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A Model For Fuzzy Plane Projective Geometry 

M. Tahami, Y. Bahrampour and M. Mashinchi 

ABSTRACT. In this note we show that a recently defined projective geom

etry on a given three dimensional fuzzy vector space is a model for the 

fuzzy projective geometry presented by Gupta and Ray (1993). Moreover 

we show that the fuzzy Desargues' proposition is valid in this model. 

1. INTRODUCTION 

Ever since the publication of Zadeh's classic paper on fuzzy sets [21], which 
introduced a gradual method for pattern differentiation, an approach qualita
tively different from stochastic one, fuzzy techniques have been applied with 
startling generalized effect in almost all branches of mathematics. As far as it 
is known to the authors, in the field of geometry, the primary effort for fuzzi
fication of geometry was carried out by A. Rosenfeld [15]. Since then many 
other papers [1, 15-19] have appeared in this field. K. C. Gupta and S. Ray 
[5] have studied the concept of a fuzzy plane projective geometry FPPG using 
fuzzy points as the fundamental notion. The construction of a fuzzy projec
tive geometry FPG(V), from V, where V is either a fuzzy vector space or a 
fuzzy group is studied by L. Kuijken et al. [7,8]. The excellent book by J. N. 
Mordeson and P. S. Nair [10], reviews fuzzy geometry, among other concepts. 
More recent works are reported in [2-3, 11-13]. In this note, using the results 
in [5] and [7,8], in the case where Vis a fuzzy three dimensional vector space, 
we show that FPG(V) is a model for FPPG. Moreover it is proved that the 
fuzzy Desargues' proposition is valid in the model FPG(V). 
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2. PRELIMINARIES 

In this section we review some concepts needed in subsequent sections. For 
more details see the references. 

Definition 2.1. [5] Let S be a nonempty set, x E Sand A E (0, 1]. A fuzzy 
point x = (x, .A) of S is the fuzzy subset of S that maps x to A and other 
points to 0. 

Definition 2.2. [5] Let S be a nonempty set. 
1) A collection 1r of fuzzy points of S is called a complete set of fuzzy points 
if, given xES, there exists A E (0, 1] such that (x, A) E 1r. 

2) Two fuzzy points (x, a), (y, /3) E 1r are said to be fuzzy distinct if x =/= y. If 
x = y and a =/= f3, they are said to be fuzzy vertical. 
3) A nonzero fuzzy subset L of Sis called a fuzzy line through 1r, if L(x) > 0 
implies x = (x, L(x)) E 1r, for all x E 'S. 
4) A fuzzy line Lis incident with the fuzzy point (x, .A) E 1r, if L(x) = A. In 
this case we write (x, .A)IL or x E L, and we call I the incident relation. We 
some times say that the fuzzy point (x, .A) lies on the fuzzy line Lor the fuzzy 
point (x, .A) belongs to the fuzzy line L. 
5) Two or more fuzzy points (xi, ai), i = 1, 2, ... . n, are fuzzy colinear if there 
is a fuzzy line with which each of them is incident. 
6) Two fuzzy lines L and M are distinct if there is a fuzzy point (x, .A) such 
that Lis incident with (x, .A) and M is not, or M is incident with '(x, .A) and 
L is not. 

2.1 Fuzzy point approach of Gupta and Ray 

In [5], an axiomatic approach for the fuzzification of a plane projective 
geometry is discussed. Below we give a short review of this approach. 

A fuzzy plane projective geometry FPPG is an axiomatic theory with the 
triple ( 1r, A, I) as its fundamental notion, where 1r is a complete set of fuzzy 
points of a non-empty set S, A is a collection of fuzzy lines through 1r, and I 
is an incident relation which satisfies the following three axioms: 
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F1: Given two distinct points in 1r, there exists a unique fuzzy line in A with 
which both are incident. 
F2: Given two distinct fuzzy lines in A there is at least one fuzzy point in 1r 

with which both are incident. 
F3: 1r contains at least four fuzzy distinct points such that no three of them 
are incident with one and the same fuzzy line in A. 

