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SEMISYMMETRY AND RICCI-SEMISYMMETRY
FOR HYPERSURFACES OF SEMI-RIEMANNIAN SPACE
FORMS

FILIP DEFEVER!, RYSZARD DESZCZ, DOROTA KOWALCZYK
AND LEOPOLD VERSTRAELEN

ABSTRACT. In the context of P.J. Ryan’s problem on the equivalence of the
conditions R- R = 0 and R-S = 0 for hypersurfaces, we prove that there is
indeed equivalence for hypersurfaces of semi-Riemannian space forms of any

dimension, under an additional curvature condition of semisymmetric type.

1. INTRODUCTION

A semi-Riemannian manifold (M, g), dim M > 3, is called semisymmetric
(15] if
(1) R-R=0,
holds on M. It is well known that the class of semisymmetric manifolds
includes the set of locally symmetric manifolds (VR = 0) as a proper subset.
A  semi-Riemannian manifold (M,g), dim M >3, is said to be

Ricci-semisymmetric, if the following condition is satisfied
(2) R-S=0.

Again, the class of Ricci-semisymmetric manifolds includes the set of Ricci-

symmetric manifolds (V.S = 0) as a proper subset. It is clear that every
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semisymmetric manifold is Ricci-semisymmetric. The converse statement is
however not true, as can be seen for instance from the material in 8]

Although the conditions (1) and (2) do not coincide for manifolds in gen-
eral, it is a long standing question whether the conditions R - R = 0 and
R-S = 0 are equivalent for hypersurfaces of Euclidean spaces; cfr. Problem
P 808 of [13] by P.J. Ryan, and references therein. Whereas for n = 3 this
equivalence follows immediately, for n > 3 we have the following results. It
had been proved in [14] that (1) and (2) are equivalent for hypersurfaces which
have positive scalar curvature in a Euclidean space E"! n > 3. In [12] this
result was generalized to hypersurfaces of a Euclidean space IE"!, n > 3,
which have nonnegative scalar curvature and also to hypersurfaces of constant
scalar curvature. [12] also proves that (1) and (2) coincide for hypersurfaces
of Riemannian space forms with nonzero constant sectional curvature. Fur-
ther, in [11] it was proved that (1) and (2) are equivalent for hypersurfaces
of a Euclidean space E™, n > 3, under the additional global condition
of completeness. In [4], it has been shown that the conditions (1) and (2)
are equivalent for hypersurfaces of the Euclidean space IES. In [2] a nega-
tive answer to the above mentioned question was givefl for hypersurfaces of a
Euclidean space E™1Y n > 5. Indeed, [2] gives an example of a hypersurface
M5 of IE® which satisfies R - S = 0, but which is not semisymmetric; this
proves that both concepts are not equivalent for hypersurfaces of Euclidean

spaces in general.

Although the fundamental question has now been solved, a number of
new questions can be raised. Indeed, one may e.g. ask for a classification
of the Ricci-semisymmetric hypersurfaces of the Euclidean spaces which are
not semisymmetric. One can also consider the more general problem, whether
(1) and (2) are equivalent for hypersurfaces of a semi-Riemannian space form
N™*1(c). For example, [5] proves that there is indeed equivalence for all hyper-
surfaces of a 5-dimensional semi-Riemannian space form, thus generalizing the
result of [4]; in [6] it was shown that (1) and (2) are equivalent for Lorentzian
hypersurfaces of a Minkowski space IETT!, n > 4. [6] also proves that (1) and
(2) are equivalent for para-Kahler hypersurfaces of a semi-Euclidean space
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E¥™ ! m > 2.

In order to tackle such questions, it is necessary to pursue more insight into
the differences and look for an improved description and characterisation of
the similarities 'of such hypersurfaces; one possibility for doing so is searching
for sufficient conditions on hypersurfaces for both concepts (1) and (2) to
be equivalent; at the same time, this narrows down the set of hypersurfaces
where differences can occur. In this respect, 7] and [1] proved that (1) and
(2) are equivalent for hypersurfaces of a semi- Euclidean space E™! which
satisfy the curvature condition of pseudosymmetric type C'-C = LQ(g, C), or
the condition of semisymmetric type C - R = 0, respectively. In the present

paper, we generalize this latter result to all semi-Riemannian ambient spaces

of constant sectional curvature; more precisely:

Theorem 1.1.°For hypersurfaces of a semi-Riemannian space form N ntl(e),
n > 4, which satisfy the curvature condition C - R = 0, the conditions of

semisymmetry and Ricci-semisymmetry are equivalent.

