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GENERALIZED SOBOLEV SPACES AND PSEUDO-DIFFERENTIAL 

OPERATORS OF EXPONENTIAL TYPE ON THE LAGUERRE 

HYPERGROUP 

Hacen ben Abdallah 

ABSTRACT. In this paper we introduce a generalized Sobolev spaces of 

exponential type lBI~xp(K) on the Laguerre hypergroup and we investigate 

some properties of these spaces. We define a pseudo-differential operators 

of exponential type associated with a class of symbols operating naturally 

on the spaces lBI!xp (K) and we prove a boundedness theorem of these op

erators. 

1. INTRODUCTION 

The Sobolev spaces were the object of several works and serve as a very 
useful tool in the theory of partial differential equations. The study of these 

spaces know a long history and has been exploited by many authors in different 

scopes from R. Adams [1], H. Bresis [8], M. T. Lacroix-Sentier [16] and others in 
the classical case IRn to H. Bahouri, P. Gerard and C. J. Xu on the Heisenberg 
group lHin [6], M. Assal and M: M. Nessibi on the Bessel hypergroup and on the 
dual of the Laguerre hypergroup [3, 4] and N. Ben Salem and A. 0. A. Salem 
with the Jacobi-Dunkl operator [5]. In the present work we introduce Sobolev 

spaces of exponential type JHI~xp (IK) generalizing the classical ones on the La
guerre hypergroup lK = [0, +oo[ xlR based on the generalized Schwartz space 

S*, exp and we define pseudo-differential operators associated with a class of 
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symbols of exponential type naturally acting on the so called Sobolev type 
spaces. 

Throughout this paper we fix a ~ 0 and we consider the following system 

of partial differential operators: 

{ 
D 1 :t' 

[)2 2a + 1 a a2 
Doc ax2+ X ax+x2at2; (x,t)E]O,oo[xlR. 

For a = n - 1; n E N\ {0}, the operator DK is the radial part of the sub

Laplacian on the Heisenberg group IHin. We denote by 'P>..,m, (>.,m) E lR x N, 
the unique solution of the following system: 

D 1 u(x, t) i>.u(x, t), 

Docu(x, t) -4l>.l(m + a!l )u(x, t); 

u(O, 0) = 1, 

au 
ax(O,t) 0, foralltER 

One knows that 'P>..,m(x, t) = ei>..tc~(l>.lx2 ), where C~ is the Laguerre func
x La (x) 

tion defined on IR+ by C~(x) = e-2 L;: (O) and L~ is the Laguerre polynomial 

of degree m and order a ([15], [9], [llj, [13]). 

We recall that for (>., m) E lR x N and for a suitable function f : K -----t C 
the Fourier-Laguerre transform :F(f)(>., m) off at (>., m) is defined by ([17], 
[19, 20], [10]): 

(1.1) :F(f)(>., m) = l 'P->..,m(x, t)f(x, t)df-ta(x, t) 

x2a+1dxdt 
where df-ta(x, t) = 1rr(a + l). 

It has been proved in [17, Theorem ILl] that the Fourier-Laguerre transform 
is a topological isomorphism from S*(K) onto S(IR x N) where 

• S* (K) is the Schwartz space of functions 'lj; : JR2 -----t C even with 
respect to the first variable, C00 on JR2 and rapidly decreasing together 
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(1.2) 

(1.3) 

with all their derivatives; i.e. for all k, p, q E N we have 

{ 2 2 k I 8 p+q I } Vk,p,q('I/J) = sup (1 + x + t ) 8 8 1/J(x, t) < oo. 
(x,t)EIK xP tq 

• S (JR x N) the space of functions \If : lR x N ---+ C satisfying : 

i) For all m,p, q, r, sEN, the function 

Af-----+Av(l,\l(m+ a; 1)rA}(A2+ :,\rw(,\,m) 

is bounded and continuous on JR, C00 on JR* = lR\{0} and such that 

the left and the right derivatives at zero exist. 

ii ) For all k, p, q E N, we have 

Vk,p,q(w) = sup { (1 + ,\2(1 + m2)) k IAf ( A2 + :Ar\lf(,\, m) I} < 00. 
(>.,m)EIR*xN 

where 

• Al']i(,\,m) = 
1
l

1 
( m~+~-\ll(,\,m) +(a+ 1)~+\ll(,\,m)). 