Definition 2.1.1. [5]. A fuzzy triangle (x1x2x3, L1L2L3) is a set of three 
fuzzy distinct points x1, x2, X3 and a set of three fuzzy lines L1, L2, L3 such 
that Xi belongs to Lk for all i i- k, and Xi ¢ Li. The points Xi are the 
vertices and the line Li are the sides. For two fuzzy triangles (x1x2x3, L1L2L3) 
and (x~x2x~,L~L2L~), Xi and x~ are corresponding vertices, Li and L~ are 
corresponding sides. 

2.2 Fuzzy Desargues' Proposition [5] 

Let two fuzzy triangles (x1x2x3, L1L2L3) and (x~ x2x~, L~ L2L~) be given. If 
every two corresponding vertices are fuzzy distinct, every two corresponding 
sides are distinct and the fuzzy lines connecting corresponding vertices are 
incident with a fuzzy point 0, then the corresponding sides intersect in three 
fuzzy points which are either fuzzy colinear or fuzzy vertical. 

2.3 Fuzzy vector space 

Definition 2.3.1. [7]. Let V be a finite n-dimensional vector space over a 
field K and ..\ : V ___, [0, 1] be a fuzzy set on V. Then we call ..\ a fuzzy n
dimensional vector space on V if and only if ..\(ax+ by) 2: min(..\(x), ..\(y)) for 
all a, bE K and for all x, y E V. If..\ is a fuzzy vector space on V, we write 
(V, ..\). 

It is clear that if (V, ..\) is a fuzzy n-dimensional vector space and U is any 
subspace of V, then (U, ..\IU) is also a fuzzy p-dimensional vector space, where 
p = dim(U). 
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In the classical case, for a given vector space V, a projective space PG(V) 
is defined [6] to be the pair (D(V), I), where D(V) is a collection of subspaces 
of V with the relation I on D(V) such that U1 and U2 are !-related if either 
U1 ~ U2 or U2 ~ U1. A fuzzification of this classical notion is as follows: 
Given a fuzzy vector space V, a fuzzy projective space FPC (V) is defined to be 
the pair (FD(V),FI), where FD(V) is a collection offuzzy vector subspaces 
of an n-dimensional fuzzy vector space (V, A) with F I relation, such that 

(U1, A1) FI (U2, A2) if and only if U1 ~ U2 or U2 ~ U1. 

One can see that the relation I induces an F I relation and vice-versa. 

Definition 2.3.2. [7]. Suppose V is an n-dimensional vector space. A flag of 
length m in V is a sequence of distinct, non-trivial subspaces (Uo, U1, ... , Urn) 
such that Uj ~ Ui for all j > i 2:: n - 1. The rank of a flag is the number of 
subspaces it contains. A maximal flag in V is a flag of length n. 

We need the following theorem from [7] to prove our main results. 

Theorem 2.3.3. [7]. If A : V ____, [0, 1] is a 3-dimensional fuzzy vector space 
on V, then there exists a (not necessarily unique) maximal flag (Uo, U1, U2, V) 
of length 3, where dim(Ui) = i and four real numbers ao 2:: a1 2:: a2 2:: a3 in 
[0, 1] such that A is of following form: 

A : V ____, [O,I] 

u r--. a0 for u E {0} = Uo 

u r--. a1 for all u E U1- Uo 

u r--. a2 for all u E u2- u1 

u r--. a3 for all u E v- u2. 

3. MAIN RESULTS 

Let (V, A) be a 3-dimensional vector space over the field K, and let F PG(V) 
be the collection of all the fuzzy subspaces of dimensions 1 and 2. Our aim 
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is to convert F PG(V) into a model of F P PG, for which we regard the !
dimensional fuzzy subspaces as the points and the 2-dimensional subspaces as 
the lines. 

Theorem 3.1. If (V, A) is a 3-dimensional fuzzy vector space over the field 
K, then F PG (V) is a model of F P PG, as defined in [5]. 

