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AUTOMORPHISMS OF PoP-LATTICES 

Khalili.Tabash 

ABSTRACT. Po- lattices, which are ?-algebras, are called PoP-lattices. The 

chain base in a P0 -lattice is not necessarily unique. The automorphisms of 

a finite PoP-lattice P = (B, eo,··· , en-1) that make the chain of constants 

eo,··· , en-1 fixed, where the chain satisfies the condition: If a is awatom 

of B and 0 i- e; then 0 i- ae;, for all 1 ::; j S: i ::; n - 2, were described. 

In this paper we describe the automorphisms of a finite PoP-lattice P = 

(B, eo,··· , en-1) that make the chain of constants eo,··· , en-l fixed, where 

e 0 , · · · , en-1 is any chain base for P, and we obtain the above results as 

corollaries. 

1. PRELIMINARIES 

We adopt the notation of [3] here. A Po-lattice is a bounded distributive 

lattice P which is generated by its center B of all complemented elements of 

P and a finite sub-chain 0 = eo < e1 < · · · < en-1 containing 0 and 1. It is 

denoted by P = (B, eo,··· , en-1)· Furthermore 

(i) eo,··· , en-1 is called a chain base of P 

(ii) A P0-lattice P is of order n (n > 2) if n is the smallest integer such that 

P has a chain base with n-terms 

(iii) Every element x E P can be written in the form: x = d1e1 V · · · V 
n-1 

dn-len-1 = V diei, where diE B, i = 1, · · · , n -1 and d1 2: d2 2: · · · 2: dn-1· 
i=l 

Such a representation is called a monotonic representation (mon.rep.) of x. 
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Let P be a bounded distributive lattice with center B. Let the largest el
ement z E P (z E B) such that zx ::.; y, if it exists, be denoted by x ---+ 
y (x =? y). Let •X = x---+ 0. and !x = (1 =? x). If x ---+ y (x =? y) exists for 
all x, y E P then Pis called a Heyting algebra (a B-algebra). It is clear that 
x =? y =! (x---+ y). An element x E Pis called dense if •x = 0. A P-algebra is 
a B-algebra satisfying (x =? y) V (y =? x) = 1 for all x, y E P. 

If Pis a ?-algebra [1], then: 

! (xy) =lx!yforallx, yEP, 

X ---+ (y V Z) = (X ---+ y) V (X ---+ y) , 

yz---+ x = (y---+ x) V (z---+ x), 

x---+ yz = (x---+ y) (x---+ z) and (y V z) ---+ x = (y---+ x) (z---+ x). 

Po-lattices which are ?-algebras are called PoP-lattices [3]. a E Pis Boolean 
if a has a complement. Let the least Boolean element greater than or equal 
to x (if it exists) be denoted by x!. It was proved in [3] that in a PoP-lattice 
P = (B,eo, · · · ,en-1), 

(1) (x =? y) (y =? z) ::.; (x =? z) 

(2) x! = x =? 0, (x =? 0 is the complement of x =? 0), 

(3) (xVy)!=x!Vy!, 

n-1 
(4) Everyelement x E P can be written in the form x = V Di (x) ei, where 

i=1 
Di (x) = x! (ei =? x), i = 1, · · · , n- 1 and the following properties hold: 

(a) D1 (x) ~ · · · ~ Dn-1 (x), 
(b) Di (x V y) = Di (x) V Di (y), 
(c) Di (xy) = Di (x) Di (y), 

(d) Di (b) = bforb E B, 

(e) Di (ej) = ej! fori::.; j and Di (ej) = ej! (ei =? ej) 

fori> j and in particular Dn-1 (ej) =lej. 
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2. PoP-LATTICE HOMOMOPHISMS 

Each PoP-lattice P = (B, eo,··· , en-1) used in this section is finite and the 
center B is a Boolean algebra. 

Definition 2.1. Let P = (B,eo, .. ·,en_1 ) and P' = (B',e~, ... ,e~_ 1 ) be two 
Po-lattices of orders n and m respectively, m 2: n, then a lattice homomor
phism h of Pinto P' is called a Po-homomorphism, provided, 
(i) hiE : B---+ B' is a Boolean homomorphism. 
(ii) h (e1), · · · , h (en-2) is chain in p' - B' 

If P and P' are PoP-lattices, then h is said to be a PoP-homomorphism 
provided that: h (x::::} y) = h (x)::::} h (y). 

A one-to-one PoP-homomorphism of a PoP-lattice P onto itself is called 
a PoP-automorphism. Hence, if h is an automorphism of a PoP-lattice P = 
(B, eo,··· , en-1) then h (B) =Band h (eo),··· , h (en-1) is a chain base of P. 

Definition 2.2. Let P = (B, eo,··· , en-1) be a PoP-lattice of order n. Let 
(i) Fei = {a: a is an atom of Band aei = 0}, i = 1, · · · , n- 1. 
(ii) Pei = {a: a is an atom of B and 0 < aei <a and aej = 0 for all j > i}, 
i = 1, · · · , n- 1. 
(iii) Peik = {a: a E Pei and aek <a}, k = i, · · · , n- 1, 
(iv) P;;~) = {a: a E Peik and aet-1 = aet iff t E s (j), s (j) ~ { i + 1, .. · , k}}, 
where s: {1,2, ... ,2k-i}---+ 2{i+1, .. ·,k} and 2{i+l, .. ·,k} is the power set of 

{ i + 1, · · · , k }, (if k = 1, then s (j) = ¢ and Pe~ = Peii = Pei). 
(v) Sei = Fei-1 - (Fei U Pei), i = 1, · · · , n- 1. 

If A is the set of all atoms in B, then it is clear that 

(f1) A= Feo ;;:2 Fe1 ;;:2 · • · ;;:2 Fen-1 = ¢, 

(f2) Pei ~ Fei-1, i = 1, · · · ,n- 2. 

(f3) Sen-1 = Fen-2- (Fen-1 U Pen-1) = Fen-2- ¢ = Fen-2· 

Lemma 2.1. Pei n Pej =¢for all1 :S i =/= j :S n- 1. 

Proof Let a E Pei n Pej, i < j. Since a E Pej then 0 =/= aej < a and aej' = 0 
for j' < j. Since i < j then aei = 0, which contradicts the fact that a E Pei. 
Hence Pei n Pej = ¢. D 
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Lemma 2.2. Sei n Sej = ¢;for all1 ::; i =/= j ::; n - 1. 

Proof. Suppose not and let a E Seinsej,i < j. then a E Sei. Hence a E 

Fei-1 and a fi_ Fei. Now, a E Sej implies a E Fej-1 and a fi. Fej. Since 

i < j, then j- 1 > {. Hence, Fej-1 ~ Fej. Since a E Fej-1 then a E Fei. 

Contradiction. 0 

Lemma 2.3. P:;~) n P:;~') = ¢; for i ::; j =/= j' ::; 2k-i. 

Proof. Since s is one-to-one, j =/= j' implies s (j) =/= s (j'). Hence there exists 

io, i < io ::; k, such that io E s (j) and io fi. s (j') or io fi. s (j) and io E s (j'). 
h fi 1 P.s(j) n P.s(j') Th In t e rst case, et: a E e;k e;k . en 

(i) a E P:;~) and io E s (j) implies aeio-1 = aei0 , and 

(ii) a E P:;~') and io fi. s (j') implies aeio-1 < aeio which contradicts (i). We 
h d h d H P.s(j) n s(j') arrive at t e same contra iction in t e secon case. ence, e;k Pe;k = 

¢;. 

2k-i 

Lemma 2.4. Pe;k = U P:;~), where some of the terms may be empty. 
j=1 

Proof. Let a E Peik, then either 

0 

(i) aei(l-1) =/= aeil for all i + 1 ::; l::; k, k > i, i.e. aeii =/= aei(i+1) =/= · · · =/= aeik; 

hence, a E P:;~) where s (j) = ¢;, or 

(ii) aei(z1 _ 1) = aeilp · · · , aei(l;o _1) = aeil;0 for some i + 1 ::; h, · · · , lio ::; k. 

Lets(j) = {h,··· ,li0 }. Thens(j) ~ {i+1,··· ,k} andl E s(j) +-+ aei(l-1) = 
2k-i 

aeil. Hence a E P:;~) which implies Pe;k ~ U P:;~). The converse inclusion 
j=1 

is obvious from the definition. 

