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FROM DISCRETE TO ABSOLUTELY CONTINUOUS
SOLUTIONS OF INDETERMINATE MOMENT
PROBLEMS

CHRISTIAN BERG

ABSTRACT. We consider well-known families of discrete solutions to
indeterminate moment problems and show how they can be used in
a simple way to generate absolutely continuous solutions to the same
moment problems. The following cases are considered: log-normal, gen-

eralized Stieltjes -Wigert, g-Laguerre and discrete q-Hermite II.

1. INTRODUCTION

If (5n)n>0 is an indeterminate moment sequence, it is well-known that
the set V' of solutions to the corresponding moment problem contains
discrete measures as well as absolutely continuous measures. Since V is
convex, we can form convex combinations of known solutions to get new
solutions, and since V' is compact in the weak topology, also limits will
lead to new solutions. In particular we have the following result:

Proposition 1.1 Let t — p; be a continuous mapping of an interval
I into V. For any probability measure T on I the vector integral k =
J medr(t) belongs to V.

1990 Mathematics Subject Classification: Primary 44A60, Secondary 33A65,
33D45.
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We shall apply this result to various families (u):er of discrete solu-
tions, and show how this makes it possible to find absolutely continuous
solutions.

As a general example we consider the N-extremal solutions (v;):cr,

determined by their Stieltjes transforms
du(z) A(2)t — C(z)
1.1 =— C\R
(L1) /w—z BGE—Dk) ' “€C\
cf. [1], where A, B,C, D are certain entire functions. It is well-known
that
(1.2) ve=Y_ p(Nex.
AEA:

where A; C R is the discrete set of zeros of the entire function Bt — D,
and

(1.3) p(z) = (Zzﬁ(@)

with (px) being the orthonormal polynomials with respect to any of the

measures in V. We denote by ¢, the unit mass concentrated at the point
A

Proposition 1.2 Let 7 be the probability on R with a density given by
the Poisson kernel for the upper half-plane
1 v

i o L.

dt, ueR,v>0.

The solution k = [ 1dr(t) € V is given by
v 1

(1.4) =7 (uB(z) — D(z))? + v2B?(z)

dz.

Proof. Fix z in the upper half-plane. It is known that D(z)/B(z) lies in
the lower half-plane, since B/D is a Pick function, cf. [1] or [9, p. 177].
The Mobius transformation

A(z)w — C(2)

B(z)w — D(z)

w = —
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is holomorphic in C*\ {D(z)/B(z)}, in particular harmonic and is repro-
duced by the Poisson integral. Therefore we have

_A(R)(u+iv) = C(2) _ _/ A(2)t — C(2)
B(z)(u + w) — D(2)

which shows that

(1.5) / de(z) _  A(z)(utiv) - C(2)

=— | > 0.
T—2z B(z)(u+ i) — D(2)’ m(2)
We find « by the Perron-Stieltjes inversion procedure. According to this
we consider the imaginary part of the right-hand side of (1.5) on the
horizontal line z = = + 4y,y > 0. As a function of z it converges for

y—0to
v

(uB(z) — D(x))? + v*B*(z)’

uniformly for z in compact subsets of R, and the formula (1.4) for &
follows. O

Remark 1.3 The solution (1.4) corresponds in the Nevanlinna paramet-
rization to the Pick function which is constant in the upper half-plane
equal to u + tv. This was established in [8].

Remark 1.4 The set of solutions

/uth(t),

where 7 is an arbitrary probability on R*, is equal to the closed convex
hull of the set of N-extremal solutions. This set is strictly smaller than
V, since the set ex(V') of extreme points of V' is dense in V' by a theorem
of Glazman and Naiman, cf. 1, p.131].

In the rest of the paper we consider different indeterminate moment
problems connected to g-special functions. In all of the cases consid-
ered: log-normal, generalized Stieltjes-Wigert, g-Laguerre and discrete
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g-Hermite II, there exists a family (u:):~0 of discrete solutions with the
periodicity property p, = pg, t > 0. These families are known, and it
is easy to establish that they are solutions to the moment problem in
question, which is incidentally shown to be indeterminate.

In this paper we shall calculate the vector integrals

1 bodt
(1.6) m/q Py

which lead to absolutely continuous solutions of the moment problems.
These solutions are not new, but are obtained here in an elementary way,
and we want to underline the unifying point of view.

The families y; are given in the form o;/m(t), where m(t) is the total
mass of o;. We shall also apply Proposition 1.1 with

(1.7) . —Alzm(t)go(t)dt, where M = / m(t)p(t)dt

and ¢ is a conveniently chosen positive function.

In this case we get

(1.8) . = /q e (t) = - / ' ouolt)dt.

q

The ¢-Laguerre polynomials Lff‘)(w;q) constitute the most general
of the examples considered in the sense that the other examples follow
by specialization of the parameter o and simple transformations of the
independent variable. For more precise statements see e.g. [18]. We have
chosen to present each case instead of starting with the most general
example. Another reason for this is that we show how solutions to the
strong log-normal moment problem can be used to form solutions to the
generalized Stieltjes-Wigert problem.

The idea of changing an integral (1.6) to an integral over |0, oo[ using
the periodicity p, = p: has been exploited in [16] and is well-known in
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Fourier analysis. Concerning ¢-special functions we adopt the terminol-
ogy from [13].

In Askey’s paper [2] it is pointed out that certain formulas of Ramanu-
jan can be considered as g-extensions of the gamma and beta functions,
and furthermore that some of these formulas can be interpreted as giv-
ing solutions to an indeterminate moment problem. The corresponding
orthogonal polynomials are now called g-Laguerre polynomials, and they
have been considered by a number of authors, see [3],[14],[17], [21]. Later
Askey and Roy, cf. [5], evaluated the following integral

(gt~ ft.q)dt _ T(QT(L—c) Ty(@)Ty(b)
() [ et = T (O, 1 =) Tya+b)’

where Iy is Jackson’s g-extension of the gamma function

(1.10) Iye) = 1l (- -

Other evaluations of the integral in (1.9) were given in [4],{13], [16].
Letting a,b tend to infinity leads to the formula

i te a I'(e)l'(1—-c¢)
(111) /O (—t,—-Q/t; q)oo7 - (q’ q)OOFq(C)Fq(]. — C) (1 _q)
T (4597% Do
sin(re)  (4;9)w

)

cf. [4].

2. THE log-NORMAL DISTRIBUTION

Stieltjes discovered that a weight function on an unbounded interval
need not be uniquely determined by its moments, cf. [6, Letter 325], and
in his monumental work [24] he showed that the log-normal distribution
with density on ]0, oo

(2.1) dy(z) = (2m0?) 3zl exp (_ % )
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belongs to this category. For p € R we have

(2.2) 5,(ds) = /O " d, (z)ds = e3P
and in particular the moment sequence is given as
(2.3) sn(do) =73, n>0,

where 0 < q¢ < 1 is defined by q = e . Stieltjes showed that the
moments (2.3) belong to an indeterminate moment problem by pointing
out that all the densities (s € [-1,1])

. 2T
dy(x) (1 +s sm(;—i log m))
have the same moments (2.3).

Chihara [10] and later Leipnik [19] gave the following family of dis-
crete measures with the moments (2.3). For a > 0 define the discrete
probability

_ 1 k Lr2
(2.4) Ay = L_(“_)k;,oa 97" e,
where -
(2.5) L(a)= ) akg7*.
k=—o00

It is easy to calculate the moments of A\, using the translation invariance

of = . In fact

1 > 1.2 q_%'ﬂ > 1 2
" )‘a — k ok kyn _ k+n 3 (k+n)
S ( ) L(a) k;ooa q (a'q ) L(a) k:z_ooa q
—1p2
= q 2 .
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which shows that the family (A,),>0 is completely determined by the
values a €]q,1]. The value of the sum L(a) is known by Jacobi’s triple
product identity, cf. [13]

(2.7) L(a) = (9 =v9 2, =v/9/4; )

In [3] Askey found another continuous weight function for the log-
normal moments, namely

(2.8) w(z) = !

log(1/q)zL(z).

We shall derive this density from the discrete family (A,) in (2.4)
using Proposition 1.1.

Proposition 2.1 Let 7 be the probability on |q,1] given as

da

"~ log(1/q)a’

The vector integral k = [ A\,d7(a) is the measure with density (2.8).

Proof. For any continuous and bounded function ¢ :]0, 0o — C we have
by definition of a vector integral

[ i = log<1/ )/ql(/ “’d“da
- log( 1/q / (Z L )%ﬂ
~ log( 1/q Z /%%

Iterating the transformation formula (2.6) we get

(2.9) L(ag*) = a*¢ ¥ L(a), ke Z.
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Substituting x = aq® in the inner integral we get

_ L K [Tel)dr 1 [*pe)da
/ P = Tog(1/a) k;oo/qm L(z) = _log(l/Q)/o L(z) =’

which proves that « has the density (2.8). O

The density (2.8) has a one-parameter extension

:L'C_l o xc—l
2.10 We(T) = /77—, Mc=/ ——dx,
(210) ) = ML) o L)

where c is a real number. Using the transformation formula (2.6) we see
that

(2.11) Mg = ¢ 2 M,, Wer1(Z) = we(x),

so it is enough to consider ¢ € [0, 1].