2. DEFINITIONS AND SOME USEFUL RELATIONS

Let (M,g), n = dim M > 3, be a connected semi-Riemannian manifold
of class C*® and let V be its Levi-Civita connection. We define on M the
endomorphisms X A4 Y, R(X,Y) and C(X,Y) by

(XMY)Z = AY,2)X - A(X,2)Y,
R(X,Y)Z = VxVyZ-VyVxZ-Vixy|Z,

C(X,Y) = R(X,Y) (X N SY +SX A Y — n_n;_lX Ag Y) ,

-—

where the Ricci operator S is defined by S(X,Y) = ¢g(X,SY), S is the Ricci
tensor, k the scalar curvature, A a symmetric (0,2)-tensor and X,Y,Z €
Z(M), E(M) being the Lie algebra of vector fields of M. Next, we define the
tensor G, the Riemann-Christoffel curvature tensor R and the Weyl conformal

curvature tensor C of (M, g) by

G(X1,X2,X3,X4) = g((X1/Ag X2)X3,X4),
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R(X1,X3,X3,X4) = g(R(X1,X2)X3,X4),
C(X1,X2,X3,X4) = 9(C(X1,X2)X3,Xy).

For a (0,k)-tensor T, k > 1, and a symmetric (O,2)-tensorl A, we define the
(0,k + 2)-tensors R- T and Q(A,T) by

(R-THX1,.. ., X X,Y) = (R(X,Y) -T)(X1,...,Xz)

= -T(R(X,Y)X1,X2,...,Xk) — - —T(X1,-.., Xe—1, R(X,Y) X)),
QA T)(X1, ..., X X,Y) = (X AaY)-T)(X1,...,Xe)
= “T((XAaY)X1,X2,..., Xg) = —T(X1,..., Xp—1, (X A Y)X).

For (0,2)-tensors> A and B we define its Kulkarni-Nomizu product A A B by

(AAB)(X1, X2, X3,X4) = A(X1,X4)B(X2,X3) + A(Xy, X3)B(X1, X4)
~A(X1,X3)B(X2,X4) — A(X2, X4)B(X1, X3) .

Putting in the above formulas T =R, T =S, T=C orT =G and A =g or
A = S, we obtain the tensors R- R, R- S, R-C, Q(g,R), Q(g,C), Q(S, R),
and Q(S, C) respectively. The tensors C' - R and C - C we define in the same
way as the tensor R - R; the tensor C - S is defined in the same way as the
tensor R-S. The (0,2)-tensor S? is defined by S?(X,Y) = S(SX,Y), where
X,Y € E(M). ’

A semi-Riemannian manifold (M, g), n > 3, is said to be semisymmetric
[15] if
(3) R-R=0

holds on M. Curvature conditions involving tensors of the form R - T only
are called curvature conditions of semisymmetric type. Examples are the
Ricci-semisymmetric space (R - S = 0), and the Weyl semisymmetric spaces

(R-C=0).

Manifolds satisfying curvature conditions involving tensors of both the
form R-T and Q(A,T) are called manifolds of pseudosymmetric type.
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For example, we have semi-Riemannian manifolds (M, g), n > 4 satisfying at

every point the following condition
(*) the tensors C' - R and (g, C) are linearly dependent;

the condition (*) is satisfied on a manifold (M, g) if and only if
@ C-R=1Q(g,C)

holds on Uc = {x € M |C # 0 at z}, where L is a function on Ug. Other
examples are the manifolds with pseudosymmetric Weyl tensor (C - C =
LQ(g,C)), and the Ricci-generalized pseudosymmetric manifolds (R-R =
Q(S,R)). For more information on the geometric motivation for the intro-
duction of the concept of pseudosymmetry and a survey of various properties,
including also applications to the general theory of relativity, we refer to the
papers [8] and [16].

3. PROOF OF THE TECHNICAL RESULTS

We start with a couple of propositions of more general scope. In Section
4, we apply them to our situation, and draw the conclusions. Let (M, g),
n > 4, be a semi-Riemannian manifold; we define the subset U C M by
U={zxeM|S#0andC # 0atz}. Wenote that U C Ug and UsNU¢ C U.
For the proofs: of these prdpositions, we will however rely on a number of
formulas which we collect in the following Lemma.