Proof. By Theorem 2.3.3, A is defined by 

A: V-+ [O,I] 

u f-t a0 for u E {0} = Uo 

u f--7 a1 for all u E U1- Uo 

u f--7 a2 for all u E u2- u1 

u f--7 a3 for all u E V- U2. 

Let V = (e1 ,e2,e3). Without loss of generality assume U1 = (e1) and U2 = 
(e1, e2). Take FD(V) as all the !-dimensional and 2-dimensional fuzzy vector 
subspaces of (V, A). Now, let S be the set of alii-dimensional subspaces of V 
over K. Then the set 1r of fuzzy points and the set A of fuzzy lines for the 
F PG(V) model are defined as follows: 
Let 

1r {(U, A)IU E S, (U, A) is a fuzzy vector subspace of (V, A)}, 

A = {Li,j} U {L(r;e;+rjej,ek)} U {£he1+r2e2,r~q+r3e3)},i #- j, 

where 
Lij : S -+ [0, 1] 
< ej > f--7 aj 
< ei > f--7 ai 

U f--7 min(ai, aj) for all U of the form (rei+ sej) 
U f--7 0 otherwise, 

L(r;e;+riej,ek) : S -+ [0, 1] 
(ek) f--7 ak 

hei + rjej) f--7 min ( ai, aj) 
U f--7 a3 for all U of the form (ariei + brjej + cek) 
U f--7 0 otherwise, 
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L(qe1+r2e2,r'e1+r3e3) : S -t [0, 1] 
(r1e1+r2e2) t-t a2 
(r~e1+r3e3) t-t a3 

U t-t a3 for all U of the form 
((ar1 + brDe1 + ar2e2 + br3e3) 

U t-t 0 otherwise, 

for non-zero elements ri, a, b, c, r~ E K and for i, j, k = 1, 2, 3. 
The set 1r contains exactly the following types of fuzzy points: 

1r{((ae1 + be2 + ce3), ak)}, 

where 

{ 
a1 if b = c = 0 

ak = a2 if c = 0 
a3 if c i= 0. 

First we show that 1r is complete. Let U E S then we have three cases: 
Case 1. U =< ei >, where i = 1, 2, 3. Hence ( (ei), ai) E 1r. 

Case2. U = (aei + bej), where i i= j = 1, 2, 3 and 0 i= a, bE K. In this case it 
is clear that (U, a2) E 1r or (U, a3) E 1r. 

Case 3. U = (aei + bej + ce1), where i i= j i= l = 1, 2, 3 and 0 i= a, b, c E K. 
Hence (U, a3) E 1r. 

Now we show that the F PG (V) model satisfies the axioms F1 , F2, F3. First 
of all recall that any two finite dimensional vector spaces over K of the 
same dimension are isomorphic. Every fuzzy point in F PG(V) is indeed a 
!-dimensional subspaces of V, and two !-dimensional subspaces determine a 
unique plane containing them, which is a line of F PG (V). Then if ( ( ae1 + 
be2 + ce3), ak) and ((a'e1 + b'e2 + c'e3), aU are two fuzzy distinct points, the 
unique line containing them is the line L (ae1 +be2+ce3 ,a~ e1 +b2e2+c' e3). Note that 
if a, b, c i= 0 and a', b', d i= 0, we can change the subspace (ae1 +be2+ce3, a'e1 + 
b'e2+de3) to a subspace of the form (re1 +se2, r'e1 +s'e3), where r, s, r', s' E K, 
which depend on a, b, c, a', b', d. Hence axiom F1 holds. 

Conversely, we show that for every two distinct fuzzy lines in A, there is a 
unique fuzzy point in 1r, with which both are incident. Since any two distinct 2-
dimensional subspaces intersect each other in a unique !-dimensional subspace, 
two distinct fuzzy lines in F PG(V) intersect each other in a unique fuzzy 
point. Hence axiom F2 holds. For details of how to find this intersection, see 
Appendix A. 
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It is clear that the four fuzzy distinct points ((e1),a1), ((e2),a2), ((e3),a3), 
( (e1 + e2 + e3)a3) are such that no three of them are incident with one and 
the same line which validates axiom F3. D 

In the following theorem we assume that a1 > a2 > a3. 