Remark 2.1. 
(i) Using Lemmas 2.5 and 2.6 it is clear that Peik has the partition 

2k-i 

Pe;k = U P:;~), (some of the terms may be empty) 
j=1 

(ii) Peik - Pei(k- 1), has the partition 

0 
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2k-i 
.U (P:i~)- Pei(k+l)), (some of the terms may be empty) 
J=l 

(iii) Pei = Peii 

(Peii - Pei(i+I)) U (Pei(i+l) - Pei(i+2)) U · · · U (Pei(n-2) - Pei(n-1)) 
n-2 
U (Peik- Pei(k+I)) 
k=i 

Hence, Pei has the partition 
n-2 n-22k-i 

Pei = k~i ( Peik - Pei(k+l)) = k~i i~i ( P:i~) - Pei(k+l)) 

(some of the terms may be empty) 

n-2 
= U (Fei- Fei+l). 

i=l 
Now, Sei = Fei-1 - (Fei U Pei) , Fei, Pei ~ Fei-1 and Fein Pei = ¢, hence 
Sei U Pei = Fei-1 - Fei, i = 1, · · · , n- 1 and (iv) implies 

n-2 n-1 n-2 
(v) Fe1 = U (Fei- Fei+l) = U (Fei-1- Fei) = U (Fei- Sei), where 

i=l i=2 i=2 
some of the term may be empty. 
Hence, if A is the set of all atoms in the center B of a PoP-lattice P = 
(B, eo,··· , en-1) of order n, then using Definition 2.2, A has a partition A= 
Fe1 U Pe1 U Se1. Hence, using Remark 2.1 (v), A = Fe1 U Pe1 U Se1 = 
n-1 n-1 
U (Pei U Sei) U Pe1 U Se1 = U (Pei U Sei), and using Remark 2.1 (iii), A 
i=2 i=l 
has the partition 

(vi) A= ~02 [nO~ (2.Ui ( P:i~) - Pei(k+I))) u Sei] , 
t=l k=t J=l 

(Some of the terms may be empty). 

Lemma 2.5. Let P = (B, eo,··· , en-1) be a finite PoP-lattice of order n 
whose center B contains m atoms, and let h be an automorphism of P. Then 
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(a) h ( F ei) = F h ( ei), i = 1 · · · , n - 1, where 

F(ei) = {a: a atom of Band aei = 0} 

h(Fei) = {a: a atom of Band ah(ei) = 0} 

(b) h (P:i~)) = P~~;;)k' i = 1· · · ,n-2; k = i+1, · · · ,n-2 andj = 1· .. , 2k-i 

Proof. It is easy to see that h permutes the atoms of B. To prove (a) note 
that aei = 0 iff h (a) h (ei) = 0. Hence a E Fei iff h (a) E Fh (ei), i.e. (a) 
holds. 

To prove (b), let a E P:i~), then a E Peik and aez_1 = aez iff l E s (j), so 

h (a) h (ei) < h (a), h (a) h (ek) < h (a) and h (a) h (e1_ 1) = h (a) h (e1) 

ifflEs(J). 

Hence h (a) E ps(j)h (ei) k. The converse implication is similar. 0 

Corollary 1. If P = (B, eo,··· , en-1) is a PoP-lattice of order n and if h 
is an automophrism of P with h (ei) = ei, i = 1· · · , n- 1, then h permutes 
each of the sets Fei. That is, h (Fei) = Fei, i = 1· · · , n- 2 and P:i~), i.e. 
h ( ns(j)) ns(j) · 1 2 k · 1 d · 1 2k-i -'eik = .reik , z = · · · , n- , = z · · · , n- an J = · · · , . 

Remark 2.2. It is clear using Remarks 2.1 and Corollary 2.1 that if his an 
automorphism of P with h (ei) = ei, i = 1, · · · , n- 1, then h permutes each 
of the following sets 

(f'd Peik, k = i + 1, · · · , n- 1 

(£2) ps(j) - P.(k+1) k = i + 1 · · · n - 1 J. = 1 · · · 2k-i 
eik t ' ' ' ' ' ' 

(~) Sei = Fei-1 - (Fei U Pei), i = 1, · · · , n- 1. 