Lemma 3.1. For a semi-Riemannian manifold (M,g), n > 4, satisfying
C-R=LQ(g,C) on Ug, the following relations hold on Ug:

©) R-§=—1-Q(,D),

1
(C - Rnijkim = (R- R)nijkim — p— Q(S, R)hijkim
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+(n—__—1)i(—n_7) Q(9, R)hijkim
- i 5 (g1 Amijk — GhmAtijk — Git Amhgk + GimAihjk
(6) + gj1Amkhi — 9imAtkhi — Ikl Amghi + GkmAljhi) »
(7) Apijk + Ainjk = — (ghj Dik + 9ij Dk — 9nkDij — GikDhg) »
(8) éth(S, R)nijkim = —Aitjk — & Riijk + SkuSij — SjiSik
9) "™ Q(g, C)hijkim = —(n — 1) Clyji
(10) Bij = S"Rpijs = —.n_i_é (Szzj = K£8545) 5
(11) Amijk = S8 Rpijk

where S,P = g"PS,,, and D;; are the local components of the (0,2)-tensor D,

defined by
(12) D=28%-

K

S.

n—1

Proof. First of all, from Proposition 3.1 of [1] we know that under the as-
sumptions of the lemma, the condition (5) is satisfied on Uc. Writing the
(0,6)-tensor C - R explicitly in components, we obtain (6). From (5), by (11),
we get (7). Next, summing (7) cyclically in A, j,k we obtain

(13) Apijk + Ajikh + Agijn = 0.

Contracting now Q(S, R)hsjkim and Q(g, C)hijkim With g™ and applying (13)
we obtain (8) and (9), respectively. Furthermore, contracting (7) with g"* and
using (11) and S™ = ¢g'?S,*, we get (10). Our lemma is thus proved.

Proposition 3.1. Let (M,g), n > 4, be a semi-Riemannian manifold satis-
fying C- R = LQ(g,C) and :

(14) R-R-Q(S,R) =L2Q(9,0),
simultaneously on Ug. Then, on U , the function L vanishes and

(15) C-R=0.
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Proof. Let the function L be nonzero at a point € U. First, remark that
under the present assumptions the conditions for Proposition 3.1 of [1] are

satisfied; consequently, the following relations hold on Uc:

(16) c.S = 0,
(17) C.C = LQy,C).

We note that (4) and (16) can be presented in the following form
(18) (C- R)nijiim = LQ(g, C)nijkim »

(19) S Cpijic + S;FCpnje = 0,

respectively. From (18) we get

(C - R)hijripS,E + (C - R)hijkmpS,” = L (Q(9, O)hijkipSpy
(20) +Q(9, O)hijkimS;")
Writing (20) out in components, and making use of (16), yields
ShiCrmijk + SitChmik + SjiChimk + SkiChijm
+ShmClijk + SimChijk + SimChitk + SkmChijt
—ghmS, P Cpijk + Gim S, Cpnjk — 9imS; " Cpihi + Gem ;" Cpjhi
(21) — S, PChijk + 9utSE Conjk — 9j1SE Cpkni + g1 Suf Cphi = 0.

Further, from (19) it follows easily that
(22) Squhqu = 0 and ShpCpijk + Sj”Cpikh + Skpcpih,j = 0.

Now, remark also that under the present assumptions the conditions for Propo-

sition 3.2 of [1] are satisfied; consequently, the following relations hold on Ug:

(23) R-§=0,

(24) (@) §* = ——8, () u(s?) =

n—1

n—1"

Furthermore, using (24), we get

1
(25) ¥ Cpijh = S Rpijk — — (SukSij = ShySik)
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Contracting now (21) with g'* and applying (19) and (22) we find
(26) S Cpijr = g 'mijk »

which, by transvection with S,™ and making use of (24), yields
(27) kS PCpijk = 0.

