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THE LIE ALGEBRAIC TREATMENT OF PARTIAL DIFFERENTIAL
EQUATIONS OF EVOLUTION TYPE

M. SEBAWE ABDALLA and M. A. BASHIR

ABSTRACT. In this paper we discuss in some detail how the Lie algebra
method may be utilized to solve partial differential equations of evolution
type. Of particular interest is the Schrodinger equation. Several examples
of this type, illustrating the method, have been introduced and their solu-
tions are derived. More precisely we have considered SU(1, 1) and SU(2)
Lie algebra quantum systems. Furthermore we have also discussed the
possibility of employing quadratic invariants to obtain different classes of

the wave functions.

1. INTRODUCTION

Lie algebras and their associated lie groups are closely related to differen-
tial equations and their corresponding solutions. Historically speaking, the
deep reasons underlying the integrability by quadratures of ordinary differ-
ential equations was first explored by Lie via his group. The second order
ordinary differential equation give birth to the theory of functions, while the
special functions were obtained [1] as matrix elements of operators defining ir-
reducible group representations. In the meantime Lie algebraic methods have
been used for computing eigenvalues and recurrence relation [2]. The alge-
braic treatment of partial differential equations is deeply rooted. For instance
Schrodinger applied the method of factorization to solve the time-independent
Schrodinger equation. Later, Miller showed that this method is equivalent to
the representation theory of four Lie algebras [3]. In fact Miller presented
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further examples in a systematic manner in his book [4]. S.Steinberg had also
utilized Lie algebraic methods to obtain explicit solutions of the partial differ-
ential equation, see for example [5]. He considered initial value problems for
differential operators L:

0
i/ @t) =L,  fz,0)=g(@)

whose solution can be written in the form

(1.2) f(z,t) = g(x) exp(Lt)

(1.1)

Recently G. Dattoli et al.[6, 7] took a further step in the direction of ob-
taining explicit solutions of the partial differential equation of evolution type
similar to equation (1.1). They exploit matrix realizations of the basis ele-
ments for a closed Lie algebra G whose associated Lie group is then obtained
in a matrix form.

In fact Steinberg and Dattoli et al idea underlying solving partial differen-
tial equations (P.D.E.) via Lie algebra can be synthesized as follows: Given
a P.D.E. of type (1.1) one may identify a basis for a closed Lie algebra of
operators to which L belongs. If L; is this basis, then one can use ordering
formulas of Baker,Haussdorff, Campbell and Zassenhaus to write the operator
exp(Lt) appearing in equation (1.2) in the form

(1.3) exp(Lt) = [ [ exp(L:iSi(t))
=1

where S;(t) are time-dependent functions. Once the functions S;(t) are deter-
mined, then the explicit solution of equation (1.1) can be found using simple
operational rules involving successive actions of exp(L;S;(t)), 1 < i < mn, on
the initial condition g(z). In particular, following Dattoli et al, one may use a
matrix representation G of the evolution group G, in order to determine the
functions S;(t). This can be done by writing L as a linear combination of the
basis elements of the assigned Lie algebra and using equation (1.1) to obtain
a matrix image of this equation. The Lie matrix group G, which is in fact
isomorphic to the evolution group G, is then found from the matrix image
of the P.D.E. i.e. the evolution operator exp(Lt) is determined in a matrix
form. Then equation (1.3) is used to calculate the functions S;(t). It should be
noted that the closed Lie algebra basis will be chosen such that L = " ; a; L;.
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Therefore, if one uses equation (1.3) and manages to determine the functions
S;(t), then the evolution group will be known. This means that the solution of
the differential equation can be obtained by successive action of the elements.

In this paper we discuss in some detail the theory behind the method where
we emphasize the close relationship of Lie algebras and their associated Lie
groups to differential equations and their corresponding solutions. A histor-
ical problem is to find the 1-dimensional subgroup corresponding to the 1-
dimensional algebra ( i.e. Hamiltonian) of the vector field arising from the
differential equation. Although the existence and uniqueness of the solution
of this problem is guaranteed up to group isomorphism, there is no general
systematic technique to obtain solutions of P.D.E’s from the classical point
of view. In the meantime the vector field associated to the differential equa-
tion is a 1-dimensional subalgebra of the ( infinite dimensional ) Lie algebra
of all vector fields on the phase manifold. Therefore, we regard a differential
equation on the manifold of phase space as a vector field and the solution
of this equation as a 1- parameter group acting on the initial point on the
manifold. This is seen in section II in addition we intend to give some ac-
count of the various ways one may calculate the functions S;(¢) in the product
given by equation (1.3) which are the key points of this method. In section
IIT we call attention to a direction towards a vision of obtaining solutions of
P.D.E’s by a systematic method. To emphasize this point, roughly speaking,
the method described in section IT is to rediscover the evolution group exp(Lt)
of the differential equation (1.1) in terms of a product of simple group elements
exp(L;S;(t)) corresponding to a closed Lie algebra basis (L;). In section IV
we introduce several examples where this method can be successfully utilized.
Some of these examples have been previously treated [8, 9, 10, 11, 12, 13],
however, it will be more convenient to outline them here in order to bring to
light the power of the Lie algebraic method and it’s richness. We give our
conclusion in section V.

2. DIFFERENTIAL EQUATIONS ON MANIFOLD

Since the equations of motion of a physical system are differential equations,
the solutions will be curves having a preferred parametrization. In situations



4 M. SEBAWE AND M. BASHIR

where the preferred parametrization are not desired, one replaces the differen-
tial equation (which is in fact a vector field) with a one-dimensional foliation.

