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ON THE DIOPHANTINE EQUATION d1x2 + 4d2 = yn 

FADWA S. ABU MURIEFAH 

ABSTRACT.The object of this paper is to prove the following Theorem: 
The diophantine equation 

d1x2 + 4d2 = yn, 

where d1, d2, x, y, n are positive integers such that (d1,d2) = (x,y) = 
(2, y) = 1, d1, d2 are square -free integers, n is an odd integer > 3 and 

(n, h)= 1 where his the class number of the field K = Q ( .J-d1d2), has 

no solutions in (d1, d2, x, y, n). 

1. INTRODUCTION 

Let d1, d2, x, y, p be positive integers. Many special cases of the diophantine 
equation 

(1) d1x2 + 4d2 = yP, (d1x, d2) = 1, p prime>3, (x, y) = 1,p f h 

where d1, d2 are square-free integers and h is the class number of the field 
Q ( v-d1d2), have been considered in the last few years. The first result 
regarding this equation is due to Nagell [9], who proved that when d1 = d2 = 1, 
then equation (1) has only the positive solutions x = y = 2, p = 3 and x = 11, 
y = 5,p = 3. Ljunggren [6] studied this equation in full generality and he 
has found interesting theorems concerning its solutions. Also Le Maohua [8] 
proved that if p :2: 8.5.106 then equation (1) has no solution with 2 f y. In [1] 
we proved that if d1 is odd, d2 = 22k and p = 1 (mod 4) , then equation ( 1) has 
no solution with x odd. Recently Luca [7] proved that when d1 = 1, d2 = 3a, 
then (1) has no solution. In the interesting paper [3] Bugeaud and Shory 
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studied equation (1) where y is a fixed odd integer k coprime with d1d2 and 
they gave a necessary and sufficient conditions on d1, d2 and k under which 
this equation has at most 2w(k)-l solutions where w (k) denotes the number 

of distinct prime divisors of k. In this paper we solve equation (1) completely. 

2. Preliminaries 

We start by giving some important definitions. 

Definitions 
A Lehmer pair is a pair (a, /3) of algebraic integers such that (a+ {3) 2 and· 

a/3 are non-zero co-prime rational integers and a/ {3 is not a root of unity. Given 
a Lehmer pair (a, {3)one defines the corresponding sequence of Lehmer numbers 
by 

if n is odd, 

if n is even. 

A prime number p is a primitive divisr of Un (a, /3) if p divides Un, but 
does not divides ( a 2 - /32) 2 u1 u2 ... Un-1· 

A Lehmer pair (a, {3) such that Un (a, /3) has no primitive divisors will be 
called n- defective Lehmer pair. 

Now we reproduce the following results for future use. 

Lemma 2.1 ([2]). For n > 30, the nth term of any Lehmer sequences has a 

primitive divisor. 

Lemma 2.2 ([10]). Let n satisfy 6 < n ~ 30. Then up to equivalence all 

parameters of n-defective Lehmer pairs are given as follows: 

i. n = 7, (a, b)= (1, -7), (1, -19), (3, -5), (5, -7), (13, -3), (14, -22). 
ii. n= 9, (a, b)= (5, -3), (7, -1), (7, -5), 

iii. n = 13, (a, b)= (1, -7), 
1v. n = 14, (a, b)= (3, -13), (7, -1), (7, -5), (19, -1), (22, -14), 
v. n = 15, (a, b)= (7, -1), (10, -2), (1, -7), (3, -5), (5, -7), 

vi. n = 18, (a, b) = (1, -7), (3, -50), (5, -7), 
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vii. n = 24, (a, b)= (3, -5), (5, -3), 
viii. n = 26, (a, b)= (7, -1), 

ix. n = 30, (a, b)= (1, -7), (2, -10). 

3. MAIN RESULTS 

Theorem 3.1. The diophantine equation 

(2) d1x2 + 4d2 = yn, 
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where d1, .d2, x, y, n are positive integers such that (d1, d2) = (x, y) = (2, y) = 
1, d1, d2 are square -free integers, n is an odd integer>3 and (n, h) = 1 where 
h is the class number of the field K = Q ( J-d1d2), has no solutions in 
(d1, d2, x, y, n). 

Proof. Let (d1,d2,x,y,n) be a solution of (2). The impossibility of the 
equations 3x2 + 4 = yn and x2 + 12 = yn, with x odd has been proved in [1, 
Theorem 1.8] and [4] respectively. We may therefore assume d1d2 -=/= 3. Now 
factorize (2) in the field K, 

( x.;d; + 2J=d;) ( x.;d;- 2J=d;) = yn 

The principal ideal [x Jdl + 2J=d2] and its conjugate ideal are co-prime, so 

[ x.;d; + 2J=d;] = 1rn , 

for some ideal 1r in K. It follows that 1rn is principal and since (n, h) = 1, 
therefore 1r is principal ideal, say 1r = [~] for some element ~ in K. So we get 
the equation 

[x.;J; + 2J=d;] = [~t, 
and consequently 

(x.;J; + 2J=d;) = cC, 
for some c inK. Therefore we have the following two cases: 

/J /J ( aJdl + by'=d2) n xy a1 + 2y -d2 = 2 , a= b = 1 (mod 2) 

x.;d; + 2J=d; = ( a.;d; + bJ=d;) n, 

for some rational integers a and b. 
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By equating the coefficients of F(l2, we deduce that the first case is im
possible. 