Theorem 3.2. The fuzzy Desargues' proposition is valid in the F PG(V) 
model. 

Sketch of proof: Let ((a1e1 +a2e2+a3e3),ak) be a fuzzy point. Consider all 
fuzzy lines passing through ((a1e1 + a2e2 + a3e3),ak) and choose three fuzzy 
lines from this collection such that we can construct Desargues' triangles with 
vertices on these lines with common point ( (a1 e1 + a2e2 + a3e3), ak). Then we 
can check that the theorem holds for all possible cases. For more details see 
Appendix B. D 

Acknowledgement. The authors thank Ms. L. Kuijken for going through 
the manuscript and making valuable comments. Thanks are also due to the 
referee for his comments. 

APPENDICES 

Appendix A. It is clear that the lines Li,j and other fuzzy lines in A distinct 
from these lines Li,j are incident with a unique common point. For example 
we have ((e1),a1) IL1,2 and ((ei),ai)JL1,3· Therefore the two lines L1,2 and 
L 1,3 are incident with the point ( ( e1), a1). 

Similarly the line L(ae;+bej,ek) and other fuzzy lines in A distinct from these 
lines, are incident with a corr.111on point. For example: 
((e3),a3)JL(ae1+be2 ,e3 ) and ((e3),a3)JL(a1e1+b1e2 ,e3 ) 

w w ( (ae1 + be2 + a:e3), a3)I L(aq +be2 ,e3 ) and ( (ae1 + be2 + a:e3), a3)I L(ale2 +ble3 ,e1) 

( (ae1 + be2 + ~~ e3), a3)I L(ae1 +be2 ,e3 ) and ( (ae1 + be2 + ~~ e3), a3)I L(ale1 +ble3 ,e2 ) 

d1(ab1 -a1b) 
((ae1+be2+ bl e3),a3)JL(ae1 +be2 ,e3 ) 

d1(ab1-a1b) 
and ( (ae1 + be2 + b' e3), a3)I L(a'q +b'e2 ,c'e1 +d'e3 ) • 
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Finally we must show that the two distinct fuzzy lines L = L(ae1 +be2 ,ce1 +de3 ) 

and L 1 = L(a'e1 +b'e2 ,c'e1 +d'e3 ) are incident with a common point. To this end 
consider the following cases: 

C 1 • a _ b d c _;_ c' ase . 0! - 17 an Cl 1 d!. 
In this case we have, ( (ae1 + be2), a2)I L and ( (ae1 + be2), a2)I L1• 

C 2• c _ d d a _;_ a' ase . Cl - d! an b 1 77. 
In this case we have, ((ee1 + de3), a3)IL and ((ee1 + de3), a)IL1• 

C 3 a _;_ a' d c _;_ c' ase : b 1 77 an d 1 d!. 
I h . k p ((bca'd'-adb'c' bbl (ba'-ab')dd' ) ) n t IS case ta e = d'c-c'd e1 + e2 + d'c-c'd e3 , a3 . Then we 
h PIL d PILl r "f 1 ba'-ab' h ave an , 10r 1 r = ,s = d'c-c'd' t en 

bea1 d1 - adb1 e ( ba1 - ab1) dd1 

((ra+se)e1+rbe2+sde3)=( d 1d e1+bb1e2+ d d e3), 

d "f 1 _ b 1 _ (ba'-ab')d h an 1 r - 17 , s - d' c-c' d , t en 

1e-e 1e-e1 

(( 
1 1 1 1) I I I I ) (bealdl- adb1e1 I (ba1 - ab1)dd1 ) r a + s e e1 + r b e2 + s d e3 = d1 e _ d d e1 + bb e2 + d1 e _ e1 d e3 · 

Appendix B. Let (x1x2x3, L1L2L3) and (Y1Y2Y3, L~ L2L3) be two fuzzy tri
angles which satisfy the Desargues' condition. Firstly assume that the fuzzy 
lines connecting the corresponding vertices are incident with the fuzzy point 
((e1),a1). Then we have four cases: 