2.1. Differential equations as 1-dimensional foliations on manifold.
A one-dimensional foliation is a pair (M, F) where M is a manifold and E
is a function which assigns to each x € M a one-dimensional subspace E,
of the tangent space T, M at x. E should be smooth in the sense that there
locally be a smooth non-zero vector field X with X (z) generating E,. The leaf
(an orbit) of the foliation (M, E) is a connected, one-dimensional submanifold
¢ of M such that T,p = E, for ¢ € M and maximal with respect to these
properties. Through each point there exists a unique orbit, (existence and
uniqueness theorem for differential equations) but these orbits have no pre-
ferred parameterization. A time-dependent vector field on a manifold M is a
map X : R x M — TM such that X (¢t,z) € T, M where T, M is the tangent
space bundle of M and = € M. The integral curves of the vector field X are
the solutions ¢(t) of the differential equation

(21) Lot = X (1, 0(0)

which have a preferred parametrization. The foliation (M, E) given by

(22) M=RxM and  Eygz ={z,X(t z):z€R}, (t,z) e M

is called the suspension of X; its orbits are parametrized by the curve t —
(t,(t)) where ¢ is an integral curve of X. Now suppose M /g denote the set
of orbits of the one-dimensional foliation (M, E). In this case it sometimes
happen that M /g admits the structure of a smooth manifold in such a way
that the natural projection M — M /g is a smooth submersion (surjective
derivative at each point of M).

2.2. Lie groups and Lie algebras. A Lie group G is a smooth manifold
which is also a group such that the group operations are smooth. A Lie
algebra is a real vector space G together with a bilinear skew-symmetric map:
GxG — G : (A, B) — [A, B] which satisfies Jacobi’s identity

(2.3) [A,[B,C]] + B, [C, A]] + [C,[A, B]] = 0

where A, B,C € G. Let us now introduce the following lemma which is needed
for subsequent discussion.


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


The Lie algebraic treatment of PDE of evolution type 5

Lemma: Let G be a Lie group and A € T.G the tangent space to G at the
identity e . In this case there is a unique homomorphism of Lie groups: R —
G : t — exp(tA),such that % exp(tA)|t=0 = A.(Note that the homomorphism
of Lie group should be smooth). The Lie algebra of G has as underlying vector
space the tangent space TG at e, and brackets operation given by

(2.4) [A,B] = % exp(tA) exp(tB) exp(—tA) exp(—tB)|t=0

where A, B € T.G, which defines a Lie algebra. When G is the group of all
linear automorphism of R™, then G is the algebra of all linear endomorphisms
of R™ with brackets operations: |4, B] = AB — BA. Now let G and G be
two Lie groups which are homomorphic. If f: G — G is the homomorphism,

then one can define the associated Lie algebra homomorphism F : G — g
(le.F[A, B] = [F(A), F(B)]) by

(2.5) F(A) = %f (exp(tA)) |t=0 forany A€ G

so that exp (tF(A)) = f(exp(tA)), from which one can easily see that F
is a Lie algebra homomorphism. Here we may point out to an important
relation between Lie algebras and Lie groups. This relation appeared from
the existence and uniqueness theorem, that is:

(i) Every finite dimensional Lie algebra G is the Lie algebra of a simply
connected Lie group G; moreover it is unique to Lie group isomorphism.

(ii) Every homomorphism F : G — g of Lie algebras is the associated Lie
algebra homomorphism of a unique homomorphism f: G — G of Lie groups.
Here we may point out that one proves (i) from (ii). Existence in (i) follows
from Ado’s theorem [14] and the correspondence between Lie subalgebras and
Lie subgroups [15].

2.3. The group of self-diffeomorphisms of a manifold. One can think of
the group Dif f(M) of self-diffeomorphisms of a manifold M as an " infinite
dimensional Lie group". To see this let ¢t — f; € Dif f(M) be a curve of
diffeomorphisms with fy =identity. Then for z € M we have

26) 2 @)l = X(@)
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ie. X(z) € T, M and therefore X is a vector field on M. Hence the Lie
algebra of Dif f(M) is the Lie algebra of vector fields on M. To get the Lie
group corresponding to this Lie algebra, consider the group homomorphism
R — Diff(M) :t — ft generated by X € X (M). This group homomorphism
is the flow of X; i.e. the unique solution of the differential equation

2.7 SH@=X(f@),  f@==

Now we go further on the analogy between Lie groups and diffeomorphism
groups. Let G be a Lie group and M a manifold. An action of G on M is a
homomorphism of groups: G — Dif f(M),a — aps such that the evaluation
map: G x M — M : (a,z) — ap(z) is smooth. A G-manifold is a pair
consisting of a manifold M and an action of G on M. An action of the Lie
algebra G on M is a homomorphism of Lie algebras: G—G(M): A — A such
that the evaluation map: G x M—M:(A,z) = Ap(x) is smooth. A G-manifold
is a pair consisting of a manifold together with an action of G on M. Given a
G-action on M one may form the associated G-action via

(2.8) Ap(x) = gt—exp (tA), (z)|t=0, x €M, Aeg

Then we have the following:

Proposition: Let G be a simply connected Lie group and M a compact
manifold. Then every action of G on M is associated with a unique action of
G on M, see Ref.[16].

It should be noted that the compactness hypothesis is essential because vec-
tor fields on non-compact manifolds need not be complete and therefore its
flow need not be defined for all t and x. Now we can consider the group of lin-
ear automorphisms of the vector space H(M) of smooth real-valued functions
on M. There is a natural antihomomorphisms from Dif f(M) to this group
ie. f — f* such that f*h = h.f for h € H(M). The associated antihomo-
morphisms of Lie algebras, denoted by [, sends X' (M) to the space of linear
endomorphism of H(M). Thus

d

(29) (LX) h) (@) = 5 £*h(z) =g
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forx € M,h € H,X € X(M) and where f is the flow of X. In this case [ (X)
is Lie differentiation. If A and B are endomorphisms of a vector space such
that their Lie brackets is [A, B] = AB — BA, then [ is an antihomomorphism:

(2.10) L(X,Y]) = - [I(X),I(Y)], X,YeXxM)

In the next section we turn our attention to the Lie algebraic treatment for
partial differential equations.