• A2\ll(,\, m) = 2I ((a+ m + 1)~+\ll(,\, m) + m~- \ll(,\, m)). 

• ~+ \ll(,\, m) = \ll(,\, m + 1)- \ll(,\, m). 
• ~- \ll(,\, m) = \ll(,\, m) - \ll(,\, m- 1), if m 2: 1 and ~- \ll(,\, 0) = 

\ll(,\, 0). 

We note that S*(IK) (resp. S(JR x N)) equipped with the seminorms h,p,q 
(resp. Vk,p,q), k,p,q EN, is a Frechet space ([17]). 

It has been proved in [18] that lK is induced with a convolution product # 

turning (IK, #, i) into a commutative hypergroup in the sense of Jewett ([12], 

[7]) where i denotes the involution defined on lK and given by i(x, t) = (x, -t). 
Throughout this paper we denote by 

• N(x, t) = (x2 + ltl) 112 the norm of (x, t) ElK and N(,\, m) = IAI(m + 
a!1 ); (,\,m) ElK= lR x N. 

• c;;o (IK) the space of functions f : JR2 ---+ C, even with respect to 
the first variable and coo on JR2 . 
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• LP(IK) = LP(ft{, d"fa), 1 ::::; p ::::; oo, the space of measurable functions g 
on fK such that llgiiLP(JK) < oo, where 

llgiiLP(JK) 

llgiiL=(JK) 

1 

(llg(.A, m)iPd'Ya(A, m)) "P, 

ess sup lg( (.A, m)) 1-
(A,m)ElK 

if p E [1, oo[, 

d'Ya being the spectral measure on IK defined by 

d"fa(A, m) = 1-Aia+l L~(O)d.A@ r5m. 

Definition 1.1. 

• The generalized translation operators ~\~~) on fK are given for a suitable 
function f by: 

~\~~/(J-L, n) = L f(.A + J-L,j)Cj((.A, m)(J-L, n)) 
jENm,n 

where 

Cj((.A, m)(J-L, n)) = r~!~)1) loo £~(I .A~ J-L lx )c~ (I .A~ J-L lx )cj(x)xadx 

and 

{ 
{0,1, ... ,m+n}, 

Nmn= , N, 
if .A + J-L # 0 and AJ-L > 0, 

if .A+ J-L # 0 and AJ-L ::::; 0. 

• The generalized convolution product on IK is defined for a suitable pair of 
functions f and g by: 

f@ g(.A, m) = k ~~~~/(J-L, n)g( -J-L, n)d'Ya(J-L, n) for all (.A, m) E IK. 

Proposition 1.1. The following properties hold 

1) For all (.A, m), (J-L, n) E fK and for an appropriate function f on fK, we 
have (see [14]) 

(i) ~6~6/(.A, m) = f(.A, m), 'v'(.A, m) E IK. 
(ii) ~~~/(J-L, n) =~~~~/(.A, m), 'v'(.A, m), (J-L, n) E fK. 

(iii) [~~~~)'Pc.,.J (x, t)](J-L, n) = 'P-\(x, t)'P(J.L,n)(x, t), for all (x, t) E IK and 

(.A, m), (J-L, n) E IK. 
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2) Let f E LP(JK), 1 :S p :S oo. Then, for all (-\, m) E JK, the function 

7(~~~/ belongs to LP(JK) and we have 

117(~~~/IILP(OC) :S IIJIILP(OC)" 
3) For f in £P(JK) and g E Lq(JK), 1 :S p, q :S oo, the function f ® g 

belongs to £T (JK), ~ + i = 1 + ~, and we have 

II!® 9llu(oc) :S IIJIILP(oc)llgiiLq(oc)· 

We finish this introductory section by remaining the definition of the homo

geneous Sobolev-Laguerre type space H8 (1K) introduced in [2]. 

Definition 1.2. Let s E JR. The homogeneous Sobolev-Laguerre type space 
• 

H 8 (IK) is the set of all tempered distributions f such that 

( ) 
1/2 

IIJII H_s(oc) = k.[N(-X, mWIFu(-X, m)l 2dla(A, m) < +oo. 

Finally, we mention that, C will be always used to denote a suitable positive 

constant that is not necessarily the same in each occurrence. 

2. GENERALIZED SOBOLEV-LAGUERRE SPACES OF EXPONENTIAL TYPE 

Definition 2.1. We define the generalized Schwartz space denoting by S*,exp := 

S*, exp (IK) the space of all c= function ¢ on lK such that, for all p, q E N and 

k?. 0, 

and 

Pp,q,k(¢) = sup {ekN(x,t)IDfDi¢(x,t)1} < oo 
(x,t)EOC 

IIp,q,k(¢) = sup- {ekN(.\,m)IAf(A2+ :Ar(F¢)(-X,m)l} < 00. 

(.\,m)EOC 

We denote by S~,exp := S~,exp(IK) the dual space of S*,exp· 

Note that for all k E N, ¢(x, t) = e-~N(x,t) belongs to S*,exp· 
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Definition 2.2. Lets E JR. We define the generalized Sobolev-Laguerre space 
of exponential type IHI~xp (IK) as the set of all generalized distribution u E S~. exp 
such that 

u8 (A, m) := exp((s/2)N().., m))Fu().., m) E L2(JK). 

Remark 2.1. 1) Equipped with the norm 

llulllHl~xp(JK) := llusii£2(1K) = (k exp(sN()..,m))IFu()..,m)l 2dra(A,m)) 
112 

IHI~xp(IK) is a Banach space. 
2) IHI~xp(IK) is a Hilbert space with inner product 

(u, v)!Hl~xp(JK) = k. exp(sN().., m))Fu().., m)Fv().., m)dra(A, m). 

3) a) S*,exp C IHI~xp(IK), for all s E JR. 

d) IHI~xp(IK) S: ie(IK), for all s::; 0 . 

. 
e) 'H 8 (IK) S: IHI~xp (IK), for all s 2': 0. 

Proposition 2.1. Let P a linear partial differential operator with constant 
coefficients. Then P maps continuously IHI~lP (IK) into IHI~~P (IK), for all s1 > s2. 

Proof. If P has the form P = akD~ and u E IHI~lp(IK), then 

IPull~:~p(lK) = k. exp(s2N().., m)) JakF(D~u)(A, m) 12 
dra(A, m) 

= Clakl 2 k. { N 2k().., m) exp((s2- s1)N().., m))} x 

{ exp(s1N().., m))IFu().., mW }dra(A, m) 

::; Clakl2 sup_ { N2k().., m) exp((s2- s1)N().., m))} x 
(A,m)ElK 
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n 

The result remaind valid for P = L akD~ ; n EN. 
k=1 

7 

D 

Example. Let s E R The operator exp( J1 - D.lrf.) : JH[~xp (IK) ______, ]]-![~;-~ (IK) 
defined by 

exp( yl1- D."Ju = F-1 ( exp( V1 + N 2 (>., m))Fu) 

is an isomorphism and its inverse is the operator defined, for v E ]]-![~;-~ (IK), by 

exp( -J1- Doc)v = F-1 ( exp( -V1 + N 2 (>., m))Fv). 

Proof. Let u E JH[~xp(IK). Then we have 

II exp( J1 - Doc)ull~~;pl(JK) = 

k exp((s- 1)N(>., m)) exp( V1 + N 2 (>., m))IFu(>., m)l 2dra(.A, m) :S 

Cllull~~xp(JK) 

where C = sup_ exp( V1 + N 2 (>., m))- N(>., m)) =e. 
(.\,m)ElK 

Reciprocally, if v E ]]-![~;-~ (IK), one has 

II exp( -J1- Doc)vll~s (JK) = 
exp 

k exp(sN(>., m)) exp( -J 1 + N 2 (.A, m)) IFu(>., m) l2dra(>., m) = 

k exp(N(>., m)- V 1 + N 2 (.A, m) ) xexp((s-1)N(>., m)) IFu(>., m) l2dra(>., m) 
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~ sup_ exp(N(.X, m)- VI+ N 2 (.X, m)))llull~~;pl(n(J This completes the 
(>.,m)EK 

~~ 0 

Note that, using a standard arguments one can prove easily that the topolog

ical dual (IHI~xp (IK) )' of IHI~xp (IK) can be identified with IHI;x~ (IK). The following 

proposition follows. 

Proposition 2.2. Let s E R Then, for all u E IHI;;p(IK), there exists V 8 E 

L 2 (IK) such that 

Proof. Using the fact that u E IHI;;P (IK) we have 

u_8 (.X, m) := exp( -(s/2)N(.X, m))Fu(.X, m) E L 2 (JK). 

So V8 = .r-1(u_ 8 ) E L 2(IK) and one can write 

- "" (s/2)k -
Fu(.X, m) = exp((s/2)N(.X, m))u_8 (.X, m) = 0 ~Nk(.X, m)Fv8 (.X, m) = 

L (s~~)k F(D~v8 ). This finishes the proof. 
kEN 

kEN 

0 

3. GENERALIZED PSEUDO- DIFFERENTIAL OPERATORS OF EXPONENTIAL 

TYPE 

Definition 3.1. Let r E lR and l > 0. A function a : lK x Jk ---+ C is said to 

be a symbol of exponential type and order (r, l) if a is in C00 (IK x JK) and for 

each p E N there exists a constant C > 0 such that 

IDia((x, t), (.X, m))l ~ C exp(rN(.X, m) -lN(x, t)) 

for all ((x, t), (.X, m)) ElK x Ik. 

We denote by §~~P the class of all symbols of exponential type and order (r, l). 

Using simple calculation one can verify that the symbol a((x, t), (.X, m)) 
e-lN2 (x,t) belongs to §~~p· 
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Definition 3.2. Let r E ~ and l > 0. The pseudo-differential operator 
A[(x, t), D] associated with a symbol a E §~~P is defined, for u E S*,exp by 

(A[(x, t), D]u)(x, t) = ;:--1(a((x, t), .).Fu(.))(x, t), for all (x, t) E K 

Theorem 3.1. ( Main Theorem ) Let r E ~' l > 0 and A[(x, t), D] the 
pseudo-differential operator associated with a symbol a E §~~P. Then for all 
s E ~+' A[(x, t), D] maps continuously JHI~_i~(OC) into lHI~xp(OC). In other terms 
there exists C > 0 such that for all u E JHI~_i~ (OC) we have 

JJA[(x, t), D]uJJIHI~xp(JK) ~ CJJuJJIHI~t:(oc)· 

To prove this theorem, we begin first by proving the following lemma. 

Lemma 3.1. Let r E ~' l > 0 and a E §~~p· Then the pseudo-differential 
operator A[(x, t), D] associated with the symbol a satisfies 

.r( A[(x, t), D]u) (.\, m) = L 'Yr_~~~) (Fa(., (p,, n))) (.\, m).Fu(p,, n)dra(J1, n). 

Proof. Let us first prove that 

(L 'Yr_~~~) (Fa(., (p,, n))) (.\, m).Fu(p,, n)dra(J1, n)) E L 1(IK). 