Case 1: Let X1Y1,X2Y2,x3y3 be three lines L1,2, L1,3 and L(ae2 +bes,q)· 
In this case the possible triangles have their vertices in one of the following 
forms: 

x1 = ((e1),a1) x2 = ((e3),a3) x3 = ((ae2 +be3),a3) 
x1 = ((e1),a1) x2 = ((e3),a3) X3 = ((r"e1 +s"ae2 +s"be3),a3) 
X1=((e1),a1) x2=((r1e1+s1e3),a3) x3=((ae2+be3),a3) 
x1 = ( (e1), a1) x2 = ( (r1 e1 + S1 e3), a3) x3 = ( (r" e1 + s" ae2 + s"be3), a3) 
x1 = ((e2), a2) x2 = ((e1), a1) X3 = ((r"e1 + s"ae2 + s"be3), a3) 
x1 = ((e2),a2) x2 = ((e1),a1) x3 = ((ae2 + be3),a3) 
x1 = ( (e2), a2) x2 = ( (e1), a1) X3 = ( (r" e1 + s" ae2 + s"be3), a3) 
x1 = ((e2),a2) x2 = ((r1e1 +s1e3),a3) X3 = ((ae2+be3),a3) 
x1 = ((e2), a2) x2 = ((r1ei + s1e3), a3) x3 = ((r"e1 + s"ae2 + s"be3), a3) 
x1 = ( (e2), a2) x2 = ( (e3), a3) X3 = ( (e1), a1) 
x1 = ((e2), a2) x2 = ((e3),a3) X3 = ((r"e1 + s"ae2 + s"be3),a3) 
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x1 = ( (re1 + se2), a2) x2 = ( (e1), a1) X3 = ( (ae2 + be3), a3) 
x1 = ((re1 +se2),a2) x2 = ((e1),a1) X3 = ((r"e1 +s"ae2+s"be3),a3) 
x1 = ((re1 +se2),a2) x2 = ((e3),a3) X3 = ((e1),a1) 
x1 = ( (re1 + se2), a2) x2 = ( (e3), a3) X3 = ( (r" e1 + s" ae2 + s"be3), a3) 
x1 = ((re1 + se2),a2) x2 = ((r'e1 + s'e3),a3) X3 = ((e1),a1) 
x1 = ((re1 +se2),a2) x2 = ((r'e1 +s'e3),a3) X3 = ((ae2 +be3),a3) 
x1 = ((re1 +se2),a2) x2 = ((r'e1 +s'e3),a3) 

X3 = ((r"e1 + s"ae2 + s"be3),a3) 
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It is easy to show that if (x1x2x3, L1L2L3) and (YIY2Y3, L~ L~L~) are tri
angles of the above type and satisfy Desargues' hypothesis, then the theorem 

holds. For example if x1 = ( (e1), a1), x2 = ( (e3), a3), X3 = ( (ae2 +be3), a3) and 

Yl = ((e2),a2), Y2 = ((e1),a1), Y3 = ((r"e1 +s"ae2+s"be3),a3), then we have 

L1 = L2,3, L~ = L1,3, L2 = L(ae2+be3,e1), L~ = L2,3 and L3 = L1,3, L~ = L1,2, 
and we have L1 n L~ = (ae2 + be3), L2 n L~ = (s"ae2 + s"be3 + r"e1) and 

L3 n L~ = (e1). Now it is clear that (ae2 + be3) and (s" ae2 + s"be3 + r" e1) and 

(e1) are colinear, because (ae2 + be3) and (s"ae2 + s"be3 + r"e1) and (e1) are 

incident with the line L(ae2+be3 ,e1) · 

Case2: Let x1y1, X2Y2, x3y3 be the three lines 

L1,2, L(ae2+be3,e1) and L(a'e2+b'e3,e1)' 

where .:, =F f,. In this case the possible triangles have their vertices in one of 

the following forms: 

