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ON P- CLOSEDNESS IN A BITOPOLOGICAL SPACE 

S. K. SEN AND M. N. MUKHERJEE 

ABSTRACT. The object of this paper is to initiate the study of P-closedness 

in bitopological spaces. Several characterizations of such a concept have 

been formulated and proved by means of certain types of adherence and 

convergence of filters and nets. 

1. INTRODUCTION AND PRELIMINARIES 

It is found from the literature that different neighbouring forms of com

pactness in topological framework are being studied meticulously for a pretty 

long time by many mathematicians. The concept of p - closedness, one such 

covering property, was introduced by Abo- Khadra [1] in 1989 by use of pre

open sets of Mashhour et al. [8]. Since then extensive investigations of such 

a concept have been pursued by a large number of topologists (for instance, 

see [2], [10], [11] ). In view of all these investigations, p-closedness in topo

logical spaces has assumed an important position in the hierarchy of covering 

properties. 

It is well known that the introduction of bitopological space by Kelly [7] in 

1963 as a generalization of topological structure has opened up a new direction 

for extensions of different important topological ideas to bitopological perspec

tive, and numerous such attempts have so far been undertaken quite fruitfully. 

Our endeavour in this paper is to pursue the latter trend by extending the idea 

of P - closedness into bitopological setting. 

AMS subject classification : (2005) 54E55 , 54D99. 
Keywords and phrases: bitopological space, preopen set, p(B)-open set, p(B)-closure, 
p(B)-adherence and p(B)-convergence of filters and nets, P-closedness. 
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In the next section, we introduce the definition of p( B)-open sets, and p( B)
adherence and p( B)-convergence of filters and nets in the context of bitopo
logical spaces. Certain descriptions of these ideas are also worked out, which 
facilitate our intended study in Section 3, concerning P-closedness of bitopo
logical spaces. 

Throughout the paper, by a space X we shall mean a hi topological space 
(X, Q 1, Q2). Whenever i and j will occur simultaneously, we assume that 
i,j E {1, 2} and i # j. For a subset A of a space (X, Q1, Q2), Qi-intA and 
Qi-clA will respectively stand for the interior and closure of A in (X, Qi) ( for 
i = 1, 2).We now recall some definitions and results which we shall need in the 
sequel. 

Definition 1.1. Let (X, Q1, Q2) be a bitopological space and A~ X. Then A 
is called ij-preopen [3] if A~ Qi-intQj-clA; the complement of an ij-preopen 
set in X is called an ij-preclosed set or equivalently, A(~ X) is ij-preclosed 
iff A ::2 Qi-c1QJ-intA ([4], [5]). 

We shall denote the set of all ij-preopen subsets of X by POij(X) and that 
of all ij-preopen sets in X containing a point x of X by POij(x). 

Definition 1.2. For a subset A of a space (X, Q1, Q2), 
(i) the ij-preclosure of A [5], denoted by ij-pclA, is defined by the intersection 
of all ij-preclosed sets containing A. 
(ii) the ij-preinterior of A [12] is the union of all ij-preopen sets contained in 
A, to be denoted by ij-pintA. 

Result 1.3. [4,5,12] In a bitopological space (X, Q1, Q2) the following hold: 
(a) The union (intersection) of an arbitrary family of ij-preopen ( ij-preclosed) 
sets is ij-preopen (resp. ij-preclosed). 
(b) ij-pint A( ij-pcl A) is ij-preopen (resp. ij-preclosed ), for any A~ X. 
(c) A(~ X) is ij-preopen (ij-preclosed) iff A= ij-pintA (resp. A= ij-pclA). 
(d) For any A(~ X), X\ ij-pclA = ij-pint(X \A). 
(e) For any A(~ X) and any point x E X, x E ij-pclA (x E ij-pintA) iff for 
all U E POij(x), UnA# 0 (resp. iff for some U E POij(x), U ~A). 