Lemma 2.6. Let P = (B, eo,··· , en-1) be a PoP-lattice with a finite center 
B. Let A be the set of all atoms in B. Then 
(i) ei! = V (A- Fei), i = 1, .. · , n- 1 

(;i) ek * e;= V (Fe• U De; U (.~1 U { P"(1le;•' s (!) ;:> {j +I,··· , k)})). 
k > j, where Dej = {a : a E A, aej = a} and Fei and P:i~) are defined in 
Definition 2. 2. 

Proof. 

(i) Let a E Fei, then aei = 0, hence a ~ ei =? 0 which implies V Fei ~ ei =? 0. 
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Now, V (A- Fei) = (V Fei) ~ (ei => 0) = ei!, i.e. V (A- Fei) ~ ei!.On 

the order hand let a ~ V (A- Fei), a E A, then 0 < aei ~ a. Hence, 

a (€i!) ~ a, which implies a (€i!) = a (a is an atom). This implies a ~ ei!. 

Thus V (A- Fei) ~ ei!. 

(ii) Let a ::; V ( Fek U De; U (.~, U { J"'(1le;k os (l) 2 {j + 1, · · · , k}})) , 
then either a E Fek, hence aek = 0 < ej which implies a ~ ek => ej, or 

a E Dej ~ Dek, hence a= aek = aej < ej, which implies a ~ ek => ej, or 

a E ps(j)ei0 k, where s (l) 2 {j + 1, · · · , k} ahd 1 ~ io ~ j. Hence, 0 < aek = 

aek-1 = · · · = aei+l = aej < ej. i.e. aek < ej, which implies a ~ ek => ej, 

hence, V (Fe• U De; U (,~, U { J"'Ole;,k : s (!) 2 {j + 1, · · · , k}})) ::; ek "" 

ej. Suppose equality does not hold, then there exists at least one a E A, a ~ 

ek "" e; and a ¢c (Fek U De; U (.~, U {P'<1le;k: s(l) 2 {j + 1, · · · ,k}})). 
k > j. Hence, aek =f 0, aej =f 0 and aek =f aej ( aej =f 0 because j > i) and this 

implies aek i ej (because aek < ej implies aek = aej, which contradicts aek 

=f aej) Since aek i ej, a i ek => ej. Contradiction. Hence, 

e• ""e;~ V (Fek U De; U (,~, U { J"'Ole;• : s (l) 2 {j + 1, · · · , k}})). 
k >j 0 

Lemma 2.7. Let P = (B,eo, · · · ,en-1) be a PoP-lattice with atomic center 
B ~2m, then for any x E P and fork< j, Di (x) (ek => ej) ~ Dk (x). 

Proof. Let a ~ Di (x) (ek => ej), k > j, then a ~ Dj (x) = x! (ej => x) and 

a E (Fe• UDe; U (.~, U{J{~): s(l) 2 {j+ 1,··· ,k}})) 

(i) If a E Fek, then aek = 0 which implies a ~ (ek => 0) ~ ek => x (a ~ 

Dj (x) implies a~ x! and a~ ej => x). 

(ii) if a E Dej, then aek = aej < x (because a~ ej => x). Hence a < 
(ek => x) which implies a~ Dk (x). 

(iii) if a E { P:i~) : s (l) 2 {j + 1, · · · , k}} then a = ak = aek-1 = = 
aej+l = aej ::::::; x. Hence a::::::; ek => x, thus a::::::; x! (ek => x) = Dk (x). 0 
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Lemma 2.8. if ho : B --+ B is an automorphism of a finite Boolean algebra 
B, and P = (B, eo,··· , en-1) is a Po-lattice having another chain base 

0 I I I 1 =eo< e1 < ... < en-1 = ' 

and if ho satisfies 

(2.1) 

i = 1 .. · n - 2 k = i + 1 · · · n - 1 and J. = 1 · · · 2k-i then ' ' ' ' , ' ' ' 
(a) ho ( ek ==? ei) = ( e/. ==? ej) , 
(b) ho (ej!) = ej!; 

n-1 
(c) V ho (Dj (x)) ej = ho (Dk (x)), 

j=k 

(d) ho (Dj (x)) (e/. ==? ej) ::; ho (Dk (x)), fork> j.(by Lemma 2.6) 

Proof. 