3. LIE ALGEBRAIC TREATMENT

We devote this section to the partial differential equation of evolution type
from the Lie algebraic point of view. In the meantime we shall introduce the
analysis of Lie algebra itself.

3.1. Partial differential equations of evolution type. A prototype of the
above mentioned equations is the following Cauchy problem:

0
En (t,x1, 2, ...2xp) = L(x1,29,..xy) f (t, x1,22,...20) ,
(3.1) ft,xy, e, .. zp) lt=0 = g(z1,22,...24),

where its solution can be written in the form

(3.2) f(z,t) = exp (Lt) g(x), x = (z1,22,....Ty)

It should be noted that the operator L in general depends on t, but for
simplicity we ignore the time-dependence bearing in mind that our discussion
can be extended without any problem to the case in which L depends on
t. Since our differential equation is of evolution type, we assume that the
operator L is an element of a Lie algebra G of some symmetry group G of the
dynamical system. Let L; be a basis for G. Then

m
(33) L= Z akLk
k=1
provided that the Lie algebra is closed and we have

(3.4) [Li, L] = Y CE Ly,
k=1
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This condition also implies that G is isomorphic to some matrix Lie algebra
G. Since L € G which is a closed Lie algebra, one may use the Lemma in the
previous section to interpret exp (Lt) in equation (3.2) as an element in the
Lie group associated with G, i.e.the equation (3.2) can be explicitly written as

(3.5) f(zi, t) = exp (Lt) g(z:) = L(t)g (p4(t))
where [(t) and ¢;(t) are time-dependent functions that can be determined. To
see that we write the basis L; for the algebra G as

n
0
(3.6) Li = ki’j (371,.’)32,....1‘”) — +7; (:El,.rg,....l‘n)
= 3:17]‘

from which we can easily prove that both I(t) and ¢;(t) are solutions of

ity = 1 amlen)  10)=1
i=1
BT Te®) = Yaki @0 @), e0)=z
=1

Thus the operator L € G is a generator of a one-parameter group [(t), t € R.
This is in fact the case in which the operator L is related to the Hamiltonian
operator H = —iL. In this particular case we have the Schrodinger equation
describing the evaluation of the wave function, i.e. 0Y(t)/0t = —iH(t).
The evoluation group [(t) will be similarly given by I(t) = exp (—iHt). The
Schrodinger equation will be of particular interest for us in the forthcoming
section. However, let us complete this section by considering the systematic Lie
algebra method of obtaning the solution for the partial differential equations
of type (3.1).

3.2. Analysis of Lie algebra method. As we have seen the solution of
equation (3.1) is determined by equation (3.2),i.e.via exp (Lt). Suppose now
that a closed Lie algebra basis is determined such that the operator L is written
as in equation (3.3). The Lie group corresponding to this Lie algebra is a one-
parameter group determined by the evolution operator exp (Lt) . Then we can
write

(3.8) exp (Lt) = Hexp (Si(t)L;),
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where S;(t) are functions ot ¢ linked to the coefficients of L. The above split-
ting is possible due to the ordering formulas of Baker, Hausdorff,Campbell
and Zassenhaus, see for example ref.[7, 17, 18]. To determine the functions
S;i(t) we have to use a matrix realization for the Lie algebra basis L; to write
equation (3.1) in matrix form. From this matrix image of the equation (3.1)
we obtain a matrix realization G of the evoluation group G. However, this
matrix realization is isomorphic to G and consequentely this matrix group
being exp (Lt) is equated to the right hand side of equation (3.8) in order to

m
find the functions S;(t). This is provided that the product Hexp (Si(t)L;) is

i=1
expressed in a matrix closed form. Once the functions S;(t) are thus found,

we have to go back to the generators written in G and find the right hand
side of equation (3.8). Hence the action of the evoluation operator exp (Lt) on
the initial condition g(x) is determined and thus the explicit solution of the
partial differetial equation is found.

Now we turn our attention to discuss the key point of the Lie algebra
method, namely the search for an ordered product of the type (3.8). There
are two ways to write the basis elements L; of the Lie algebra. One as a dif-
ferential operator and the other as a matrix form, which will be discuss in the
following subsection.

3.2.1. The matriz form treatment. If the basis elements L; of the Lie algebra
are written in a matrix form, then a typical element of the product in equation
(3.8) say exp(a) is to be calculated in a closed matrix form (a = S;(t)L; for
some 7). In fact exp(a) = Y, ;a"/n! which is not easily manageable, so we
need to have exp(a) in a closed matrix form. To accomplish this we suppose
that the operator function exp(a) acts on an n-dimensional vector space. If
¥(t) is an n-column vector, then one can write

(9 Tpw=ap), e v = a0

J=1

The above equation is of evolution type and its solution can be written
formaly as 9(t) = A(t)(0) where A(¢) is an n X n matrix and ¢(0) are initial
conditions. Therefore after a direct substitutaion of ¥(t) = A(t)¥(0) into
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equation (3.9), thus we have
d n
(3.10) i = > aiRAr,  Ai(0) = by,
j=1

which represents a system of linear differential equations that specifies the
matrix A(t). It should be noted that for exp(a) = A(1) one is able to obtain
exp(a) in a closed form. Also we may point out that for 2 x 2 matrices the
solution of eqution (3.10) can be written as

A = (71—_5 (a11 — ag2) sinh (@) + cosh (@)) exp (%Tra)
Ag2 Ay 2 VA 1
- 7 sinh (T) exp (§Tr(a))

Agp = (-% (a11 — agg) sinh (@) + cosh (@)) €xXp (%Tm)
(3.11)

where Tra = aj1 + age and A = (a3; — a22)2 + 4a12a91. To obtain a general
method for finding the coefficients S;(t) in equation (3.8) we proceed as fol-
lows: Let A be a matrix representation for the operator L and A; be matrix
representations for the basis operators L; for each i. Then we have

n
(3.12) exp (At) = Hexp (Sl(t)/l,) .

i=1

Differentiating with respect to ¢t and after minor algebra we get

(3.13) A= i ﬁ exp (Si(t)/li> Si(t) A, ﬁexp (Si(t)/li) exp (—At) .
j=1 |i=1 i=j

To simplify the above equation we need to find a matrix C such that

(3.14) exp (Si(t)fli) Aj exp (—si(t)AQ = C.