Result 1.4. For any Qj-open set A in a space (X, Q1, Q2), ij-pclA = Qi-clA. 
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Proof. x E ij-pclA =? for all U E POij(x), UnA f- 0. Since every Qi

open set is ij-preopen, every Qi-open set containing x always intersects A 
i.e., x E Qi-clA. Again, x rf. ij-pclA =? there exists V E POij(x ), such that 

V n A = 0 =? V ~ (X\ A) =? QJ-clV ~ QJ-cl(X \A) = (X\ A) [since 
A is Qropen] =? Qi-intQj-clV ~ (X\ A). Now since V is an ij-preopen 

set containing x, x E V ~ Qi-intQj-clV, so Qi-intQj-clV is a Qi-open set 

containing x and Qi-intQrclV n A= 0 and hence x ~ Qi-clA. 0 

2. ij-p(B) OPEN SET, ij-p(B) ADHERENCE AND CONVERGENCE 

OF FILTERS AND NETS. 

Definition 2.1. For a subset A of a space (X, Q1, Q2), the ij-p(B)-closure 

of A, to be denoted by ij-p( B)-clA, is defined by ij-p( 8)-clA = { x E X : 

ji-pclU n A f- 0, VUE POiJ(x)}. 

A is called ij-p( B)-closed if A = ij-p( B)-clA. A is called ij-p( B)-open if X \ A 

is ij-p( B)-closed. 

Theorem 2.2. A(~ X) is ij-p(B)-open iff for each x E A, there exists U E 

POij(x) such that ji-pclU ~A. 

Proof. x E A =? x rf. X\ A = ij-p(B)-cl(X \A) [since A is ij-p(B)-open] =? 

there exists U E POij(x) such that ji-pclU n (X\ A)= 0, i.e., ji-pclU ~A. 

Conversely, let x E X\ A. Now there exists some U E POij(x) such that 

ji-pclU ~ A. So, ji-pclU n (X\ A) = 0 =? x rf. ij-p(B)-cl(X \A). Thus 

X \A = ij-p(B)-cl(X \ A),so that X \A is ij-p(B)-closed and hence A is 

ij-p( B)-open. 0 

Theorem 2.3. An ij-p(B)-open set is ij-preopen and an ij-p(B)-closed set is 

ij -preclosed. 

Proof. Let A be an ij-p(B)-closed set in X. A~ ij-pclA is obvious. Now, x rf. 
A =? x rf. ij-p(B)-clA [since A is ij-p(B)-closed] =? there exists U E POij(x) 

such that ji-pclU n A = 0 ::::} unA = 0 ::::} X rt. ij-pclA. Again, let A be 

ij-p( B)-open, then X\ A is ij-p( B)-closed, so X\ A is also an ij-preclosed set 
and hence A is ij-preopen. 0 
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In the following example, we show that the converse of the above theorem 
is false. 

Example 2.4. Let X= {a,b,c}, Ql = {X,0, {a}, {b,c}} and Q2 = {X,0, {b}, 
{a, c} }. Then P012(X) = Q1. Now {b, c} is ij-preopen but is not ij-p( 0)-open. 

Theorem 2.5. For any ji-preopen set A in a space X, ij-pclA = ij-p(O)-clA. 

Proof. Clearly ij-pclA ~ ij-p(O)-clA. Now x tf. ij-pclA =? there exists V E 

POij(x) such that VnA = 0 =? V ~ (X\A) =? ji-pclV ~ ji-pcl(X\A) = 
X\ A [since A is ji-preopen] ::::} ji-pclV n A = 0 ::::} X t/. ij-p( 0)-clA. D 

We recall that a point x of a space (X,Q1,Q2) is said to be in the ij-0-
closure of a subset A of X, in notation x E ij-0-clA, if Qj-clU n A -I- 0, for 
each Qi-open neighbourhood (henceforth nbd, for short) U of x [6,9]. It is also 

. known [6] that 

Tlteorem 2.6. For any Qropen set A in a space (X, Q1, Q2), Qi-clA = ij-
0-clA. 

It now follows from Result 1.4 and Theorem 2.5 that 

Corollary 2.7. For any Qj-open set A in (X,Q1,Q2), 

ij-p(O)-clA = ij-pclA = Qi-clA = ij-0-clA. 

The following theorem gives an expression for the ij-p( B)-closure of any set. 

Theorem 2.8. For any subset A of a space (X, Q1, Q2), 

ij- p(O)-clA = n{ij-pclU: A~ U E POji(X)}. 

Proof. Let U E POji(X) and A ~ U, then ij-p(O)-clA ~ ij-p(O)-clU 

ij-pclU =? L.H.S ~ R.H.S. Now, x t/. ij-p(O)-A =?there exists V E POij(x) 

such that ji-pclV n A = 0 =? A ~ X\ ji-pclV = U (say) E POji(X) =? 
V n U = 0, and hence x tf. ij-pclU =? x tf. R.H.S. D 

Definition 2.9. Let (X, Q1, Q2) be a bitopological space, A~ X and x EX. 

(a) A filterbase ~in A is said to 
(i) ij-p(O)-adhere at x (written as x E ij-p(O)-ad<J) if for each U E POij(x) 
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and each FE CS, F n ji-pclU i- 0, 
(ii) ij-p(O)-converge to x (written as CS ij~) x) if for each U E POij(x) there 

exists FE CS, such that F s;;; ji-pclU. 

(b) A net {xa :a E (D, 2:)} (where (D, 2:) is a directed set) in A is said to 

(i) ij-p(O)-adhere at x (written as x E ij-p(O)-ad{xa}) if for each U E POij(x) 

and each a E D, there exists a f3 E D with f3 2: a such that Xf3 E ji-pclU, 

(ii) ij-p(O)-converge to x (written as X 0 ij~) x) if for each U E POij(x) 

there exists a f3 E D such that x 0 E ji-pclU for all a E D with a 2: {3. 

Theorem 2.10. Let (X, Q1, Q2) be a bitopological space and x EX, 

(a) A filter-base CS on X, ij-p(O)-converges to xo(E X) iff the net P based on 

CS is ij -p( 0) -convergent to xo. 
(b) A net {xa} in X ij-p(O)-converges to xo( EX) iff the filter-base CS generated 

by the net {xa} is ij-p(O)-convergent to xo. 

Proof. (a) Let a filterbase CS be ij-p(O)-convergent to xo, and let P : D ---+ X 

be the net based on CS, where D = { (x, F) : x E F E CS} and P[(x, F)] = x. If 

U E POij(X) and xo E U, then for some FE CS, F s;;; ji-pclU. Choose p E F 

so that (p, F) E D. If (x1, F1) 2: (p, F), then P[(x1, F1)] = x1 E F1 and as 

F1 s;;; F, x1 E ji-pclU. i.e., P , ij-p(O)-converges to xo. Conversely, let P be 

ij-p(O)-convergent to xo, and U E POij(xo). Then there is (x1, F1) E D such 

that (y, F) 2: (x1, F1) implies P[(y, F)] = y E ji-pclU. Now for each z E H 
we have (z, F1) 2: (x1, F1). So, F1 s;;; ji-pclU. Thus CS is ij-p(O)-convergent to 

xo. 
(b) Its proof is quite similar to above and hence is omitted. 0 

Theorem 2.11. Let (X, Q1, Q2) be a bitopological space and x EX, 

(a) A point x of X is an ij -p( 0) -adherent point of a filter-base CS iff the net P 

based on CS has x as an ij -p( 0) -adherent point. 

(b) A point x of X is an ij-p(O)-adherent point of a net {x0 } iff x is an 

ij -p( 0) -adherent point of the filter-base generated by { x 0 }. 

Proof. (a) Let x be an ij-p(O)-adherent point of a filterbase CS and let P: D---+ 

X be the net based on CS, where D = {(x, F) : x E FE CS} and P[(x, F)]= x. 

Let x E U E POij(x) and (a, F) ED. If bE ji-pclU n F, then (b, F) 2: (a, F) 

and P[(b, F)] = b E ji-pclU. Hence x is an ij-p(O)-adherent point of the net 
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P. 
Conversely, let the net have x as an ij-p( 0)-adherent point and x E U E 
POij(x). Let F E ~. If a E F, then (a, F) E D and for some (b, K) E 
D, (b, K) 2: (a, F), P[(b, K)] =bE ji-pclU. AsK~ F, we have Fnji-pclU-=/= 
0. i.e., x is an ij-p(O)-adherent point of the filterbase ~. 
(b) We omit the straightforward proof which is similar to that of (a) above. D 

Theorem 2.12. A point x of a space X is an ij-p(O)-adherent point of a net 
{xa} in X iff there exists a subnet {xak} of {xa} which ij-p(O)-converges to 
x. 