XI=((ei),ai) x2=((a'e2+b'e3),a3) X3=((ae2+be3),a3) 

x1 = ((e1), a1) x2 = ((a'e2 + b'e3), a3) X3 = ((r"e1 + sa"e2 + sb"e3), a3) 

x1 = ((e1), a1) x2 =((pel+ qa'e2 + qb'e3),a3) X3 = ((ae2 + be3),a3) 

x1 = ((e1), a1) x2 =((pel+ qa'e2 + qb'e3), a3) 

X3 = ( (r" e1 +sa" e2 + sb" e3), a3) 

x1 = ( (e2), a2) x2 = ( (e1), a1) X3 = ( (ae2 + be3), a3) 

x1 = ((e2),a2) x2 = ((e1),a1) X3 = ((r"e1 + sa"e2 + sb"e3),a3) 

x1 = ((e2),a2) x2 = ((a'e2+b'e3),a3) X3 = ((e1),a1) 

x1 = ((e2), a2) x2 = ((a'e2 + b'e3), a3) X3 = ((r"e1 + sa"e2 + sb"e3), a3) 

x1 = ((e2),a2) x2 = ((pe1 + qa'e2 + qb'e3),a3) x3 = ((ei),ai) 

x1 = ( (e2), a2) x2 = ( (pe1 + qa' e2 + qb' e3), a3) X3 = ( (ae2 + be3), a3) 

x1 = ((e2),a2) x2 =((pel +qa'e2+qb'e3),a3) 

x3 = ((r"e1 + sa"e2 + sb"e3),a3) 
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x1 = ((re1 +se2),a2) x2 = ((e1),a1) x3 = ((ae2 +be3),a3) 
x1=((re1+se2),a2) x2=((e1),a1) x3=((r"e1+sa"e2+sb"e3),a3) 
x1 = ((re1 +se2),a2) x2 = ((a'e2 +b'e3),a3) x3 = ((ae2 +be3),a3) 
x1=((re1+se2),a2) x2=((a'e2+b'e3),a3) X3=((e1),ai) 
x1 = ( (re1 + se2), a2) x2 = ( (a'e2 + b'e3), a3) 
X3 = ( (r" e1 + sa" e2 + sb" e3), a3) 
XI= ((re1 +se2),a2) x2 =((pel +qa'e2 +qb'e3),a3) x3 = ((ei),ai) 
x1 = ((re1 +se2),a2) x2 =((pel +qa'e2 +qb'e3),a3) 
x3 = ( (ae2 + be3), a3) 
x1 = ( (re1 + se2), a2) x2 = ((pel+ qa'e2 + qb'e3), a3) 
x3 = ((r"e1 + sa"e2 + sb11 e3),a3) 

It is easy to show that if (x1x2x3, L1L2L3) and (YlY2Y3, L~ L~L;) are trian
gles of the above types and satisfy Desargues' hypothesis, the theorem holds. 
The following cases can be treated similarly. 

Case 3: Let XIYI,X2Y2,X3Y3 be the three lines 

where y -=f. f,. 

One must note that the theorem is still valid even if the fuzzy lines con
necting the corresponding vertices are incident with fuzzy point ( (e2), a2) or 
((e3),a3). 

Secondly, assume that the fuzzy lines connecting the corresponding vertices 
are incident with the fuzzy point ( (ae1 + be2), a2). Then we have three cases: 

Case 1: Let x1y1, X2Y2, x3y3 be the three lines 

Ll,2, L(ael+be2,e3) and L(ael+be2,CeJ+de3)" 