Now we consider the second case. Again equating the coefficients of Fd2, 
we get the relation 

2 = ~ ( n ) an-1-2rb2r+1d n~!-r (-d )r 
L 2r + 1 1 2 ' 
r=O 

(3) 

such that y = a2d1 + b2d2, and (ad1, bd2) = 1. Since y is odd, therefore, a 
and b have the opposite parity. Let 

a = av;I; + byi-d;, j3 = av;I;- byi-d;. 

Then we get 

(4) 

It is easy to verify that (a, /3) is a Lehmer pair. Further, let 

at_ 13t 
ut(a, /3) = a_ j3 , t 2 0 

be the corresponding sequence of Lehmer number. 

By Waring's formula [5, Formula 1. 76], we get 

where 

[n] = (n- i- 1)!n n- 1 
i (n- 2i)!i! ' i = O, .. ·' -2-

are positive integers. This implies that (an - j3n) / (a - /3) is an odd integer. 

So b=±2, hence ad1 is odd, and from ( 4) we get 
an- j3n 

(5) = ±1. 
a-/3 

It implies that Un (a,/3) has no primitive divisor. By Lemmas 2.1 and 2.2, we 
see that if (5) holds, then n::; 5. So we haven= 5, then from (3), we get 

2 

±2 ='"""" ( 5 ) a4-2r22r+1d2-r (-d )T 
L 2r + 1 1 2 ' 
r=O 
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dividing this equation by 2, we get 

(6) ±1 = 5a4di- 40a2dld2 + 16d~ 
Considering equation (6) modulo 8, we get a contradiction. This completes 

the proof of our theorem. 0 

Now we consider the case n = 3. 

Corollary 3.1. The diophantine equation {1), may have a solution with x 

and n odd only when n = 3, d1 odd and 3 t d2. Furthermore the solution (if it 

exists) is given by y = a2d1 + 4d2, where a satisfies a2 = (4d2 ± 1) /3dl. 

Proof. From the above theorem it sufficient to consider n = 3, then from (3) 

we get 

±1 = 3dla2 - 4d2, 

From this relation we deduce that d1 odd and 3 t d2. 

Examples: 

0 

(1) Consider the diophantine equation 3x2 +28 = yn. Here h = 4, (n,4) = 
1 for all odd integers n, so from the Theorem, there is no solution for 

n > 3. If n = 3, then a2 = (28 ± 1) /9 which impossible. So the 

equation has no solution in odd integers x and n for all n ~ 3. This 

is first shown by Ljunggren in [6]. 

(2) Consider the diophantine equation 3x2 + 8 = yn. Here h = 2, so 

from the Theorem, there is no solution for n > 3. If n = 3, then 

a2 = (8 ± 1) /9 = 1. Hence 

y = a2d1 + 4d2 = 1.3 + 4.2 = 11. x = 21. 

So the equation has a unique solution in odd integers x and n. 

REFERENCES 

1. Fadwa S. Abu Muriefah, On the diophantine equation Ax2+22m = yn. 

Internat. J. Math. And Math. Sci. ,25(6) (2001), 373-381. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



6 FADWA S. ABU MUR.IEFAH 

2. Y. Bilu, G. Hanrot and P.M. Voutier, Existence of primitive divisors 
of Lucas and Lehmer number. J. Reine Angew. Math. 539,(2001), 
75-122. 

3. Y. Bugeaud and T. N. Shorey, On the number of the generalized Raman
ujan-Nagell equation. J. Reine Angew. Math. 539(2001), '55-74. 

4. J. H. E. Cohn, On the diophantine equation x2 + c = yn, Acta Arith., 
65(1993), 367-381. 

5. R. Lidl and H. Niederreiter, Finite fields, Addison-Wesley, Pub. Co., 
Reading, MA, 1983. 

6. W. Ljunggren, On the diophantine equation Cx2 + D = yn, Pacific J. 
Math., 14(1964), 585-596. 

7. F. Luca, On the diophantine equation x2 + 2a3b = yn. Internat. J. 
Math. And Math. Sci., 29:4(2002),239-·244. 

8. L. Maohua, On the diophantine equation d1x2 + 2kd2 = yn and d1x2 + 
d2 = 4yn. Proc. Amer. Math. Soc., 118(1993) 67-70. 

9. T. Nagell, Contributions to the theory of acategory of diophantine equa
tions of the second degree with two unknown. Nova. Acta Soc. Sci. 
Upsal. Ser14, 16(1955), 1-38. 

10. P.M. Voutier, Primitive divisors of Lucas and Lehmer sequences, Math. 
Comp. 64(1995), 869-888. 

Mathematics Department 

Riyadh University for Girls 

P.O. Box 60561 Riyadh 11555 

Saudi Arabia 

e-mail:abumuriefah@yahoo.com 

Date received July 23, 2005 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh




