t 'Po(y)dy+ t r e-4;;-"(S det(V'u)(t-s, y)dyds = I+J. }JF.2 1rt } 0 }JF.2 1rs 

Using polar coordinates, we get 
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Since 
d r7 (arb)e- (aeb)r 

et vu = , 
r 

Then 

t 2rr +oo ---1s 

( 

r2 ) 

J = -111 88 e 2~~r (aeb)(t- s, r, 8)drd8ds 

Thus 

'Pl (t, 0) - e-1 tcpo(O) 

On the other hand, -Db..cpo = detV'u(O, x) means 

1 ~ ( ~ ) 1 ~2 _ (arb )e - ( aeb )r 
--ur rur'PO - 2u8cpo- D , 

r r r 
so 
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Therefore 

Dr8,cpo(r, e)- (aeb)(O, r, e)= -1' 8e [~(8ecpo)(CJ, e)+ (a,b)(O, CJ, e)] dCJ. 

Then, 

r2 

1
+oo

1
27r e- 4t -1t 

rl (t, 0) - e-1tcpo(O) = D [Dr8,cpo(r, e) - aeb(O, r, e)] drde 
0 0 2 1fT 

- rt { 27r r+oo e-;-!S Os(aeb)(t- s, r, e)drdeds 
lo lo lo 2 nr 

r2 
rt {27r r+oo re- 4Ds -IS 

- Jo Jo Jo 2Dnr (aeb)(t- s,r,e)drdeds 

1
t121r1+oo re- 4DCt2-s) -!(t-s) 

- D ( aeb) ( s, r, e)drdeds o o o 2 nr 
r2 

1
t1+oo1271" e- 4D(t-s) -r(t-s) 

- D 08 (aeb) (s, r, e)drdeds o o o 2 nr 
r2 

rt r+oo {27r e- 4D(t-s) -~t 
- Jo Jo Jo 2Dnr 08 (e18 (aeb)) (s, r, e)drdeds. 

We get finally 
r2 

rt r+oo {27r e- 4D(t-s) 

(2.3) ¢(t,O) =- Jo Jo Jo 2Dnr 08 (e18 (aeb)) (s,r,e)drdeds. 

If we denote by 

1 127r b(s, r) = - b(s, r, e)de 
2n 0 

we have 
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Then 

i¢(t, O)l::; - 1- t e"~8 r+oo ~ [27r losao [b- b(s, r)] I+ lao8s [b- b(s, r)] I dedrds 
21rD lo lo r lo 

r 1t 1+oo 1 121r + -D e"~s - lao [b- b(s, r)] I dedrds 
27r o o r o 

::; 1D t e"~siiV'(osa)(s, ·)II2IIV'b(s, ·)ll2 + IIV'a(s, ·)II2IIV'(8sb)(s, ·)ll2ds 
21r lo 

+ 'D [t e"~sliV'(a)(s, ·)II2IIV'b(s, ·)ll2ds 
27r lo 

1 
::; 27rDGu,"((t). 

The last inequality comes from 

r+oo ~ f 27r losao [b- b(s,r)J 1 drde 
lo r lo 

::; r+oo ~ ll8saoii£2(0,27r) lib- b(s, r)ii£2(0,27r)dr 
lo r 

< [fo+oo 127r ( Os;o? dedr] 1/2 [fo+oo 127r ( 8orb )2 dedr] 1/2 

< IIV'osa(s, ·)II2IIV'b(s, ·)112· 

Since equation (1.1) is invariant by translation with respect to the variable 

x, so we get the same estimate for all x by considering 'P1 ( x + ·), hence 

(2.4) 
1 

i¢(t,x)i::; 27rDGu,"f(t), Vt E JR+,x E JR2 . 

For the inverse inequality, let h : JR+ ---+ JR+ be a smooth, decreasing, com­

pactly supported function such that h(O) = 1. Take now u(s,x) = h(s)uo(x) 
where u0 will be determined later, and 'Po the solution of classical Wente's 

problem corresponding to u0 . So the solution of associated heat equation 

(1.6) is explicitly given by (2.1). We will look at the value of tp1(t,O) given by 

(2.2). 
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If we take u0 = (ao, b0 ) = g(r)x with g a regular radial function with 
compact support in R 2 , such that u0 E H 1 (R2 ), then 

h2(s) 
det(Vu)(s,x) = h2 (s)det(\7u0 )(x) = -- [r 2g2(r)]'. 