Proof. Let x be an ij-p(O)-adherent point of a net {xa} with the directed set 
(D, 2:) as the domain. Let M = {(a,ji-pclU) : x E U E POij(x) and Xa E 
ji-pclU}. Define (a1,ji-pclU1) 2: (a2,ji-pclU2) if and only if a1 2: a2 in D 
and ji-pclU1 :S ji-pclU2. Let 'ljJ: M ---t D be defined by '1/J[(a,ji-pclU)] =a, 
so the map (a,ji-pclU) ---t Xa with M as the domain defines a subnet of 
{xa}· Now if x E U E POij(x), then for some a, Xa E ji-pclU and if 
(,B,ji-pclV) 2: (a,ji-pclU), then Xf3 E ji-pclV ~ ji-pclU and so the subnet 
ij-p( 0)-converges tp X. 
Conversely, let { Xa} be a net with the directed set (D, 2:) as the domain, and 
let {xaJ be a subnet of {xa} with domain B, which ij-p(O)-converges to x. 
Let x E U E POij(x) and ao E D, take >.o E B such that a>,0 2: ao, also 
let >.1 E B such that if). 2: >.1, Xa E ji-pclU. Let >.2 be such that >.2 2: >.o 
and >.2 2: >.1, then a>,2 2: a>,0 2: ao and Xa>- 2 E ji-pclU. Hence x is an 
ij-p(O)-adherent point of the net {xa}· D 

Theorem 2.13. A point x of X is an ij-p(O)-adherent point of a filterbase ~ 
. . ij-p(B) 

on X, iff there exzsts a filterbase ~* finer than ~ , such that ~* ----t x. 

Proof. Let x E ij-p(O)-ad~. Let U = {ji-pclU : x E U E POij(x)}. Then 
ij-p(B) 

~ U U forms a subbase for some filter base.~* :2 ~ such that ~* ----t x. 
The converse is obvious. D 

Corollary 2.14. An ultrafilter U ij-p(O)-converges to x E X iff x E 2]

p(O)-adU. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



ON P - CLOSEDNESS IN A I3ITOPOLOGICAL SPACE 7 

3. PAIRWISE P-CLOSEDNESS 

Definition 3.1. A non-void subset A of a space (X, Q1, Q2) is said to be ij

P-closed relative to X if for every cover {Ua: a E A} of A by ij-preopen sets 

of X, there exists a finite subset Ao of A such that A~ {ji-pclUa :a E Ao}. 
If in addition A = X, then X is called an ij-P-closed space. If A(or X) is 

ij-P-closed for i,j = 1, 2. i # j then A( or X) is called pairwise ?-closed. 

Theorem 3.2. Let (X, Q1, Q2) be a bitopological space, and A ~ X be non

void, then the following are equivalent: 

(a) A 'is ij-P-closed relative to X. 
(b) Every ma.Timal filter-base on X which meets A, ij-p(B)-converges to some 

point of A. 
(c) Every filterbase on X which meets A, ij-p(B)-adheres at some point of A. 
(d) For ever-y family {Ua : a E A} of non-void ij-preclosed sets of X with 

(nUa) n A = 0, there is a finite subset Ao of A such that n{ji-pintUa : a E 

Ao} n A= 0. 
(e) Every maximal filterbase on A is ij-p(B)-conver-gent to some point of A. 
(f) Every filterbase on A, ij-p(B)-adheres at some point of A. 

(g) For every family { Ba : a E A} of non-empty sets in X with [ n ij
aEA 

p(B)-clB] nA = 0, there exists a finite subset Ao of A such that [ n Ba] nA = 

0. 
(h) Every net in A, ij-p(B)-adheres at some point in A. 

