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THE INVARIANCE OF THE IDEAL CORE ( a1" •• , an) 
OF A SET OF HOMOGENEOUS POLYNOMIALS 

DAVID KIRBY 

ABSTRACT. The definition of the ideal core ( a 1 , ... , an) of homogeneous 
polynomials a1, ... ,an of positive degree in R[x 1 , ... , xm] is in terms of 
the particular generators x 1 , ... , Xm of the polynomial ring. It is shown 
in this note that the ideal is in fact independent of these generators. 
Similarly core depends only on the ideal generated by a 1 , ... , an and not 
on the particular generating set. 

1. INTRODUCTION 

Let R be a commutative ring with unity, x1 , ... , Xm indeterminates 
and a1, ... , an homogeneous elements (forms) of the polynomial ring 
R[x1, ... , xm] with degrees PI, ... , Pn(> 0). In [3] we used the Koszul 
complex I<(ab ... , an; R[x 1 , ... , Xm, x}1 , ... , x;;;_1]) to construct a graded 
complex of freeR-modules I<(ab ... ,an; R) = ffitEZK(ab ... , an; t; R) and 
denoted by core ( a1, ... ,an) the ideal of R that annihilates all the homol
ogy of I<(ab ... ,an; R). In the case of linear forms ai = LJ=I aijXj (i = 
1, ... , n) the complexes first appeared in [2] as the complexes associated 
with then X m matrix (aij) with core (a1, ... ,an) the ideal generated by 
them x m minors of (aij)· Here this Fitting invariant is clearly inde
pendent of the choice of generators x1 , ... , Xm of the symmetric algebra 
R[ x1 , ... , xm]; but for all other choices of the forms the complexes depend 
on the ordered set of generators, consequently so does core ( a 1 , ... , an)-
apparently. The main purpose of this note is to show core (a1 , ... ,an) is 
invariant for invertible linear changes of XI, ... , Xm- In addition the final 
section is 
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devoted to showing that if the ideal L::f=1 a;R[ x1, ... , xm] contains that 
generated by forms bt, ... , bP, then core (at, ... , an) 2 core (b1 , ... , bp)· 

In the case m =nand the forms at, ... , am are generic core (at, ... , am) 
is generated by the classical resultant of at, ... , am [4], so is known to be in
variant (see [5; p.12] for example). A different approach to the resultant, 
still using the Koszul complex appears in the work of Gelfand, Kapranov 
and Zelevinsky [1]. They show it is the determinant of I<( at, ... , am; t; R) 
for each t E Z (when R is a field). Now the invariance is immediate 
fort> L::Z!:1(p; -1) as I<(at, ... ,am;t;R) is the homogeneous com
ponent of degree t in the Koszul complex I<(a1 , ... , am; R[x1 , ... , xm]), 
and fort< 0 when I<(at, ... ,am;t;R) is the degree t component of 

I< ( a1, ... , am; R[x}\ ... , x;;;_l]) and so the dual of I< ( a1, ... , am; L::Z!:1 (p; - 1) 
-t;R). 

2. INVARIANCE FOR TRIANGULAR CHANGES OF VARIABLES 

In this section we show that for homogeneous polynomials at, ... , an 
of degree Pb ... , Pn > 0 in R[ Xt, ... , xm]( = R[ x]) the ideal core (at, ... , an) 
of R defined in terms of the generators x;(i = 1, ... , m) is the same as 
that defined in terms of the generators X; = I:";:; c;j x j ( i = 1, ... , m), 
where c;;(i.= 1, ... ,m) is a unit of R. We need some notation. 

Let T; be the set of products of linear polynomials L::j=i rjXj , where 
r; is a unit of R, and define Vo 2 ... 2 ~~ inductively by Vm = R[x] 
and V; is the ring of quotients (V;H)T;+ 1 • Similarly put VJ-1j = Vj and 
inductively V;j = (V;+lj )T;+1 for i = j- 2, ... , 0 so VOj 2 ... 2 VJ-1j = Vj 
and V;j is a subring of V; for i < j. Further as an R-submodule of V; we 

pick out U; generated by all power products xi1 ... x~m with Pb ... , p; 2: 
0 and Pi+t, ... ,pm < O(i = O, ... ,m) i.e. U; = x;,\ ... x~1 R[x 1 , ... , 

-1 -1]' x;, xi+ll ... , xm . 

Lemma 2.1. V; = U; EB (L::T=i+l V;j) as R-modules (i = 0, ... , m). 

Proof. By Induction on m - i we first show V; = U; + L::j=i+l V;j. The 
cases i = m, m- 1 are immediate. Let i < m- 1 and assume V;+l = 
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ui+l + Ej=i+2 Vi+1i· For v E Vi we have v = v'/w where v' E Vi+1 and 
w is the product of N (say) linear forms of Ti+l· If N = 0 then v E 

Vi+1 = Vii+l and there is nothing to prove. For N > 0, by the inductive 
hypothesis thereexists u E U;+l such that v'- u E L:j=i+2 Vi+tj and so 
v- ujw E I:j=I+2 Vii· Thus it suffices to show that 1/wxf~V ... x~m E 

U; + L:j=i+l Vii, for then ujw, v E U; + L:j=i+l Vii follow immediately. 

If [ . r £ . . th [Pj Pit2 Pm "m T/ IS a mear orm In x,+2, ... , Xm, en X;+2 ... xm E wi=i+2 Vi+ij 

~ LJ=i+2 Vii for p 2: LJ=i+2 Pi. So the identity 
p 

1/(xi+l -l) = L zr-1 /xi+l + [P /xf+1(Xi+l -l) 
r=1 

implies that u' /w(xi+l - l)xf.f-V ... x~m- L~=1 u'[r-1 jwx';+l xf.f-V ... x~m E 

L:j=i+2 Vii for any w E T;+l and u' E R[xi+2, ... , Xn]· Now from a simple 
induction on N the number of linear factors of w E T;+l we deduce 
1/ Pit2 Pm E U· + "m T/.. wxi+2 ... xm ' 6i=i+1 v;J · 

To show this sum is direct we again proceed by induction on m-i. 
The case m - i = 0 is trivial as L:j=i+l Vii = 0 in this case. Suppose 
m- i > 0 and we have a non-zero element u of U; and L:j=i+1 Vii written 
in the form 

where u/c is in the R-module Uf generated by power products xf1 ••• x~m_J.1 

with Pll···,Pi 2: O;pi+b···,Pm-1 < O(k = l, ... ,s) with u~ -=/= 0, 
Pi E R[x] for j = i + 1, ... , m and Wj E Tj for j = i + 1, ... , m. The 
element Wm of T m is of the form ax~ for some unit a of R. If t < s 
we can multiply by x:n and put Xm = 0 to deduce u~ = 0 - a contra
diction. If t > s we can multiply by x~ and put Xm = 0 to deduce 
0 "m-1 p --1 -1 -1 -1 -1 h p p ( O) = wi=i+1 iWi+1 ... Wi_1 Wi+1 ... Wm_ 1 a , W ere i = i XI, ... , Xm-I, 
and wi = wi(xj, ... , Xm-1, 0) E Ti(j = i + 1, ... , m -1). Then multiply-
ing by x;;.,i and subtracting from the left-hand expression for u has the 
effect of reducing t by at least 1. Therefore without loss of generality we 
may assume t = s, and by the same process deduce 
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Now the inductive hypothesis applied to the case of m - 1 variables 

implies u~ = 0 - a contradiction. Hence the sum is direct. 

Fori= 1, ... , m we also have a further decomposition 

Proposition 2.2. Vi-I = ui-I EEl ui EEl E.i=i+I Vi-I j as R-modules for 
i = 1, ... ,m. 

Proof. As Vi-Ii = Vi = ui EEl E.i=i+l Vij ~ ui + Ei=i+I Vi-I j by Lemma 
2.1, we have again by 2.1 

The proof that Ui-I n l:j=i+l Vii = 0 given in 2.1 can be slightly modified 

to show ui n E.i=i+l Vi-I j = 0. Then the proposition follows. 

Next we consider a second generating set Xt, ... , Xm with 

Xi = Lj=iCijXj(i = 1, ... ,m) where cu, ... ,cmm are all units in R. 
The notation Ti, Vi, Vij, ui above relative to Xt, ... 'Xm is repeated for 

Xt, ... , Xm to give Tf, V/, ~j, Uf. Clearly Tf = Ti, ~' = Vi and ~j = 

Vii but we can only be sure u:n = R[x] = Urn. However, as we shall 

demonstrate u: and ui are isomorphic in a natural way. 

Proposition 2.3. Fori = 1, ... , m and v E Vi-I let v = ff_I ( v) EEl /I{ v) EEl 

gi( v) be the decomposition of v in the direct sum Vi-I = Ui-I EEl ui EEl 

Ei=i+l Vi-I j and similarly for Vi-I = ~~I = u:_I EEl u: EEl E.i=i+I Vi-I j, 
write v = fi-I ( v) EEl /i( v) EEl Yi( v). 

The maps fi : ui ---+ u: and !I : u: ---+ ui are in verse isomorphisms 

(i = 0, ... , m) with fm = J:n the identity. 

Remark. If v E Vi we have v = ff( v) EEl ff+t ( v) EEl gi+I ( v) with ff( v) E Ui 

and fi+I ( v) EEl gi+I ( v) E ui+I EEl E.i=i+2 'Vii ~ Ei=i+I Vi-I j. So, as an 
element of Vi-I 2 Vi,v = OEBJ:(v)EB(ff+I(v)+gi+I(v)). Thus ff_I(v) = 0 

and the two meanings for ff ( v) coincide. 

Proof. For v E Ui(i = 0, ... ,m- 1) we have v = v EEl 0 EEl 0 as an 

element of Vi = ui EEl ui+I EEl (E.i=i+2 Vii) and = !i( v) EEl /i+t ( v) EEl 
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9i+l ( v) as an element of UI EB UI+l EB (L:T=i+2 \Iii). Then considering 

fi ( v)' fi+ 1 ( v)' 9i+ 1 ( v) in turn as elements of Vi = ui EB ui+ 1 EB ( L:T=i+2 \tij) 
we have fi( v) = ff fi( v) EB JI+di( v) EB g:fi( v ), fi+1 ( v) = 0 EB JI+di+l ( v) EB 
g:fi+1(v),9i+I(v) = 0 EB 0 EB 9i+I(v). Adding we deduce v = ff!i(v),O = 

JI+di(v) + JI+di+I(v),O = g:fi(v) + g:fi+1(v) + 9i+t(v). Interchanging 
the roles of fi, !I we deduce fdi : UI -t u: is also the identity and, 

as fi, JI are both R-homomorphisms, fi, fi are inverse isomorphisms for 

i = 0, ... ,m -1. 

For v E Urn we have v = OEBvEBO as an element of both Yrn-1 and V~_1 ; 

i.e. v = frn(v) = J:n(v) and frn, J:n are both the identity R[x] -t R[x]. 

Next we consider Ui(i = 0, ... , m) as R-submodules of R[xt, ... , xrn; 

x1\ ... , x~1 ] = U (say) and U as an R[x]- submodule of Vo. 

Let M1 = E9i=1 Ryi be a free R-module of rank n and at, ... , an E 

R[x] be homogeneous polynomials of positive degrees p1 , ... Pn· We con

struct the alternating algebra M = E9j=0 Mi , where Mj is the j-fold 

alternating product /\ M1 . Let d : V0 ®R M --t V0 ®R M be the R[x]

homomorphism with 

p 

d(v ® Yi1 1\ ... /\Yip)= 2) -l)q-1aiqv ® Yi1 1\ ···Yiq···" Yip, 
q=1 

so d2 = 0 and d restricts to 

d: u ®R M -t u ®R M,d: Vi ®R M -t Vi ®R M 

and 
d : \tij ®R M -t \tij ®R M 

fori= 0, ... , m and 0 ::; i < j ::; m, all denoted by the same symbol d. 

It is clear that for each subset S of { 1, ... , m} we have an R- submod

ule Us of U generated by the power products x~1 ... x~ with Pi ~ 0 for 

i E Sand Pi < 0 fori rf. S, and that U is the direct sum of all the Us. In 

particular U0 , ••• , Urn are direct summands of U and Uo®RM, ... , Urn ®R 
Mare direct summands of U®RM. For u E U®RM = ffiUs®RM we de

note by di(u) the component of d(u) in Ui®RM. Thus ifu E ui-1®RM ~ 
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Vi-1 0R M(i = 1, ... , m) and Vi-1 is written as the direct sum of Propo
sition 2.2, then d(u) = d;_ 1(u) EB d;(u) EB (d(u)- d;(u)- d;_ 1(u)). In 
particular u E Um 0R M ~ Vm-1 0R M has d(u) = 0 EB d(u) EB 0, i.e. 
dm = d : Um 0R M -t Um 0R M. 

We return to the generating set X~, ... , Xm of R[x] with x; = 'L/i=i C;j 

Xj(i = 1, ... , m) where en, ... , Cmm are all units of R. Consider U', Uf, d~ 
defined relative to X 1, ... , Xm; we abuse the notation of Proposition 2.3 
so that f; : U; 0R M -t Uf 0R M is short for f; 0 M. 

Proposition 2.4. 

(i) lfu E U;0RM, then f;d;(u) = dif;(u) fori= 0, ... , m and fi+1di+ 1(u) 
+ fi+1d;(u) = di+di+l(u) + di+lf;(u) fori= 0, ... , m -1. 

(ii) If u E U0 0R M and d0 (u) = 0, then 

m 

fmdm ... d1(u) = d'm ... d~fo(u) + L d'm ... dUtdt-1 ... d1(u) 
t=1 

Proof. (i) Let u E U; 0R M ~ V; 0R M(i = O, ... ,m- 1). Ex
press d( u) first as a sum of components in ( U; 0 R M) EB ( U;+l 0 R M) EB 

( (I:j=i+2 V;i) 0R M) and then those components in turn as elements of 

(Uf 0R M) EB (Uf+l 0R M) EB ( (I:~;+ 2 V;i) 0R M). The first two com
ponents of the resulting expression for d(u) are f;d;(u) and j;+1d;(u) + 
f;+ldi+l(u). On the other hand u = J;(u) EB J;+l(u) EB g;+l(u) E (U[ 0R 
M) EB (U[+l 0R M) ~ ( (I:~;+2 V;i) 0R M) and operating with d' gives 
the first two components dif;(u) and di+d;(u) + di+lf;+1(u). So (i) is 
proved fori= 0, ... , m -1. Fori= m we have noted above dm = d = d'm 
and fm is identity so fmdm(u) = d'mfm(u) is trivial. 

(ii) Let u E Uo0RM satisfy do(u) = 0; we prove frdr···d1(u) = d~ ... d~fo 
( u) + I:~= 1 d~ ... dUtdt-I ... d1 ( u) for r = 0, ... , rn. by induction on .r. The 
case r = 0 is trivial and r = 1 follows from the second equality of (i) 
when i = 0. Assume m ~ k > 1 and the required equality holds for 
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r = k - 1. Applying die we have 

k-1 

d~fk-1dk-1···d1(u) = d~ ... dUo(u) + L dlc ... dUtdt-1···d1(u). 
t=l 

But by (i) dlcfk-1 = (Jkdk + fkdk-l - dlcfk) : uk-1 ® M ~ UL1 ®R 
M, so the inductive step follows by showing fkdk_ 1dk-l···dt(u) = 0. 
The component of 0 = d2 : Vi ®R M ~ Vi ®R M which maps ui ®R 
M ~ Ui+I ®R M is di+Idi + di+Idi+I = 0, therefore dk-1dk-1 ... d1(u) = 
( -1 )k-ldk_1 ... d1d0 ( u) = 0 as required. 

The grading of R[x] in which each indeterminate Xi has degree 1 
extends naturally to Vo by assigning to a quotient P / Q, with P homoge
neous, the degree 

deg(P/Q) = deg(P)- deg(Q), 

so all the R[x)-modules Vi, Vii and R-modules are also graded. The iso
morphisms fi, ff are graded (of degree zero), and, if we assign to the 
generator Yi of M the same degree Pi as the homogeneous polynomial 
ai(j = 1, ... , n), then the maps d and di(i = 0, ... , m) are graded. 

In the following theorem we use the notation of Proposition 2.4. From 
[3; Theorem 3.3) recall that in terms of x~, ... ,xm, core (a~, ... ,an) is the 
ideal of elements of R rv R®R M0 which are of the form dm ... d1u, where 
u is of degree 0 in Uo®RMm with d0 (u) = 0. So the theorem is equivalent 
to the statement that if the generators Xt, ... , Xm and xl' ... , Xm of R[x] 
are related by Xi= L,j=iCijXj(i = 1, ... ,m) with cu, ... ,Cmm all units of 
R then core ( a1 , ... , an) defined in terms of x1 , ... , Xm is the same as that 
defined in terms of X1, ... , Xm· 

Theorem 2.5. With the notation of 2.3 and 2.4 let u E Uo ®R Mm have 
degree 0, then 

{i} fo(u) E U~ ®RMm has degree 0 and do(u) = 0 if and only if d~fo( u) = 
0; and 

{ii) if do( u) = 0 then 
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Proof. (i) As noted in the preamble the isomorphisms fi, fi are graded 
so fo(u) has degree 0. By 2.4 (i) fodo(u) = d~fo(u), so d0 (u) = 0 implies 
d~f0 (u) = 0 and the converse holds because fo is an isomorphism (:::!.3). 

Also by 2.4 (ii) d0 (u) = 0 implies 

m 

t=l 

On the left we note that fm is the identity (2.3). As for the right-hand 
sum, first d'., ... d~+dtdt-l ... di(u) E u:n ®R Ml ~ EBi=I R[x]yi with degree 
0, therefore d'., ... d~+dtdt_1 ... d1(u) = O(t = 1, ... , m). But, as we noted at 
the end ofthe proof of 2.4, 0 = d2 : Vi®RM----+ Vi®RM, so the component 
d~+Id~ + di+Idi+I : U[ ®R M----+ U[+I ®R M is also zero (i = 0, ... , m- 1). 
Hence 0 = d'.,d'., ... d~+dtdt-I· .. di(u) = ( -1)m-td'., ... d~+IdUtdt-I ... dt(u) 
and dm ... d1(u) = d'., ... d~fo(u) follows. 

3. THE GENERAL CASE 

We shall use the symbols Vi, "\tij, Ui, U, di, d as in the last section rel
ative to the generating set Xt, ... , Xm of the R-algebra R[x]. But now the 
same symbols primed will be relative to other generating sets Xt, ... , Xm, 
not only those related to Xt, ... , Xm via an upper triangular matrix. Our 
first proposition is taken from Kirby [3; Theorem 3.1]. The reader should 
beware that the symbols Ui, U[, di, d~ in [3] have a meaning slightly dif
ferent from that of the present note, although they come together in the 
proposition. 

Proposition 3.1. Let X1 ... ,Xm be a permutation of Xt, ... , Xm with sig
nature a. Ifu E Uo®RMm has degree zero and do(u) = 0, then d~(u) = 0 
and 

Recall, for homogeneous polynomials at, ... , an of positive degrees in 
R[x], the definition ofthe ideal core (at, ... , an) in R is heavily dependent 
on the ordered generating set (xt, ... , xm) of R[x]. Proposition 3.1 implies 
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that core ( a1, ... ,an) is independent of the order of X1, ... , Xm, and Theo-

rem 2.5 implies core (ab···,an) is unchanged when xi, ... ,xm is replaced 

by a second m-element generating set related to x1, ... , Xm by an upper 

triangular invertible matrix. The general case for R a quasi-local ring 
results by combining 2.5 and 3.1. 

Lemma 3.2. When R is a quasi-local ring core (a1, ... ,an) is independent 

of the m-element generating set of the R-algebra R[x1, ... , xm]· 

Proof. Let A be an m x m invertible matrix over R, so det A rf. M, the 

maximal ideal of R. Each row (and column) of A contains an entry which 

is a unit of R. So the standard Gauss elimination process shows that 

there exist an invertible lower triangular matrix L, an invertible upper 

triangular matrix U and a permutation matrix P such that A = LU P. 

If Q denotes the m x m permutation matrix that reverses order then 

A= Q( QLQ)QU Pis a decomposition of A as a product of permutation 

and upper triangular matrices. 

Now if XI, ... , Xm, is a second generating set of R[xi, ... , xm] we have 

XI···xm)t = A(XI···Xm)t for some invertible matrix A over R. Therefore 

the lemma follows from three applications of 3.1 and two applications of 

2.5. 

Our main result now follows by localization. 

Theorem 3.3. core(ai, ... ,an) is independent of them-element generat-

ing set XI, ... , Xm of R[xi, ... , Xm]· 

Proof. For each maximal ideal P of R let gp denote the natural ring 

homomorphism R --+ Rp. We use the same symbol also to denote the 

R-homomorphism R 0R N --+ Rp 0R N for all R-modules N. In view 

of 3.2 and with core defined in terms of the generating set X1, ... , Xm of 

R[ XI, ... , xm] and Rp [XI, ... , xm] for all maximal ideals P we must prove, 

for a E R,a E core (ab··. ,an) if and only if gp(a) E core (gp(ai), ... 

gp(an)) for all maximal ideals P. 