(a) It is clear for k ::; j (ek ==? ei = 1). Let k > j. Then (by Lemma 2.6) 

ho (ek ==? ei) = 

ho ( V ( Fe• U De; U (.~, U { P:,~l : s (l) 2 {j + 1, · · · , k}}))) 
~ V ( ho(Fek) Uh(oDe;) U (.~, U { ho (P:,~)): s(l) 2 {j+ 1,· ·· ,k}})) 

~ V (Fe'• UDej U (.~, U { J"(1le,.: s (l) 2 {j+ 1, · · ·, k}})) 
I I 

= ek ==? ei. 

(b) By Lemma 2.11, 

ho (ei!) = ho (V (A- Fei)) = V (A- ho (Fei)) = V (A- Fei) = e~!. 

(c) Fork::; j, ho (Dj (x)) ej!::; ho (Dj (x)) ::; ho (Dk (x)) (by property 4 (a) 
n-1 

in 1). Hence V ho (Dj (x)) ej!::; ho (Dj (x)). Let ho (a) ::; ho (Dk (x)) where 
j=k 

a is an atom of B. Then either 
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(i) 0-=/= ho (a) e~ ~ ho (a), or (ii) ho (a) e~ = 0. 
n-1 

If (i) holds, then ho (a) ~ e~!. Hence ho (a) ~ ho (Dk (x)) e~ ~ V ho (Dj (x)) ej! 
j=k 

and (c) holds. 

Suppose (ii) holds. Now, ho (a) ~ ho (Dk (x)) = ho (x! (ek => x)) implies 

ho (a) ~ ho (x!) which implies a ~ x! (ho is an automorphism). a ~ x! im

plies either: (h) a ~ x, or (l2) ax-=/= 0, or (l3) x < a. If (h) is satisfied, then 
n-1 

a ~!x = Dn-dx) and ho (a) ~ ho (Dn-dx)) ~ V ho (Dj (x)) ej! and (c) 
. j=k 

n-1 n-1 

holds. If (l2) is satisfied, then 0 -=/= ax = V (Dj (x)) ej = V aDj (x) ej = 
j=1 j=1 

n-1 
V a (Dj (x) ej) (because ho (a) e~ = 0 which implies aek = 0). Hence, there 

j>k 
exists at least one index jo > k such that aDj0 (x) ej -=/= 0, and this implies 

aDjo (x) -=/= 0 and aej -=/= 0. Since aDj0 (x) is a Boolean element and a is an 

atom, a ~ Dj0 (x). Now, aej0 -=/= 0 implies aej0 ~ a and a ~ ej!. Hence, 

ho (a) ~ ho (Dj0 (x)) and ho (a) ~ ho (ej0 !) = ej0 ! (by part (b)) which implies 
n-1 

ho (a)~ ho (Dj0 (x)) ej0 ! ~ V ho (Dj (x)) ej!, and (c) again holds. 
j=k 

if (l3 ) is satisfied, then x < a implies ax = x and the proof is similar to the 

one above. 
(d) The prooffollows by Lemma 2.7 and part (a). 0 

Theorem 2.1. If ho: B---+ B is an automorphism of a finite Boolean algebra 

B and P = (B, e0 , · • • , en-1) is a PoP-lattice having another chain base 

0 I I I 1 = eo < e1 < · · · < en-1 = ' 

then there exists an automorphism h of P such that hiB = ho and h (ei) = e~, 
i = 1, .. · , n- 1 if and only if ho satisfies (2.1} of Lemma 2. 8, i.e. ho satisfies 

ho (Fe·)= Fe~ i = 1 .. · n- 1 and ho (ps(j)) = ps(j) i = 1 · · · n- 2 
~ P ' ' eik eik ' ' ' ' 

k - ,; + 1 · · · n - 1 and J. = 1 · · . 2k-i 
-(J ' , ' ' • 

Proof Suppose ho satisfies (2.1) and let x, y E P, then x and y have a 
n-1 n-1 

monotonic representation, x = V Di (x) ei and y = V Di (y) ei, where 
i=1 i=1 

Di (x) = x! (ei => x) and Di (y) = y! (ei => y). Let h : P ---+ P be defined 
n-1 

by h (x) = V ho (Di(x)) e~. 
i=1 
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n-1 n-1 
(1) First we shall prove that hln = ho. Forb E B, b = V Di (b) ei = V bei 

i=l i=l 
n-1 n-1 

(by 4(d)). Hence, h (b) = V ho (b) e~ = ho (b) V e~ = ho (b) 1 = ho (b), which 
i=1 i=1 

implies hln = ho. 
(2) Now we shall prove that D~ (h (x)) = ho (Dk (x)). 