2r 
According to (2.3), we obtain that 

¢(t,O) = __ I_ {oo t {2n [e'8 h2 (s)]' e- 4 vc:-s>rg2 (r)cos2 BdBdsdr 
2nD lo lo lo 

= __ I_ foo ft [e'sh2(s)J' e-4v(:-s>rg2 (r)dsdr. 
2D lo lo 

Let h(s) = e-(l+r)s/2, then clearly 

I 100 lim 1¢(t, O)l = -D ri(r)dr = <po(O). t--->oo 2 0 

Otherwise, a direct calculus shows that 

Gu,1 (t) = -2n lot e1812h(s)[e1812h(s)]'ds x 100 0"3g'2 (cy)dO". 

For t large enough, we get 

Gu,1 (t) = 1r 100 
0"3g'2 (0")dO" = IIVaoii2IIVboll2· 

In conclusion, we find in this special case 

lim 1¢( t, 0) I = <po(O) 
t--->oo Gu,1 (t) IIVaoii2IIVboll2 

Then 
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1+oo rg;(r)dr 
Choosing 9c(r) = rc-le-r/2 withE> 0, then by [1], 1~ r~CXJ = 1 

Jo r3g~(r)2dr 
and we deduce that 

(2.6) ll¢(t,·)lloo> 1 sup sup --. 
~,(u)#O t>O Gu,,(t) - 27rD 

Finally, the proof is then done. D 

3. PROOF OF THEOREM 2 

We recall that 

¢(t,x) = e1 t<p1(t,x)- <po(x). 

First, we will prove (1.10). Thanks to density arguments, we can just consider 

the case where u E D(JR+ x JR2). By equations (1.6) and (1.7), we have 

OtcP- Db.¢+ 1¢ = e1 tdet\7u(t, x)- det\7u(O, x) + 1e1 t<p1(t, x)- l<po(x) 

=lot Oa [e1 a det\7u] (a, x)da + 1 lot Oa [e1 a <p1] (a, x)da 

=lot Oa [e1 adet\7u] (a,x)da + 1 lot 8a¢(a,x)da. 

Now, we are just to concentrate our attention to the following equation 

(3.1) OtcP- Db.¢= lot Oa [e1 a det\7u] (a, x)da. 

Multiplying (3.1) by¢ and integrating with respect tot, we get 

~¢(t,x) 2 - D {t ¢(s,x)b..¢(s,x)ds = {t ¢(s,x) t oa [e1adet\7u] (a,x)dads. 
2 lo lo lo 
Now we integrate over IR2 , then 

~ { ¢(t,x)2dx+D {t { l\7¢(s,x)l 2dxds 
2 }IRz }0 JIR2 

= f ft ¢(s,x) t oa [e'adet\7u] (a,x)dadsdx. 
JIR2 lo lo 
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Hence, by (2.4), we get 

~ll¢(t, ·)II~+ D rt IIV¢(s, ·)ll~ds 
2 Jo 

:Slot las ll¢(s, ·)lloo l
2

18a [e~'adetVu] (O",x)ldxdO"ds 

:::; - 1- t t Gu,l'(s) f jaa [e~'adetVu] (O",x)ldsdO"dx. 
2nD }0 }0 J'!K2 

Otherwise, we have 

8t [e~'tdetVu] = re~'tdet\lu + e~'tdet [V(8ta), Vb] + e~'tdet [Va, V(8tb)J, 

which implies 

{ jat [e~'tdetVu] (O",x)jdx:::; e~'tiiV(8ta)(O", ·)II2IIVb(O", ·)ll2 + 
(3.2) JfK2 

e~'t (IIVa(O", ·)II2IIV(8tb)(O", ·)112 + riiVa(O", ·)II2IIVb(O", ·)112) = G~,/'(0"). 
Finally we obtain 

(3.3) 1 1t -ll¢(t, ·)II~+ D IIV¢(s, ·)ll~ds 
2 0 

1 rt r 1 rt 
:S 21rD Jo Jo Gu,/'(s)G~,/'(O")dO"ds = 41rD Jo Gu,/'(s) 2ds 

and (1.10) follows. 
For proving (1.11), multiplying (3.1) by 8t¢ and integrating with respect tot 
and x, we get easily 

2 D 2 
ll8t¢11£2([0,t]xfK2) + 2IIV¢(t, .)112 

=- { t ¢(s,x)8s [e~'8detVu] (s,x)dsdx + { ¢(t,x) {t 8s [e~'8 detVu] (s,x)dsdx. J'!K2 Jo JYK2 Jo 
Then 

2 D 2 
ll8t¢11£2([0,t]xfK2) + 2IIV¢(t, .)112 :'S h + J1. 

Using (2.4) and (3.2), we get 

lhl :'S 2:D lot Gu,/'(s)G~,/'(s)ds = 4:DGu,/'(t) 2 

and 
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The proof of (1.11) is then completed. 
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