Proposition 2.2 The measure w.(z)dz on |0, 0o[ has the log-normal mo-
ments

(2.12) / T"w,(z)dz = ¢ 2",
0

Proof. Using (2.9) we can write (2.4) as

L(aq—c) o qk:c

o = —L(a) 2 —‘L(aqk_c) €agk
so the moment equation for )\, reads
— (ag")"g* 1.2 L(a)
213 —_— = q 2"
(213) 2 Tar ~ 7 Tag 9

Multiplying this equation with a®~!

a over [q, 1] we get

/ '(og")"(agt) da _ 4 / L@t
q q L(aq_c)

and integrating with respect to

. Jo Llag*q™) a
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oo ynyc—1 1 c—1
/ it dt:q—%n2/ Lo 4
o L(tg™) g L(ta™)

and in particular for n =0
(o) c—1 1 L(t c—1
M, = / P = / W o
tcrc ¢ L(tg™)

Remark 2.3 In this way we do not get the value of M, which follows
from (1.11):

C_l oo c
Mc=/ L_z_)_dt:qc@—l)/ t dt
o L(tg2) t o (&t —-9/tq) ¢

Ly TOT—0) .
‘Rona—gl "

hence

Remark 2.4 We see that the densities (2.10) fit into the scheme given

n (1.8) with
o ch

m(t) = L(t)/L(tg°) and p(t) =t

3. GENERALIZED STIELTJES-WIGERT

Wigert [25] studied the orthogonal polynomials for the log-normal
distribution.

The generalized Stieltjes-Wigert moment problem (cf. [11], [12]) has
the weight function on ]0, oof

(3.1) w(z;p,q) = (P, —PVA/T; )oods (T),

where d,, is the log-normal density (2.1) and 0 < p < 1 is the additional
parameter which for p = 0 gives the log-normal density. As before ¢ =
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exp(—o?). The moments of w(z;p,q) are easy to calculate using the
power series expansion of the g-exponential function, cf. [13]

Covifzge =3 Py

k=

o
—
=2
)
~
ol

We want to emphasize that more is valid. Let V denote the of mea-
sures  on ]0, o[, which solve the strong Stieltjes moment problem

Sn = / g"du(z) = ¢ ", neZ
0

The calculations in section 2 show that d,, A, and w.(z) from (2.10)
all belong to V.

Proposition 3.1 For arbitrary pu € V the measure

(P, —PV/4/%; @) ocdp(x)

has the moments
1
(3.2) o= (D;q)ng 2™, n>0.

Proof. Since all the functions below are positive we find for n € N,

> (o /e _ = g3Fp I
/O VA5 Dmile) = B Y / du(z)

= (P Qeoq ™Y (p?n)

because

> for |2
= or [z| < 1.
Z(QQ)k

) s

This also shows that the measure in question can integrate z™ for
negative n as long as pq™ < 1. ]
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Corollary 3.2 In addition to w(z; p, q) given by (3.1) the following mea-
sures have the moments (3.2):

¢ (p,-PVI/T0)  dz

3.3
(33) M. (q,—q7 %z, —q2%°/2;q)00 T
1 o0
4 MAap = k(- Q) kEagk, a>0
where L( )
a
(3.5) L(a,p) =

(P, =P/ @)oo

Proof. Formula (3.3) is a direct consequence of Proposition 3.1 and
(2.10). To see (3.4), we shall prove that for k € Z

(P, —pv/a/(a4"); @)oot 2" = (p, —p\/3/a; @)ooD* (—an/3/D; Q)i

but this follows from the transformation formulas (I.2) and (I.5) in [13].

Remark 3.3 a) The evaluation of the moments of (3.3) is a special case
of the Askey-Roy g¢-beta integral (1.9).

b) The measure A, , has the periodicity Agqp = Ao p, SO it is enough

to consider a € ]g, 1]. The function (3.5) satisfies

L(a,p)
a/q+p

a,p)
L(agq,p) =

c¢) The vector integral

1 /1/\ da
log(1/q) J, "“" a

is equal to the measure (3.3) in the case ¢ = 0.
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4. ¢ LAGUERRE

We follow the normalization of the g-Laguerre polynomials given in
[18], i.e. we remove the factor (1 — g) used by Moak in [21]. They belong
to an indeterminate moment problem with moments

n«zl»l)

(4.1) sn(a;q) = ¢ ( Qs

(" q

when 0 < ¢ <1, a > —1, as pointed out by Askey in [2]. More informa-
tion about this indeterminate moment problem can be found in [17]. In
[21] one finds the following family (7.).o of probabilities with moment
sequence (4.1):

1 oo qk(a+l)
(4.2 Te = Ecgk s
) B(c) k;,o (—g*¢; @)oo
where
e k(a+1)
q
B(c) = S A

has the transformation property B(cq) = ¢~(®*Y B(c), and it follows that

Teq = Te. The verification that 7, has the moments (4.1) can be done using
Ramanujan’s bilateral sum 11);, which also yields that