In fact it is well known that for any operator A in the Lie algebra G, the
operator B — exp(A)Bexp(—A) is linear and thus has a matrix represenata-
tion with respect to the matrix basis {4;} for G. Therefore, for any o € C
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and C(a) = C,(c?(a) we have

(3.15) exp (Si(t)fli) Ajexp (—Si(t) Ai) =Y Gl A =C
where ’
1) =3 LlA4)", (A" = [A [, Aj]’“] .

Furthermore, for any operator A in the Lie algebra G, ads defined by
adsB = [A, B] is also a linear operator on G and consequently can be presented
by a matrix M4 ~ ad4 with respect to the matrix basis {A;} for G, from which
we have the special matrices M(®) = M](,? defined by ada (Ax) = 3_; M;QAj.
In this case equation (3.16) gives C()(a) = exp (M) and hence if we re-
duce M@ to Jorden form we see that the elements of C(V) are polynomials in
a. Now let us define the following elements of G

Xox = A, Xntik = Ak,

j n
(H exp (CL'iAi)> Ay, (H eXp(—:viAz‘)) ;
i=1 =7

J
(3.17) X'j,k = <Hexp(—xi )Ak Hexp (z:A:) |,
i=1

i=]

Xk

where X = (z1,22,...,2,) € C", 0 < j < n+ 1,1 <k < n. Using equation
(3.15) we obtain

(3.18) Xjp =D Cli@)Xj  Xp =) Clu(=2)) X1,
l l

Now if we assume that

Xiw = DBl Bi(z) = (B],(@)).

(3.19) Xip = ZBUC:L'AZ, Biz) = (B,(@)),
l

thus we have B(O) = B(*t1) = J and
BY(z) = CW(z1)CP(xy)....09 (z;)
(3.20) BY(z) = CM™(—z,)C" (=2, 1)....CY)(=z;),
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Now we can use equation (3.19) to write equation (3.15) in the form
1
(3.21) A= ZS X;_1,(8) = Zs ZB(fM) 4, 1<i<n
le. if A= ZalAl, then
(3.22) Z BI7Y(8)8;

gives us a set of ordinary dlfferentlal equations describing the required set of
functions {S;} .

Before we close this section it is interesting to refere to another way to
deal with such problem, that is the differential operator method. The method
essentially depends on equations (3.3), (3.5),( 3.6) and (3.7) and to see that
let us consider the action of the exponential operator exp (Lt) on the function
g(z) (say). This gives us

d d
(3.23) exp (CL%) g(z) exp (—a%) = g(x + a),
which is trival. Also we can prove that
d d “
(3.24) exp (am%) g(x +b)exp (—ax%> = g(e®z + b).

To illustrate the previous method we turn our attention to some quantum
system and find the most general wave function for them. This will be seen
in the following section.

4. THE WAVE FUNCTION FOR SOME QUANTUM SYSTEM

We devote the present section to introduce some quantum system as an
applications to the theory exhibited in the previous sections. For this reason
we shall consider five examples based on the Hamiltonian of quantum systems.
This will be in addition to the possibility for using the quadratic invariant for
the Hamiltonian itself, which in fact opens the way to produce other classes
of the wave functions. However, this will be in a separate section
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4.1. The frequency converter model. The first example we introduce in
this section is the frequency converter model [19]. The model is SU(2) Lie
algebra and can be obtained either from the variation in the susceptibility
during the interaction between the cavity modes or from the transformation
of Tavis-Cummings model which represents the interaction between the atom
and field within cavity [20]. The Hamiltonian which describes such a model is
given by

(4.1) %I— = wiala 4 wob'h + A(t) (az‘ff exp (i¢(t)) + ba' exp (—i¢>(t))) ,

where af(a) and bf(b) are boson creation and annihilition operators for the
first and second mode, respectively. These operators satisfy the commutation
relations

(4.2) [a, a‘f] - [6, BT] —1, [a, B} - [&, BT] — [a*,iﬂ] —0.

Also the frequencies w;, i = 1,2 are the field frequency and A(t) is the time-
dependent coupling parameter while ¢(t) is the time-dependent phase pump.
By introducing the generators

(4.3) Ky=ata—bl, K,=0Mb, Ky=abl, K,=a'b
which satisfy the commutation relations

I:Klaj\(Z} = Oa [Klakii] = _2k3a [Klak4i| = 2K4a
(4.4) [R’%Kﬂ = Kj, [1%2,134] = —Ky, [IAQ,K:;} =K,

In this case we can rewrite the Hamiltonian thus

(45) 5 =wiki + (1 +w2) K2+ 0(0) (Ko (6(0) + Kyexp (-i6(0))

and therefore if we solve the Schrédinger equation

N 0
(16) H(EW() = ih b ()

for the Hamiltonian (4.5) we obtain

Wi(t) \ _ [ F)el-+0) - g()el=+®) 1\ 1 4,(0)
4.7 <w2<t>)‘<j(t)e<—m<t>> F(t)el--®) ( )
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where