In this case the possible triangles have their vertices in one of the following 
forms: 

x1 = ( (e1), a1) x2 = ( (ae1 + be2), a2) x3 = ((eel+ de3), a3) 
x1 = ((e1),a1) x2 = ((ae1 +be2),a2) 
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X3 = (((r'a + s'e)e1 + r'be2 + s'de3),a3) 
x1 = ((e1),a1) x2 = ((e3),a3) x3 = ((ae1 +be2),a2) 
x1 = ((e1),a1) x2 = ((e3),a3) x3 = (((r'a+s'e)el +r'be2 +s'de3),a3) 
x1 = ( (e1), a1) x2 = ( (rae1 + rbe2 + se3), a3) x3 = ( (ae1 + be2), a2) 
x1 = ((e1),a1) x2 = ((rae1 +rbe2 +se3),a3) X3 = ((ee1 +de3),a3) 
x1 = ((e1),a1) x2 = ((rae1 +rbe2 +se3),a3) 
X3 = ( ((r' a+ s' e)e1 + r'be2 + s' de3), a3) 
x1 = ((e2),a2) x2 = ((ae1 +be2),a2) X3 = ((ee1 +de3),a3) 
x1 = ( (e2), a2) x2 = ( (ae1 + be2), a2) 
X3 = ( ((r'a + s'e)el + r'be2 + s'de3), a3) 
x1 = ( (e2), a2) x2 = ( (e3), a3) X3 = ( (ae1 + be2), a2) 
x1 = ((e2),a2) x2 = ((e3),a3) X3 = ((ee1 +de3),a3) 
x1 = ((e2),a2) x2 = ((e3),a3) x3 = (((r'a+s'e)el +r'be2+s'de3),a3) 
x1 = ((e2),a2) x2 = ((rae1 +rbe2+se3),a3) X3 = ((ae1 +be2),a2) 
x1 = ( (e2), a2) x2 = ( (rae1 + rbe2 + se3), a3) X3 = ((eel + de3), a3) 
x1 = ((pel+ qe2), a2) x2 = ( (ae1 + be2), a2) X3 = ( (ee1 + de3), a3) 
x1 = ( (pe1 + qe2), a2) x2 = ( (ae1 + be2), a2) 
X3 = ( ((r' a+ s' e)e1 + r'be2 + s' de3), a3) 
x1 = ((pel + qe2), a2) x2 = ( (e3), a3) X3 = ( (ae1 + be2), a2) 
x1 =((pel +qe2),a2) x2 = ((e3),a3) X3 = ((ee1 +de3),a3) 
x1 =((pel +qe2),a2) x2 = ((e3),a3) 
x3 = ( ((r' a+ s' e)e1 + r'be2 + s'de3), a3) 
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x1 = ( (pe1 + qe2), a2) x2 = ( (rae1 + rbe2 + se3), a3) X3 = ( (ae1 + be2), a2) 
x1 = ((pel+ qe2), a2) x2 = ( (rae1 + rbe2 + se3), a3) x3 = ( (ee1 + de3), a3) 
x1 = ( (pe1 + qe2), a2) x2 = ( (rae1 + rbe2 + se3), a3) 
x3 = (((r'a + s'e)el + r'be2 + s'de3),a3) 

It is easy to show that if (x1x2x3, L1L2L3) and (YIY2Y3, L~, L~L3) are tri
angles of the above types that satisfy Desargues' hypothesis, then the theorem 
holds. 

The following cases can be treated similarly. 

Case 2: Let X1Yl,X2Y2,X3Y3, be the three lines L(ae1 +be2 ,e3), L(ae1,be2,cq+de3) 

and L(ael+be2,c'el+d'e3)' where f, # f,. 
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Case 3: Let x1y1, X2Y2, x3y3, be the three lines 

One notes that the theorem is still valid even if the fuzzy lines connecting 
the corresponding vertices are incident with the fuzzy point ( (ae2 + be3), a3) 
or ( (ae1 + be3), a3). 

Thirdly, assume that the fuzzy lines connecting the corresponding vertices 
are incident with the fuzzy point ( (ae1 + be2 + ce3), a3), then we have the 
following two cases which can be treated similarly: 

Case 1: Let X1Y1, X2Y2, x3y3, be three the lines L(ae1+be2,e3), L(ae1+be2,cq+de3) 

and L(be2+Ce3,q). 

Case 2: Let XIYl, X2Y2, x3y3, be three the distinct lines L(a'q +b'e2,c'e1 +d'e3), 

L(ael +be2,Cel +de3) and L(a"el +b"e2,c"el +d"e3). 
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