(i) Every ultranet in A, ij-p(B)-conver-ges to some point of A. 
(j) Every net in A has an ij -p( B) -convergent subnet . 

aEAo 

Proof. (a)=?(b): Let~ be a maximal filterbase on X, which meets A. Sup

pose that ~ does not ij-p( B)-converge to any point of A. Since ~ is a max

imal filterbase (by Corollary 2.14), ~ does not ij-p(B)-adhere at any point 

of A. For each x E A, there exist Fx E ~ and Vx E POij(x) such that 

ji-pclVx n Fx = 0. The family {Vx : x E A} is a cover of A, by ij-preopen sets 

of X. By (a), there exists a finite number of points x1, x2, X3, ... , Xn of A such 

that A~ U{ji-pclVx; : i = 1, 2, 3, ... , n}. Since~ is a filterbase on X, there 

exists Fo E ~ such that Fo ~ n{ Fx; : i = 1, 2, 3, ... , n}. Therefore we obtain 
Fan A= 0. This is a contradiction. 
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(b)=?(c): Let'S be any filterbase on X, which meets A. Then there exists a 
maximal filter base 'S* such that 'S ~ 'S*, By (b), 'S* ij-p( B)-converges to some 
point :r E A. For every F E 'S and every V E POij ( x) there exists F* E 'S* 
such that F* ~ ji-pclV, hence 0 -=/= F* n F ~ ji-pclV n F. This shows that 
'S ij-p(B)-adheres at x. 
(c)=?( d): Let {Va :a E A} be any family of ij-preclosed subsets of X such 
that n{Va : a E A} n A = 0. Assume that n{ji-pintVa : a E Ao} n A -=/= 
0, for every finite subset Ao of A. Then the family 'S = { n{ji-pint Va} : 
Ao is a finite subset of A} is a filter base on X which meets A. By (c), 'S ij
p(e)-adheres at some point x EA. Now, {A\ Va: a E A} is a cover of A and 
sox E A\ Va0 for some ao EA. Therefore, we obtain X\ Va0 E POij(x) and 
ji-pintVa0 E 'Sand ji-pcl(X \ Va0 ) n ji-pintVa0 = 0. This is a contradiction 
(by Result 1.3(d)). 
(d)=?(a): Let {Va : a E A} be any cover of A by ij-preopen sets of X. 
Then {X\ Va : a E A} is a family of ij-preclosed subsets of X such that 
n{ X\ Va : a E A} n A = 0. By (d) there exists a finite subset A0 of A such 
that n {ji-pint(X \ Va)} n A= 0. Hence A ~ U{ji-pclVa : a E Ao}. Thus 

aEAo 
A is ij-P-closed . 

(c)~(f): It is obvious. 
(b)¢:?(e): Let 'S be a maximal filterbase on X which meets A. Then F* = 

{F n A : F E 'S} is a maximal filterbase on A and hence the rest is obvious. 
(f)=?(g): Let B = {Ba :a E A} be a family of non-void sets in X such that 
for every finite subset Ao of A, ( n Ba) n A -=/= 0. Then 'S = { ( n Ba) n 

aEAo aEAo 
A : A0 is a finite subset of A} is a filter base on A. By (f) let a E A n ( ij-
p(e)-ad'S). Then for each a E A and each ij-preopen set U containing 
a, An Ba n (ji-pclU) -=/= 0. Hence a E ij-p(B)-clBa for each a E A and 
consequently, ( n ij-p(B)-clBa) n A-=/= 0. 

aEA 
(f)¢:?(h): Follows from 2.11. 
(h)¢:?(j): Follows from 2.12. 
(h)¢:?(i): Follows from 2.11, since every net in A has a subnet which is an 
ultranet. 