F(t) = cosI(t)—1icos(24(t))sinI(t), J(t) = —isin(24(t)) sin I(t),

i) = lcot_19, I(t)=\/92+1/t)\7'd7'
0
(B)() = 5 [(w1+w2)t=£e(t)]

N = DN

It should be noted that in our calculations we have used the matrix repre-
sentation for the operators K;,i = 1,2, 3,4 given by

5 1 0 5 0 0 > 0 0 . 01

With the aid of equation (3.12) the solution of equation (4.6) can be ex-
pressed as

i [t ! )
(4.10) exp <~ﬁ/0 H(T)dT) = Z]_;[lexp (Sl(t)Kz) ,
where
Si(t) = InF(t) — iy, (t), Sa(t) = —1 (wy + wa) t,
@iy S = FOIO. S0 =

Using the actions of the one-parameter subgroups exp(—zf( j) ,0=1,2,3,4
on functions fx(q1,q2,t),k = 1,2,3,4, then we can obtain the most general
solution for the wave equation in the Schrodinger picture in the form

1
Y (q1,q2,t) = exp [—5 (wigd + 2w2qg)}

X Z Cmrﬁnrs,j kH (\/_ql)Hm (\/uj_2q2) Hm (\/QTQqQ)

m,r,n,r,s,j,k

xexp{ |:\/7(]+k+7‘+8)q1+\/gg(j—k:—r-l-s)qg]}

x exp {— [(n —m) S1(t) — mS2(t)]},
(4.12) X exp {—% [(k* — j%) S3(t) + (r® — s?) Sa(t )]}
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where H,,(.) stands for the Hermite polynomial and C, s, n.r,s,jk 1S & constant
that depends in general on the frequencies w; and ws, such that Crp, i n s, ik =
CrninCin CrsCiig.In this case these constants are

Com = Y2125 (rgm) / f1 (g1, 22, 0) Hy (v/&11) Hun (v/i7202)

nlm!

1
exp [—5 (wig] + w2qg)] dq1dqo,

1
Ci = /- m'2m/ f2(0,42,0) Hy, (v/w2g2) exp (—5002(1%) dga,

7/ 2w1

v/ Wiwo 1

Cik = e / / f3 (q1,92,0) exp | = (w1q? —w2q§)}
T m/\2w1 J =7/ 2ws

E
(4.13) X exp (Z [\/—2-(] +k)a + \/> Q2D dqidgz,
E

/—wlw2 /v 2w1
CT'S = 1 D) / / Q1,q27 exp w2q% - wlq%)
u /v 2w1 —7r/\/2w

X exp (z [\/Z(r +s)q + \/E(s —r) q2]> dq1dqs.

In the previous calculations we have used the Dirac representation for the
operators @ and b such that a = (le)_% (w11 + ip1) and b = (2w2)_% (waga + 1p2) ,
where [(jz,ﬁ]] = (5”

4.2. A charged particle in the presence of a magnetic field. As a second
example we shall introduce the charged particle in the presence of a constant
magnetic field. The Hamiltonian which represents such a system at exact
resonance is given by [11, 21]

(4.14)

. on \/4)2 . . ..
A=w (a*& +bth+ 1) + % (a” +a% b2 b2> +i(M/2) (aﬁb - de) ,
where @ = (w + é\—i) and A is the time-independent coupling parameter, while

a and b are Dirce operators.
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As before we define four generators K;,i = 1,2,3,4 so that
N PN N 1 ~
K, = ata +bTh + 1, Ky = 5 (a’ﬂ + bTQ) 7

(4.15) Ky = %(634—132), K4=z'(afé—a6’f),
which satisfy the commutation relations

(K k| = 2k, (K Ry) = -2k,

[f(z,f(g,] — _K, and [sz] —0,i=1,2,3,4,

while the matrix representation is

(4.16)
. 1 0 . 01\ 0 0\ 1
Kl‘(o —1)’K2‘<0 0>’K3‘(—1 0>’K4‘<0

Then the matrix image of the partial differential equation (4.6) is

)

)

b BO()- (S )

with 1 = A\%/16w. Solving equation (4.17) we have

(4.18)
P(t) ) _ —iM/2 (cos Qt — i sin Q) 2’“ sin Qt ) (o)
Po(t) 2% sin Q¢ (cos Qt + i€ sin Qt) Py(o) )7

where Q = 1/w? + \?/4. In the present case equation (4.10) becomes

(4.19) exp(—itH) = exp(S1(t) K1) exp(Sa(t) K2) exp(Ss(t) K3) exp(Ss(t) Ky),

where
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W -1
Si(t) = ln<coth+z§stt) ,

(4.20) Sa(t) = —2iusm L (cos Ot + z% sin Qt) ,
. sin Q¢ @ -1
S3(t) = —2ip Q (cos Qt + ig sin Qt) ,
Sa(t) = —iXt/2.

The actions of the one-parameter subgroups exp(—itK;) as functions filq1, g2, t),
1 =1,2,3,4 leads us to the general solution for the wave function in Schrodin-
gar picture which takes the form

Y (q1,q2,t) = Z Z Crmnrsjr Hj (Vwq1) Hi (Vwgs)

£,5,k=0 m,n,r,s=—o0

X exp r—%) (q% + qg)} exp E (7"2 + 82) S3(t) + %)\EtJ
(4.21) X exp F—%‘(j+k+1)81(t)+ % (m? +n?) Sg(t)},
X exp Z\/a [(r+m)q1 + (n+ s)ga] — iltan ! (%)}

where Cypnrsjk is a constant, which may be calculated to take the expression

Cémnrsjk = CoCrnCrs Cjk‘7


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


18 M. SEBAWE AND M. BASHIR

where
1 T ) _
C, = — / fa(q1,42,0) exp [zétan ! (Q2/CI1)] €xp [‘ (q% + q%)] dqidga,
T/ T/Vw
w ) 2
Cmn = (27‘(’)2 / / f2 (Qb q2, 0) exp [_5 (ql + q2)1|
—7/Vw =7/ /W
X exp [2\/43 (mq1 + WQQ)] dq1 dga,
/W /W
w w
=7 /W =7 /W
(4.22) x exp [ivw (rq1 + 5q2)] dqy daa,