D~ (h (x)) = Dk cz ho (D; (x)) ej) = ;2: 1Y,. (ho (D; (x))) 1Y,. ( ej) 
n-1 n-1 

= V ho (Dj (x)) D~ (ej) = V ho (Di (x)) e~ 
j=1 i=1 
n-1 

= V ho (Dj (x)) ej! (e~ => ej) (by 4 (d) and 4 (e)) 
j=1 
k-1 n-1 

= V ho ( D j ( x)) ej! ( e~ => ej) V V ho ( D j ( x)) ej!. 
j=1 j=k 

Now, by part (d) of Lemma 2.8 

ho (Dj (x)) ( e~ => ej) ej ::; ho (Dk(x)) fork> j. Hence, 

n-1 

n-1 
V ho ( D j ( x)) e~! ( e~ => ej) :S ho ( D k( x)) . 

j=l 

V ho (Dj (x)) e~! = ho (Dk (x)) by (4 (c) and 4 (e)). Hence, D~ (h (x)) = j=1 
k-1 ( ) n-1 
j~1 ho (Dj (x)) e~! e~ => ej V j~k ho (Dj (x)) ej! = ho (Dk (x)). 

(3) We shall prove that h (ej) = ej for j = 1, · · · , n- 1. 
n-1 n-1 

h(ej) = V ho(Di(ej))e~= V ho(ej!(ei=>ej))e~ 
i=1 i=1 
n-1 
V ho (ej!) ho (ei => ej) e~ = h (ej) 

i=1 
n-1 

(by 4. (e)) 

V ej! (e~ => ej) e~ (by parts (b) and (c) of Lemma 2.8) 
i=1 
n-1 n-1 

= V (ej) e~ V V (ej!) (e~ => ej) e~ 
i=l i=j+l 
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j n-1 
= V e~ V V ej! (e~:::} ej) e~, (e~ ~ ej ~ ej! fori~ j) 

i=1 i=j+1 
71.-1 

= ej V V ( ej) ! ( e~ :::} ej) e~ = ej . 
i=j+l 

(4) We prove his a lattice homomrphism, i.e. h (x V y) = h (x) V h (y) and 

h (xy) = h (x) h (y) for all x, yEP. 
This easy proof is omitted. 

n-1 .n-1 
(5) To prove his one-to-one, Let x, yEP, x = V Di (x) ei, y = V Di (y) ei 

i=1 i=1 
n-1 n-1 

and h (x) = h (y). Hence, V DHh (x)) e~ = h (x) = h (y) = V DI(h (y)) e~. 
i=1 i=1 

Since the representation is unique, D~ (h (x)) = D~ (h (y)), i = 1, · · · n- 1. 

Hence, (2) implies that ho (Di (x)) = D~ (h (x)) = D~ (h (y)) = ho (Di (y)), 

i = 1, · · · , n- 1 and consequently Di (x) = Di (y), i = 1, · · · , n- 1. Hence, 

x=y. 
n-1 

(6) To prove h is onto, let y = V D~ (y) e~, be monotonic representa
i=1 

n-1 
tion of y E P. Let x = V h01 (Di (y)) ei. Since ho is an automorphism, 

i=1 
n-l 

x = V h01 (Di (y)) ei is a monotonic representations. of x. Hence h (x) = 
i=1 

n-1 n-1 n-1 
V ho (Di (x)) ei = V ho (h01 (Di(y))) e~ = V Di (y) ei = y. 

i=1 i=1 i=1 

(7) We shall prove that h (x:::} y) = h (x) :::} h (y) for all x, yEP. 

Let b = h (x) :::} h (y), hence bh (x) ~ h (y) which implies h01 (b) x ~ y and 

this implies h01 (b) ~ x :::} y. Hence, b ~ ho (x:::} y) = h (x:::} y) (by (1)). 

Hence, h (x) :::} h (y) ~ h (x:::} y). Now, h (x) h (x:::} y) = h (x (x:::} y)) ~ 

h (y). Hence, h (x:::} y) ~ h (x) :::} h (yj and (7) is proved. Thus we have 

proved that his PoP-lattice automorphism (Definition 2.1). 

The converse follows by Lemma 2.8. 0 

Remark 2.3. Let A be the set of all atoms in a finite PoP-lattice P 

(B, eo,··· , en-1) with IAI (the order of A) = m. Let Si = ISeil, Pikj 

IP:i~)- Pei(k+l)l• i = 2, · · · ,n- 1; k = i, · · · ,n- 2; j = 1, · · ·, 2k-i. Then 
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n-2 ( n-2 (2k-i ) ) using Remark 2.1 (vi), m = ?: Si + 2::. ?: Pikj . Some of the numbers 
t=l k=t J=l 

si, Pikj may be zero. 

Remark 2.4. It is well-known that if A is a set of m elements (m is finite), 
then the number of permutations on A that leave a set S C A of r elements 
(r < m) fixed is r! (m- r)!. 

Theorem 2.2. Let P = (B, eo,··· , en-1) be a PoP-lattices of order n, with 
the center B ~ 2m, where m is finite. Then the number of automorphisms 

n-2 n-2 2k-i 
of P that leave the chain eo,··· ,en-1 fixed is IT IT IT (Pikj)! (si)!, where 

i=l k=i j=l 

Si = ISeil, and Pikj = IP:;~)- Pei(k+l)l' i = 1· · · , n- 2; k = i · · · , n- 2; 
j = 1· .. '2k-i. 

Proof Let A be the set of all atoms of B. Hence IAI = m. By Remark 2.3, m = 

~f:2 (si + nt~ (2~; Pikj)), where Si = ISeil, and Pikj = lp:i~)- Pei(k+l)l 
t=l k=t J=l 
i = 1· · · n - 2· k = i · · · n - 2· J. = 1· · · 2k-i Hence by Theorem ' ' ' ' ' . ' 
2.1 and Corollary 2.1; the only automorphisms of B that can be extended 
to automorphisms of P leaving the chain eo,··· , en-1. fixed are the auto
morphisms that leave fixed each of the sets Sei and P:;~) - Pei(k+l) and 
i = 1 . · . , n - 2; k = i · · · , n - 2; j = 1 · · · , 2k-i. Hence, the number of auto
morphisms of P leaving the chain eo,··· , en-l fixed is greater than or equal 

n-2n-2 2k-i 
to: IT IT IT (Pikj)! (si)!. Since the extension of ho is unique, Theorem 2.1 

i=l k=i j=l 
n-2n-22k-i 

implies that the number is exactly equal to IT IT IT (Pikj)! (si)!. D 
i=l k=i j=l 

Corollary 2. Let P = (B, eo,··· , en-1) be a PoP-lattices of order n, with 
the. center B ~ 2m, where m is finite. Let the chain eo,··· , en-l satisfy the 
condition: 

(if a is an atom of B and 0 =/= aei, then 0 =/= aei for all 1 :S j .:S i :S n - 2). 

Then the number of automorphisms of P that leave the chain eo,··· , en-1 fixed 
n-2 2k-l 

is IT IT (Pkj)! (s1)! (d1)!, k = 1· · · , n- 2; j = 1· · · , 2k-l where s1 = ISe1l, 
k=l j=l 

and d1 = IFe1l and Pki = IP:~i) - Pe(k+l) I· 
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Proof It is clear that if the chain eo,··· , en-1 satisfies the above condition, 

then Fe1 = Fe2 = · · · = Fen, Se2 = · · · = Sen-2 = ¢, and i takes only the 

value 1. Hence, using Remark 2.1 (VI), A has the partition 

A~ Se1 U Fe1 U :g: (:Q: (P:!;)- Pe(k+l))), 

where some of the terms may be empty. Hence, m ~ Sj +d! + £:: c~: (Pkj)} 

where s1 = ISe1l, and d1 = IFe1l and Pkj = lp:~j) - Pe(k+l) I, k = 1· · · , n- 2; 

j = 1 · · · , 2k-l. Hence, by theorem 2.2 the number of automorphisms of P 
n-2 2k-l 

that leave the chain eo,··· , en-1 fixed is fi fl (Pkj)! (s1)! (d1)!. 
k=lj=l 

It is clear that Corollary 2.2 is exactly Theorem 2.2 of [5]. D 
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