For each P and i = 0, ... , m let dp = Rp 0 d, ( dp )i = Rp 0 di be the 
localizations of the boundary homomorphisms d and di associated with 
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a~, ... ,an; so dp,(dP)i are similarly associated with gp(a1 ), •.. ,gp(a1 ). 

The commutative properties gpd; = ( dp );gp are immediate, and it is 
clear that gp preserves degrees. 

Let u E Uo 0R Mm have degree 0 with do(u) = 0, so dm ... d1(u) is 
a typical element of core (a~, ... an)· Then, for all maximal P,gp(u) 
has degree zero in Rp 0R Uo 0R Mm, (dp)o(gp(u)) = gpd0 (u) = 0 and 
gpdm···dl ( u) = ( dp )m···( dp h (gp( u)) E core (gp( at), ... , gp( an)). 

Conversely suppose a E R has gp(a) E core (gp(a~, ... , gp(an)) for 
all maximal ideals P. Then, for each such P, there exists up E Rp 0R 
Uo 0R Mm of degree zero such that ( dp )o( up) = 0 and gp( a) = ( dp )m ... 
(dp)I(up). So, forsomeCJp E R\P, there exists up E Uo®RMm of degree 
zero such that gp( up) = CJpup, then gpd0 ( up) = ( dp )0 ( CJpup) = 0 and 
d0 (CJj,up) = OforsomeCJp E R\P. Hencegp(CJpCJpa) = (dP)m ... (dp)Igp 
(CJpup) = gpdm ... d1 (CJpup), and, for some CJp E R\P, CJpCJpCJpa = 

dm ... d1 ( CJpCJpUp) E core ( a 1 , ... , an)· Therefore, for each maximal ideal 
P, core (a1, ... , an) :R Ra C1 P which implies a E core (a~, ... , an) as 
required. 

4. CHANGE OF GENERATORS a1, ... ,an 

In this section we consider a second set of forms b1 , ... , bp of R[ x] 
with positive degrees such that b; = LJ=I {3;jaj(i = 1, ... ,p) with (3;j 
forms of R[x]. Let M' = EBf=o M[ be the alternating algebra on the free 
module M{ = "'E.f=1 Rzi and d' : U 0R M' ----+ U 0R M' the boundary 
homomorphism of the Koszul complex K(b1 , ... , bp; U) and derive di(i = 

0, ... , m) from d' as d; is derived from d the boundary homomorphism 
of K(ai, ... ,an;U) in §2. 

In the proof of 2.4 (ii) we noted that d2 = 0 implies 

so also 
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Further the mapping g : U ®R M' --+ U ®R M obtained by extending 
the graded R[x]-homomorphism U ®R M{ --+ U ®R M1 with u ® Zi --+ 

I:j=1 f3ijU ® Yi (i = 1, ... ,p) is clearly a morphism of complexes. We 
denote by 9i the component of g with image in the direct summand 
ui ®R M of u ®R M. Then gd' = dg implies 

9id~ = di9i : ui ®R M' -t ui ®R M (i = 0, ... 'm) 

With these basic properties of di, d~ and (i = 0, ... , m) the proofs of 
2.4 (ii) and 2.5 can be adapted immediately to establish the following 
two companion results. 

Proposition 4.1. If u E U0 ®R M' and d~u = 01 then for r = 0, ... , m 

r 

9rd~ ... d~(u) = dr ... dlgo(u) + Ldr ... dtgtdt-l· · .dt(u). 
t=l 

Theorem 4.2. If u E U0 ®R M:,. has degree. 0 and d~u = 01 then (i} 

go(u) E Uo®RMm has degreeO withdogo(u) = 01 and (ii} 9md'm ... d~(u) = 

dm ... dtgo(u). 

9md'm ... d~(u) = d'm ... d~(u) E R ®R R ~ R, 

and the following corollary is immediate. 

Corollary 4.3. If L:i=l aiR[x] 2 I:~=l biR[xL then core (at, ... , an) 2 
core (bt, ... , bp)· In particular1 if L:i=l aiR[x] = I:~=l biR[xL then core 
(at, ... , an)= core (bt, ... , bp)· 
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