Cik = ;2_(j+k) (j!k!)_l/fl (41,42,0) Hj [Vwai] Hy, [vwgs]

w

5 (& + Q%)] dqy dgo,

which complete the required solution. In the following subsection we introduce
our third example which represents three coupled modes.

xexp[

4.3. Three wave interaction quantum system. The third example we
introduce in this context is the interaction between three electromagnetic fields
which describes the Brillouin or Raman scattering process. The system in fact
is SU(1,1) Lie algebra and can be obtained from the interaction between the
cavity modes [22, 23, 24]. The Hamiltonian which describes such a system
consists of non-degenerate parametric amplifier as well as frequency converter
model. The interaction Hamiltonian after removing the time-dependent part
is given by

(4.23) i = =i (ab—atbt) —ixg (ae - alel) —ixg (e — abt),

where A;,¢ = 1,2,3 are coupling parameters. By defining the generators A, B
and C such as
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(4.24) A= (az} - aTiﬂ) ., B= (aa - dTéT) . C= ( - ch)

which satisfy the commutation relations

N

(4.25) [A,B} -0, [B,é] = A, [é, A} ~ B

Now let us construct the matrix representation

) 000 ) 0 0 -1 ) 0 -1 0
(4260 A= 001 |,B= 0 0 0 |,&=(1 0 o],
010 ~1 0 0 0 0 0

then we can write the matrix image of our partial differential equation in the
form

o Py(t) 0 A3 A y(t)
(4.27) g Yo(t) | = —X3 0 =X\ Yo(t) |-
ARING X2 ~A 0 s(t)

There are two cases to be considered, the first when A3 > A2 + A2, while the
second when A3 < A\? + \2. For the first case we find that

(4.28)
i () Lty LB LB ¥;(0)
( 0] ) = | -y L) - ( 15(0) ) :
¥3(1) LYy —cMa) Ly ¥3(0)

where

2
Li(t) = cosdt—2 ;\—;sin (%), 1=1,2
2
3

(4.29) L3(t) = 0056t+22 sin (%),

[:Eé%k)(t) = %51 ot )\5)\k .n (%)a i7j7k:1’273
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and § = y/A3 — A — \3. Now since the Hamiltonian operator H belongs to
the lie algebra spanned by the basis elements 4, B and , therefore we may

write equation (3.12) in the form

(4.30) exp ( th) = exp (51 (t)A) exp (52( )B ) exp (S3(t) )
where
Si(t) = —sint | L200 |
\/(5(—2’1’3)(0)2 +1
(4.31) Sy(t) = —sinh~! (E(_2’1’3)(t)) ,
S3(t) = —sin~! [0

\/ (£290) +1

For the case in which A3 < A2+ )2, we have to use the analytic continuation

§ — 96 where 6 = 1/A? + A2 — \2. Following the same analysis as before we
can obtain the general solution of equation (4.6) in the present case to take
the following expression

= 71t g2
s 42, ,t = Cmnrs H =
¥ (q1,92,93,t) Ze ¢ < 7 >
< —(12> (Q1+Q3)H (Q1—Q3>
V2 "\ V2
(4.32) X exp [—1 <2q1 + ¢35 + ¢3 + 2iftan (?))]
3

x exp (—i[(m —n)Si(t) + (r — 5)Sa2(t) — ilSs3(t)]),

where the normalizing constants Cipree = CrnCrsCr With
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. SRS
Con = ;2~(n+m) (n'm' 1/ /dQI dge f(ql’qQ)
—00 —00

o (5 (22 o S0

oo o0
1 1
Crs = —2720+8) (p1g)) 1/ /dQ1 dgs g (q1,q3) exp [—5(‘11 +‘13)]
—00 —00

H (Q1+QS> Q1—Q3)

oo o0
/ / dgz dgs h (g2, g3) exp [ (qg +‘1§)]
o0 —00

conp [t an 1 (2 ).

As another example of SU(1,1) Lie algebra we shall introduce the non-
degenerate parametric amplifier which will be considered in the following sub-
section.

3

X

(4.33)

C, =

|-

4.4. Non-degenerate parametric amplifier. Now we turn our attention
to the parametric amplifier system to be our fourth example, that is described
by the Hamiltonian [8, 19, 25].

A~

(4.34) H=w(a‘fa+13T6+1)+A(al§+a1‘iﬁ)

By defining the generators

A~

~ ~ N ~ 1 N
(4.35) Ky =albl, K_=ab Ks= 5 (a‘fa + b+ 1) :

where [K+,K_] = —2Kj3 and

—

K3, K :t] = + K., with matrix representation
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(4.36) K+=(8‘(f), K_:(?g), K3:<

The matrix image of the partial differential equation is now

o ()= L) ()

with the solution

O N
| ]

N

N——

(4.38)

<' P (t) ) _ ( cos kt —i(w/k)sinkt — (A/k)sinkt ) < ¥1(0
Vo (t) — (A\/k) sin kt cos kt + i (w/k) sin kt ¥5(0

where k = vVw? — A%, Now equation (3.16) can be written as

).

(4.39) exp (ztﬁ) = exp (Sg(t)ffg) exp (Sz(t)f(_) exp (Sl (t)K+) :

The time-dependent complex coefficients S;(t), Sa(t) and S3(t) are found to
be

. -1
Si(t) = A sin kt (cos kt — % sin kt) ,
k k
AL w o
(4.40) So(t) = 7 Sin kt | cos kt — ?smkt ,
S3(t) = —2In (cos kt — % sin k:t) ,

and the most general solution in this case is given by
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o0 o.¢] oo

Ulgnget) = > > Y. CmmsjkeXp[—%(qurq%)]

J,k=0 s=—o00 mn=—o0

(4.41) X exp [—i (n?® — m2) Sy(t) — jl (s —1?) Sg(t)jl

X exp (—% (j+k+1) 53(t)) H; (Vwa) Hy, (Vwgs)

where Crnrsik = AmnBmnrsCrsji such that

7r/\/2—w w/m

Apn = 4(% / / @(Q1,(I2)€XP(—%(Q%+‘I%))

NN

. w
X exp [z\/;((m +n)g + (m — n)qg)] dq, dqgo,
/v 2w

anrs = 1:—2 / 12) (Q1a Q2) exp ((‘u (q% + q%))
—77/\/55

(4.42) X exp (i\/g(m+n+r+8)<h)
Cw
X exp [z\/;(m +r—n-— s)q2} dqi dgz,

Crop = 2™ [ b aaemn (o (& + @)

<o ()2 + )+ (- o))
xHj (Vwaq) Hi (Vwgs) dgrdgs
which complete the solution. The last example we shall introduce is also

SU(1,1) Lie algebra, however, it contains a single mode oscillator. This will
be seen in the forthcoming subsection.

4.5. Legenerate parametric amplifier. The final example we shall con-
sider is the time-depedent degenerate parametric amplifier model [26, 27, 28,
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None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


24 M. SEBAWE AND M. BASHIR

29]. The model consists of free harmonic oscillator term in addition to the
second harmonic generation term which can be described by the Hamiltonian

(4.43) H=w <&Td + %) + A(t) { exp (2ip(t)) + a% exp (— 2i¢(t))}

As usual we introduce the generators K. and K, such that K + = %dﬂ, K_=
§a and K, = 1 (aTa + ) .These generators have a matrix representation that
takes the form

- 1/1 0 5 0 O 5 01
(444) KO - 5 ( 0 —1 ) ) K_= ( -1 0 > ) K+ - ( 0 0 ) )
which satisfy the commutation relation (4.34). The matrix image is now

0Y(t) —iw —2i A\(t) exp (2ip(t)) )Tl}(t)

(4.45)  — = ( 2 A(t) exp (2i6(t)) iw

It is unlikely to find a closed-form solution of these two equations for ar-
bitrary time-dependent coupling A(t) and phase pump ¢(t). However, if we
adjust the phase pump ¢(t) to be of the form

o(t) = —wt + 2nI(1),
then the solution of equation (4.45) takes the form

(4.46) w0 =| 30 50 vo,

where

A(t) = (cos I(t) — z% sin I(t)) et(t),

; sin I(t) —id(t)

v -1
and A* (t), B* (t) stand for the complex conjugates of A(t ( ) and B (t) , respec-
tively. Here, n > 1 is an arbitrary constant and I(¢ fo

B(t) =
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Since the Hamiltonian operator H belongs to the Lie algebra spanned by
K,, K+ which is identical with the Lie algebra of S¢(2), therefore the operator

t
exp (—i JH)dt ) can be expressed as follows
]

¢
(4.47) exp (—i/H(t')dt’) = exp (S1(t)K,) exp (S2(t)K_) exp (S3(t)Ky),

where the complex coefficients 51, S9,and S3 are given by

Si(t) = 2 (cos](t) - \/%sm.r(t)) +i(t)
—isinI(t)

n .
4.48 So(t) = ————=|cosI(t) — ———=sinl(t
-1
—isin I(t) in .
———— | cos [(t) — ———=sin I (¢t .
D (et~ )
As before we can reach the most general solution in the form

( (q’ t) = Z Z Amnr €Xp [—%Q% + Z\/a(m + T)QI

n=0m,r=—o00

S3(t) =

1 1 1
(4.49) —ZmQSQ(t) - irzsg,(t) +3 (n + 5) Sl(t)} Hy, [Vwq]
where Ay, = Cn,C,C, represents a constant defined by the expressions
Vo /W
N Y2
Cm = o / f(q) eXp( 57 +zm\/5q> dq,
—n/Vw
o0
_ i —n/ 1\—1 _E 2
Cn = 4/7-27"(n) /Q(Q) Hy, [Vwq] exp( 2q)dq,
/o m/yw
N adp SN
(450 G = L / h(q) exp ( g +17°\/(;q) dg.

—7/Vw
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which complete the solution. Before we close this section we would like to
point out that, explicit solutions for some of the mentioned models can be
obtained using a direct method for solving the Schrodinger wave function.
However, some other time-dependent systems can not be solved. This in fact
means that the Lie algebra method is powerful for dealing with a complicated
time-dependent quantum systems. As one can see from the previous analysis
we can obtain the wave function for the Hamiltonian itself, where the system
may be time-dependent or time-independent. This in fact would restrict our
result with only one wave function for each model. However, if we think
of obtaining the constant of the motion for each model, more precisely the
quadratic invariant. In this case we can obtain at least three wave functions
for each system two are real and one is complex. Therefore, we have to turn
our attention to seek an invariant for the quantum system which has the same
properties of the Hamiltonian with the advantages that it is also a constant
of the motion. This will be seen in the next section .

5. QUADRATIC INVARIANTS

In this section we introduce in brief the idea of using the quadratic invariant
to produce another class of the wave function. To see that let us employ the
last example in the previous section to demonstrate such methods. For this
reason we introduce the real quadratic constants of the motion which can be
constructed to take the form [30, 31]

(5.1) =89 +6(1)¢* + ~(t)(dp + pa)

where ((t),d(t) and ~(¢t) are time-dependent arbitrary functions to be de-
termined. The operators p and ¢ are the usual momentum and coordinate
which satisfy the commutation relation |G, p] = ¢h. To find these functions the
constant of motion should satisfy the relation

dar oI 1 . -

i E-F%[I,H] =0,

where H is the Hamiltonian of the system. Now let us rewrite the Hamiltonian
(4.43) in terms of p and ¢ using the defination of the Dirca operators given
after equation (4.13), thus we have

A w2
(63) A0 = W5 + SO + () (d + ),

(5.2)
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where

(5.4)  vuyt)= |1+ D;ft) cos 2¢(t) and wu(t) = A(t) sin 2¢(t).

From equations (5.1), and (5.2) together with equation (5.3) we have

d dé
B vy = awws D = atui oy - a0,
dy

(55) A0 = WP bs.

From these coupled differential equations we are able to construct the in-
variant. To do so we set 3 = p?. Then the first class of quadratic invariant

can be written as
. ¢ (2w0=p\| 2 o [ 200=DY .
(5.6) 1@ = —+( ) @+ p°p" + | p——— | (@D + Pg),
PP\ o) v ()

where p(t) is the solution of the nonlinear differential equation

L (V@)Y N _c
(5.7 p= (525 400 = Sety0
and
(5.8) TO()=0%1) - 21/(_)(t)% ( uit) )) Q(t) = \/w? — 4)\2(t)

v
On the other hand, if we consider §(t) = o?(t), the second class of quadratic
invariant takes the form

- c &+ 2u0 \?%\ . . o+2u0\ .. .
(5.9) [® = (—2 + (7“> >p2 +0% + (o—“—) (Gp + pq),

o Wl (t) w?v 4y (t)
where o(t) is the solution of the nonlinear differential equation
. f/(+)(t)) ) w! 5
5.10 g — c+ TV (t)o = —=<vi \(t)e
( ) (V(_,_)(i) ) g3 ()
and
d ( p()
5.11) T (8) = Q2(t) + 204 (1) — ( ) :
( ) (+)( )dt Vit (t)
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In terms of the creation (annihilation) operators we can rewrite equations

(5.6), and (5.9) in the form

14 Llc 5,5 (p—2up\° 1
. il s atg o =
P oW [m T (u<_><t>> ( " 2)
1 [¢c p—2up\? 12
5.12 Pl B
(5.12) o <p2 (wp +1 = a
1 (c p=2up\*\ o
+2w <p2 <wp 1 y(_)(t) ) a’.

A similar expression can be given for the second class of invariant as
_C._ + 0_2 + i_‘—_?_/io; ’ &T& + 1
o?  w? w2y (1) 2

1 [w?c o+ 2uoc 2

1 = - ~ T2 ) ) af?
(5.13) 5 ( > (U + Zwu(+)(t)> a

2w \ o2 wr(4)(t) ‘

We now turn our attention to consider the complex invariant by direct use

of equation (1.2 ). To derive the complex quadratic constant of the motion we
define

(5.14) I =al(t) (a*a + %) + B(t)a? + B (t)a?,

where &(t) and ((t) are real and complex time-dependent functions, respec-
tively. If one uses equation (5.2) and equation (5.14) together with equation
(4.43), one has

d

a@(t) = 4iX(t) [B7(t) exp(2ip(t)) — B(t) exp(—2ig(t))]
(5.15) %B(t) = 2i\(t) exp(2ig(t))a(t) — 2iwA(t)
Do) = —2in(t) exp(—2i6()a(t) + 2iwB (b).
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From the above functions and after straightforward calculation we have the
following set of solutions:

25() = BO)ewp 2ilo(t) ~ o0 | (L + 1) costr(v) - 3]

+8%(0) exp (2i[p(t) + ¢(0)]) [(Z—Z - 1) cos4rI(t) — 22’% sin4kI(t)

K2 K2 K

(5.16) L L a0y exp (2i[6(2)]) [2—” sin 261(t) + - sin 4/<;I(t)] ,

where k = y/n2 — 1. If one uses the above equation together with its complex
conjugate, then the expression for the real parameter @(t¢) can be obtained
using the relation

(5.17) BP = 7a%(0) + O,

where C is constant. As we see from the above equations there is a possibility
to produce different classes of the wave function by using different classes of
the invariants for the quantum system. In fact these classes of the invariants
have the same properties of the Hamiltonian in addition to the flexibility of
the time-independence.

6. CONCLUSION

In the previous sections of the present communication we have introduced
in details the general method to find the wave function using Lie algebra
approach. Moreover, we have illustrated our method by introducing different
examples from the field of quantum mechanics. The most common factor
between these models is the closed form of the commutation relation for the
Lie algebra generators. In general most of these models are either SU(1,1)
or SU(2) Lie algebras and this enabled us to apply the method presented
here. Also, we have opened the door to seek a wave function for the constants
of motion where we have given the degenerate parametric amplifier as an
example. Different examples will be introduced in the future contributions.
Finally we conclude the following:

i) The method of the solution in the Lie algebra approach is very systematic
and the direction towards the solution is indicated by the structure of the Lie
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algebra, contrary to classical methods where the search for the solution is
almost arbitrary and ad hoc.

ii) Through the Lie algebra approach one rediscovers the evolution group
which dictates the development of the dynamical system states. Indeed the
knowledge of the evolution group is so useful as it gives insight into the sym-
metrical nature of the dynamical system and its physical properties. Moreover
this knowledge of the evolution group provides a technique for constructing
the solution of the partial differential equation as it is shown in this paper.

iii) The most general solution computed with the aid of Lie algebraic method
is universal, i.e. it unifies seemingly different physical problems, that have
essentially the same Lie algebra. The seemingly different problem (that arise
from different realizations of the same Lie algebra) look apparently different
in the classical approach because the Hamiltonian in this approach does not
usually explicitly involve the Lie algebra of the evolution group.
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