(g)=?(a): Let {Ua : a E A} be any cover of A by ij-preopen sets of X. 
Then A n ( n (X \ Ua)) = 0. If for some a E A, X \ ji-pclUa = 0, 

aEA 
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then the proof is complete. So we take X\ ji-pclUa (= Ba , say) i- 0 
for all a E A. Then B = { Ba : a E A} is a family of non-empty sets 

such that [ n ij-p(O)-clBa] n A ~ An [n(X \ Ua)] = 0 · · · (i). In fact, let 
aEA 

x E ij-p(O)-clBa = ij-p(O)-cl(X ji-pclUa)· Then for every ij-preopen set 

Vx containing x, (X \ ji-pclUa) n ji-pclVx i- 0. Since Ua E POij(X), if 

X E Ua, then (X \ ji-pclUa) n ji-pclUa i- 0, which is not possible. Thus 

x t/. Ua i.e., X E X\ Ua i.e., ij-p(O)-clBa ~ X\ Ua and (i) follows. Now 

by (g), there is a finite subset Ao of A such that ( n Ba) n A = 0 i.e., 
aEAo 

A~ X\ [ n (X ji-pclUa)] = U ji-pclUa. Thus A is ij-P-closed. 0 
aEAo aEAo 

Putting A = X in the above theorem, we obtain the following characteri

zations of an ij-P-closed space. 

Theorem 3.3. For a bitopological space (X, Q1, Q2), the following are equiv

alent: 

(a) X is ij-P-closed, 

(b) Every maximal filterbase on X, ij-p(O)-converges. 

(c) Every filterbase on X, ij-p(O)-adheres at some point in X. 

(d) For every family {Ua : a E A} of non-void ij-preclosed sets of X with 

(nUa) = 0, there is a finite subset Ao of A such that n{ji-pintUa : a E Ao} = 
0. 
(e) For every family {Ba : a E A} of non empty sets in X with [ n ij

aEA 

p(O)-clBa] = 0, there exists a finite subset Ao of A such that [ n Ba] = 0. 

(f) Every net in X ij -p( 0) -adheres at some point in X. 

(g) Every ultranet in X ij-p(O)-converges. 

(h) Every net in X has an ij-p(O)-convergent subnet. 

aEAo 

Theorem 3.4. In an ij-P-closed space (X, Q1, Q2), every family of ij-p(O)

closed sets with finite intersection property has non-void intersection. 

Proof. Let U be a family of ij-p(O)-closed sets. If n U = 0, then for x E X, 

there exists Ux E U, such that x ¢ Ux. Thus there exists a Vx E POij(x) 

such that ji-pclVx n Ux = 0. Now V = {Vx : x E X} is a cover of X by 
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ij-preopen sets, so that there exists a finite subset { x1, x2, ... , xn} of X with n n n n 
X= U ji-pclVx. Again (nUx) n (u ji-pclVx) = 0. Thus nUx= 0, which 

i=l i=l i=l i=l 
contradicts the finite intersection property of U. D 

Theorem 3.5. A space X is ij-P-closed iff every filterbase on X with at most 
one ij-p(f))-adherent point ij-p(O)-converges. 

Proof. Let X be ij-P-closed and ~ be a filterbase on X with at most one ij
p(O)-adherent point. By Theorem 3.3, ~ has then a unique ij-p(O)-adherent 
point x 0 (say). Let ~ do not ij-p(O)-converge to xo. Then for some U E 
POij(x0 ) and for each F E ~' F n (X\ ji-pclU) i= 0. So Q = {F n (X\ 
ji-pclU) : F E ~} is a filterbase on X and hence ij-p(O)-adheres at some 
point x in X. Since U E POij(x0 ), (ji-pclU) n G = 0 for all G E Q, we 
have xi= x 0 . Now for each V E POij(x) and each FE ~' F n (ji- clV) 2 
[F n (ji-clV)] n [X\ ji-clU] i= 0 i.e., F n (ji-clV) i= 0. Thus x is an ij-p(O)
adherent point of~' where xi= xo, a contradiction. 
The converse is clear, by theorem 3.3((c) ::::} (a)), since x is necessarily an 
ij-p(O)-adherent point of a filterbase ~ if~ ij=!:!!) x. D 

Theorem 3.6. If X is ij-P-closed, then every cover of X by ij-p(O)-open sets 
has a finite subcover. 