From (26) and (27) it follows that

(28) SPCpijk = 0,

(29) Kk = 0,

hold at z. Now (25) reduces to

1
(30) S Bpijh = —— (SnkSij — Shj Si) -

Applying in (6) the relations (4) and (14) we obtain

n—3

Q(S, R)hijkim = (n—_ﬁKmQ(g,R)hzjklm

+(L2 — L) Q(g, C)hijkim

1
_n__é(ghlAmijk = 9hmAlijk — GilAmhjk + 9imAinjk

n—2

(31) +9j1Amkhi — 9imAikhi — Gkl Amjhi + GkmAujhi) -

Contracting (31) with ¢"™ and using (8) and (9), and in view of (7), yields

n—3
—2(n —-2) Alijk = Th—2 Q(g)D)lijk - (n-2)k Ry
—(n—=2)(n—-1)(Ly— L) Clijk + (n = 3) (SikSij — SjiSik)
K
(32) t—1 (91kSi; — 9;Sik) + 9;1Bik — guBij -

Let now z € Us C M. Using (10) and (24) we get

K
n—2

K K

1 2

n-—1

N T S S (I pah D
- on-2 (Sij n—lSz])  n(n-2) (tr(S) n—l) 95 = 0
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Therefore (32) reduces to

K
2

n—1 n—3.

2 (L2 - L) Clijk - m (Sijslk - SljSik) .

(33)  Aujx = = Ruje+

Next, comparing the right sides of (30)(a) and (33) and using (29) we obtain

Ly - L

(34) ShkSij — ShjSik = —— Chijk -

-2
From this, by making use of (16), we obtain
(35) (L,—-L)C-C=0,
whence, by (17),
(L2 — L) LQ(9,C) =0.

Since (g, C) is nonzero at z, the last equality implies
(36) Ly=1L.

Thus (34) reduces to rankS < 1. Since z € U, from the last inequality it
follows that
(37) rankS=1.

Now (30), by (37) and (11), gives Ap;jx = 0. Applying the last relation, (29)
and (36) in (31) we obtain Q(S, R) = 0, which, in view of Proposition 4.1 of
[3], implies R - R = Q(S,R) = 0. Using this in (14) we get L2 Q(g,C) = 0,
whence Ly = 0. Now from (36) it follows that the function L vanishes at T, a

contradiction. Qur proposition is thus proved.

Proposition 3.2. Let (M,g), n > 4, be a semi-Riemannian manifold satis-
fying R-R—Q(S,R) = L2Q(9,C) and C-R=0 on U.

(i) If k + (n — 1) Ly = 0 is satisfied at a point x € U then k =0, Ly = 0 and
rank S =1 holds at x.

(ii) If k + (n — 1) Ly # 0 is satisfied at a point x € U then R- R = 0 holds at

Z.
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Proof. (33), by the assumption L = 0, takes the form

(38) gp‘IShqu’ijk - 2 ha]k + L2 Chz]k ) (ShkS’L] Sh_'] 1]‘;)

2 2(

From (38) we obtain
gpq(R ' S)hplquijk + gpqshp(R . R)qijklm
1 K
Lo (R - Chijkim — = (R - R) hijkim

2
(39) = 2? 2) (Sij (R - S)hkim + Sh(R - S)ij

—Sik(R - S)hjim — Shj(R - S)ikim) -

This, by making use of (23), R-C = R- R and (14), reduces to.

n—1

L% Q(g, C)hijklm

Ly Q(S, R)hijkim

SPQ(S, R)pijkim + L2 S;FQ(9, C)pijkim —
n—1

K K
(40) = 5 Q(S, R)nijkim + 5 L2 Q(9, C)hijkim +
whence, by symmetrization in h,i, we get

S,PQ(S, R)pijkim + S;PQ(S, R)phjkim
+ L2 ShpQ(g, C)m’jklm + Lo Sin(g, C)phjlclm = 0.

This, by making use of the definitions of the tensors Q(S, R) and Q(g,C), (23)
and (15), turns into

SruTmijk + SiTmhjk + L2 ghiBimjk + L2 gi Bhmijk
(41) = SwmTlijk + SimTingk + L2 ghmBitjk + L2 GimBhijk »

where  Toijk = 7557 Rmijk — Amijk + Lo Crgje and - Bijk = SmpgPCuijic-
Now, symmetrizing (41) in the pairs h,¢ and [, m we get

SniTimgk + SmnTijk + L2 ghiBmijk + L2 gmnBlijk
(42) = SiiThmjk + SmiThijk + L2 g1i Bmhjk + L2 gmiBinji -

We notice that, by making use of (23) and (15), we have

(43) Tmijk = —Timjk, Bmijk = —Bimjk -
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Comparing the left sides of (41) and (42) and using the symmetry relations
(43) we find