Let T > 0. Then it holds 

k 

L :! f\rk((.\, m)'Yr_~~~) (.ra(., (p,, n))) (.\, m) < 
kEN 

L :~ l.r( <p(p,n) (x, t)D~a(., (p,, n))) (.\, m) I ~ 
kEN 
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L :~ exp(rN(JL, n)) { exp( -lN(x, t))dJL01 (x, t) = C exp(rN(JL, n)). 
kEN loc 

So, one can write ~7(~~~) (Fa(., (JL, n))) (A, m) I ~ C exp(rN(JL, n)-T N(A, m)). 

And using the fact that u E S*,exp C IHI~xp(JK), it holds, for f3 > r, 

k ~7(~~~) (:r:a(., (JL, n))) (A, m):Fu(JL, n) I d-y01 (JL, n) ~ 

C exp( -TN(A, m)) k exp((r- s)N(JL, n))d-y01 (JL, n) = 

Cexp(-TN(A,m)) E L1 (0C). 

On the other hand, by definition of A[(x, t), D] and using Fubini's theorem, 
one has 

(A[(x, t), D]u)(x, t) = ;:-1 ( a((x, t), (JL, n)):Fu(.)) (x, t) = 

k IP(~,n)(x, t)a((x, t), (JL, n)):Fu(JL, n)d-y01 (JL, n) = 

l 4'(~,n)(x, t):F-1 (Fa(., .)(JL, n)) (x, t):Fu(JL, n)d-y01 (JL, n) = 

k :F-1 ( 7(~~~):Fa(., .)(JL, n)) (x, t):Fu(JL, n)d-y01 (JL, n) = 

;:-1 (ft. 7(~~~) (Fa(., .)(JL, n):Fu(JL, n)) d-y01 (JL, n)) (x, t). 

Applying the Fourier transform we get the result. 

Proof of Theorem 3.1. For s > 0 and u E S*,exp, put 

U8 (A, m) := exp((s/2)N(A, m)):F(A[(x, t), D]u)(A, m). 

Then, using Lemma 3.1, one has 

D 

U8 (A, m) = exp((s/2)N(A, m)) l7(~~~) (Fa(., (JL, n))) (A, m):Fu(JL, n)d-y01 (JL, n). 

So it holds 
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jus(-\ m) I ~ l exp(((s-T)/2)N(,\, m)) exp(rN(J.L, n))(,\, m)jFu(J.L, n) idra(f.L, n) 

= l [ exp( ((s- T)/2)N(,\, m) - (s/2)N(~t, n)) J x 

[ exp(((r + s)/2)N(J.L, n))(-\, m)jFu(J.L, n)j] dra(J.L, n). (3.1) 

On the other hand let us take T = 2s, then we have the following estimation 

exp(((s-T)/2)N(-\, m)-(s/2)N(~t, n)) = exp( -(s/2)(N(,\, m)+N(J.L, n))) ~ 

exp( -(s/2)1-\ + J.LI) = (T/{~)h)(ft, n) 

where h(,\, m) = exp( -(s/2)1-\1). Consequently 

jus(-\,m)j ~ C L [(7(~~~)h)(J.L,n)J x 

[ exp(((r + s)/2)N(J.L, n)) IFu(J.L, n)l J d-ra(f.L, n) (3.2) 

and the right hand side of the inequality (3.1) is the convolution on lK of the 
two L 2 (JK) functions h(,\, m) = exp( -(s/2)1-\1) and 

g(,\, m) = exp(((r + s)/2)N(-\, m))IFu(,\, m). 

Then h@ g is in L 2 (JK) and one has 

IIA[(x, t), D]u!llHl~xp(l!C) = I!Usii£2(JK) ~ llh 0 9II£2(JK) ~ llh!IL2(JK) II9II£2(JK) = 
CllulllHl~Jp"(JK.)· This completes the proof of the theorem. D 
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