Proof. Suppose U is a cover of an ij-P-closed space X by ij-p(O)-open sets. 
For each x EX, x E Ux for some Ux E U. Then by Theorem 2.2 there exists 
a Vx E POij(x) such that ji-pclVx ~ Ux. Thus {Vx : x E X} is a cover of 
X by ij-preopen sets. Now since X is ij-P-closed, there exists a finite subset 

n 

{xl,X2, ... ,xn} of X such that X= Uji-pclVx;· Then {Ux 11 Ux2 , ••• ,Uxn} 
i=l 

is a finite sub cover of U. D 

Definition 3. 7. A family U of ji-preclosed subsets of a space X will be called 
an ij-precover of X, if for each x E X, there is some U E U such that U is an 
ij-prenbd of x (i.e., x E V ~ U, for some ij-preopen set V). 

Theorem 3.8. A space X is ij-P-closed iff every ij-precover of X has a finite 
S'l.tbcover. 
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Proof. Let U be an ij-precover of an ij-P-closed space X. Then for each x EX, 

there exist a Ux E U and an ij-preopen set Vx such that x E Vx <:;;; Ux. It then 

follows that {Vx : x E X} is a cover of X by ij-preopen sets of X. By ij-P-
n n n 

closedness of X, X = U ji-pclVx; <:;;; U ji-pclUx; = U Ux;. 
i=l i=l i=l 

Conversely, if U is any ij-preopen cover of X, then {ji-pclU : U E U} is an 

ij-precover of X. Hence the result. D 

Theorem 3.9. In an ij-P-closed space X, an ij-p(e)-closed set is ij-P-closed 

relative to X. 

Proof. Let U be an ij-preopen cover of an ij-p(e)-closed set A. Then for 

each x tf_ A, there exists Vx E POij(x) such that ji-pclVx n A = 0. Now 

U U {Vx : x tf_ A} is a cover of X by ij-preopen sets. Since X is ij-P-closed, 

A<:;;; U ji-pclU, for some finite subcollection Uo of U. Hence A is ij-P-closed 

UEU 
relative to X. D 

Definition 3.10. [13] A bitopological space (X, Q1, Q2) is said to be pairwise 

Urysohn if for any two distinct points x, y of X, there exist a Qi-open nbd U 

of x and a Qj-open nbd V of y such that Qj-clU n Qi-clV = 0. 

Theorem 3.11. Let X be a pairwise Urysohn space, and A(<:;;; X) be ij-P

closed relative to X, then A is ji-p(e)-closed. 

Proof. Let X be a pairwise Urysohn space, and A(<:;;; X) be ij-P-closed relative 

to X and let x tf_ A. Then for each a E A, there exist Wa E Qi and Vxa E 

Qj such that X E vxa, a E Wa and Qi-clvxa n Qj-clWa = 0, i.e., ij-pcW: n 
ji-pclWa = 0, (by Result 1.4). As A is ij-P-closed relative to X, and {Wa : 

a E A} covers A [Wa E Qi =? Wa is also an ij-preopen set], we have A <:;;; 
n n 

U ji-pclWa" for finitely many a1, a2, ... , an EA. Now let V = n Vxa", then 
r=l r=l 
V is also a ji-preopen set containing x, and ij-pclV n A = 0 Hence A is 

ij-p( e)-closed. D 

Theorem 3.12. Let A, B be two subsets of X. If A is ij-p(e)-closed and B 

is ij-P-closed relative to X, then An B is ij-P-closed relative to X. 
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Proof. Let {Va :a E A} be any cover of An B by ij-preopen sets of X. Since 
A is ij-p(B)-closed, for each x E B \A, there exists Wx E POij(x) such that 
ji-pclWx n A= 0 =? ji-pclWx s;;; X\ A. The family {Wx : x E B \A} U {Va : 
a E A} is a cover of B by ij-preopen sets of X. Since B is ij-P-closed relative 
to X, there exist a finite number of points 

n 

x1, x2, ... , Xn in B\A, and a finite subset Ao of A, such that B ~ {U ji-pclWxJ 
i=l 

U{ U ji-pclVa}· Since ji-pclWx; n A = 0 for each i, we obtain An B s;;; 
aEAo 

U ji-pclVa. Hence An B is ij-P-closed relative to X. D 
aEAo 
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