(44) StTmhjk — SmrTiijk = L2 (91iBmhjk — 9hmBiij.) -
Further, symmetrizing (44) in [,4 we obtain
(45) S1iTmnjk = L2 g1i Bmnjk »

which, by transvection with Sy,g” and making use of (24)(a), yields

K

—] Tmhjk = L2 Bk -

Substituting this in (45) we get

K
46 Sit = —— i) Tt = 0.
(46) (z n_1m> hik
Since at every point of U the Ricci tensor S is nonzero, (46) implies Tj;x = 0,
i.e.
K .
p— Rpijk — Amijk + L2 Criji = 0,

whence, by (38), we obtain

n—1

K Rmijk = —(n — 1) Ly Crogjk + p— (SmkSij — Sm;jSik) -

This, by an application of the definition of the Weyl tensor C, turns into

n—1
(k+(n=1)L2) Rpijk = — Ly (g A S)mijk
K n—1
(47) — 3 Ly Gijk + 3 (SmkSij — Sm;jSik) -
(i) We now consider the first subcase; suppose that
(48) Ly=-—
n—1
holds at a point z € U. Now (47) reduces to
LonS=—LignS+——1,G
2 - n—127
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which turns into

T K K
(S—n_lg)/\<5'—-n_lg) —O.‘
The last relation implies

(49) S=—"—g+pwew, BER, weTi(M),

holds at z. From (49) we get

n— 2

(50) mene Btr(w®w),
(51) ’ Sw = (n—il +,3t’r(w®w)> w,
(52) S? = nfls+ﬁsw®w.

Since w is a nonzero covector, (52), together with (24)(a), implies Sw = 0.

Now (51) reduces to
K
=—-ftr(w®w).

n—1
This, together with (50), implies k = 0, and, in a consequence, (48) reduces
to Ly = 0.

(ii) For the second subcase, we assume that

K

(53) Ly # ———

holds at a point = € IR. From (47), in view of Theorem 4.2 of [9], it follows
that the tensor R - R vanishes at , which completes the proof in this case.

Our proposition is thus proved.
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4. CONCLUSIONS
The results of Section 3 allow us to draw the following conclusions.

Theorem 4.1. Let M be a hypersurface of a semi-Riemannian space of con-
stant curvature N™"*1(c), n > 4. If the relation C - R = LQ(g,C) is satisfied

on U then the function L vanishes on U.

Proof. 1t is well known [10] that a hypersurface M of a semi-Riemannian space
of constant curvature N"*1(c), n > 4, fulfils (14). More precisely,

(54) R-R—Q(S,R) = —n?n—‘f’l) £Q(g,C)

holds on M, where K is the scalar of the ambient space. Thus we see that
under the assumption that M satisfies C- R = LQ(g,C) on U, the conditions
of Proposition 3.1 are satisfied. Hence there follows that L =0 on U.

Theorem 4.2. Let M be a hypefsurface of a semi-Riemannian space of
nonzero constant curvature N"*1(c), n > 4. If the relation C - R = 0 is
satisfied on U then R- R =0 holds on U.

Proof. Indeed, in view of [10] we have again that (54) is satisfied on M. Hence
the conditions of Proposition 3.2 are fulfilled on U. Since we assume that the
scalar curvature of the ambient space N"*1(c) is nonzero, and Ly = —n("—nfl—)k
here, case (i) of Proposition 3.2 cannot occur. We are thus necessarilly in the

situation (ii), and R+ R = 0 holds on U.

This leads immediately to the main Theorem.

Theorem 4.3. For hypersurfaces a semi-Riemannian space form N"H(c)
which satisfy the curvature condition C-R = 0, the conditions of semisymmetry

and Ricci-semisymmetry are equivalent.

Proof. Since R- R = 0 always implies R - S = 0, we only have to proof
that, under the additional condition C' - R = 0, Ricci-semisymmetry indeed
leads to semisymmetry. In case the ambient space is a semi-Riemannian space
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with zero constant curvature, and thus a semi-Euclidean space, the above
equivalence has been established in Theorem 3.2. When the ambient space
is a semi-Riemannian space with nonzero constant curvature, the requested
implication follows from Theorem 3.2 on the set U. Therefore, there remains
only to sort out what happens on hypersurfaces of a semi-Riemannian space
with (nonzero) constant curvature, at points where either C = 0 or S = 0.
However, at points where C =0, R-S = 0 is always equivalent to R- R = 0,
and at points where S = 0, C - R = 0 implies R - R = 0; we thus recover
semisymmetry also in the remaining situations.
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