(_qa+lc, _q—a/(:, q; q)oo

4.3 B(c) = .

( ) ( ) (qa+1, _Q/C, -G q)oo

Askey [2] pointed out that the density on 0, oo

ta

(44) b (—t; @)oo

has the moments (4.1), and that this result follows from an integral given
by Ramanujan in 1915. The constant k, can be expressed via the I'j-
function (1.10) and the ordinary I'-function:

-1 [y(—a) _sin(ma) (¢;9)o

(4.5) koa=(1—gq I'(—a)(a+1) T (7% @)oo
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We want to point out that the density (4.4) can be constructed from
the family (4.2) in the following way: The fact that (4.2) has the moments
(4.1) can be expressed

k(a+1)

> (ed®)” (_q -

Ciadn B(c)sa(e; q)-

If we multiply this equation with ¢ and integrate over [q, 1], we get

Z/cq qCQ) Chaga an/ —3%¢;q) oo dleq”),

k=—o00 k=—o00

* t © tedt
t" dt = s,(a;q / —_
/0 (—t @)oo (@9) o (—59)e

On the other hand the vector integral

1 /17@
log(1/q) J, ¢

yields another density with moments (4.1). Using the transformation
formula for B(c) we get

or

and hence

1 17@2 1 o Ey dy
log(l/q)/q ‘c log(l/q)/o (~4:9)xB(y) v

This shows that

1 (¢**Y, —4/¥; @)oo
(4.6) w(y) = log(1/q) y(—a°*t'y, —q7*/y, 4 q)oo

has the moments (4.1). The result can be verified directly using the
Askey-Roy g-beta-integral (1.9).
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The generalized Stieltjes-Wigert moment problem and the g-Laguerre
moment problem are closely related. If a measure y has the moments s,
then the image measure 7,(y) of 4 under the transformation 7,(z) = az
has the moments a”s,,.

It follows that if 1 is an arbitrary solution to the generalized Stieltjes-
Wigert problem with p = ¢**! @ > —1 and if @ = ¢~*"2, then To(1) is
a solution to the g-Laguerre problem, and all solutions arise in this way.
Applying this to the family (3.4) we get (4.2), and applied to (3.3) we
get the following family of densities

c(a+ ) a+1 _ d
q a/Y; ay
(47) y (a+1 —c / c— o?
M. (4=, —¢°*/Y; @)oo Y
for the g-Laguerre problem. The family (4.7) is periodic in ¢ with period
1. Putting ¢ = 0 we get (4.6).

5. DISCRETE ¢-HERMITE II

For 0 < ¢ <1 the discrete g-Hermite polynomials II are the orthogo-
nal polynomials associated with the moment sequence

{0, n=2m+1
S, =

5.1
(5.1) (g;¢)g™, n=2m

where 0 < ¢ < 1. The moments give rise to a symmetric indetermi-
nate Hamburger moment problem. The orthogonal polynomials have
appeared in another normalization in a study of a g-harmonic oscillator,
cf. [15], [20], [22], [23]. The following family of discrete solutions to (5.1)
is given in [18].

1 0o qk
(52) He = 2A(C) k;m (_C2q2k;q2)oo (€qu + E_ch)v
where
- . 2 2 2.2
) q _ (=9, -4/ % P oo
(53) A=) (—c2¢?*:¢%)0e  (—C%, =%/ ¢;¢%)oo

k=—o00
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The paper [7] contains a proof that all the measures p. have the moments
(5.1), based on the ;9;-sum of Ramanujan. It is easily seen that

(5.4) Alea) = ZAC) s g =

In [7] it was proved that the lattice
A={d"*% | ke Z)

supports infinitely many different solutions to (5.1), namely the convex
combinations of the two measures

1 o q2k
Kt = A(/a) Z (—g™+1; g2) (5q2‘c+é +e_ o)
k=—o00 !
1 © q2k+1
b= A 2, i et )
=—00

concentrated on respectively the even and odd part of A.

Using the discrete family (jc)ce)q,1) We shall find two absolutely con-
tinuous solutions to (5.1).

Proposition 5.1 The moment problem (5.1) has the following symmet-
ric solutions: (&)
1 (¢%4) 1
(5.5) 2 2. 2
T (4% o0 (—7%¢%)oo
1 (=¢*/2*,4;¢%)oo
2log(1/q) |z|(—qz?, —q/2% 4% ¢*) oo

(5.6)

Proof. We have
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which expresses that the 2n’th moment of y. is given by (5.1). Integrating
this formula with respect to c over [g,1] we get after the substitution

k
T =cq
/°° z?dz _/°° dz (¢:¢) "
0 (-7%¢%) o (—7%5¢¥)e "

which yields (5.5) except for the normalization

/°°( dz 7 (g9}

~2% 60 2(¢%¢%)e’
which follows from Ramanujan’s integral, cf. (4.5) with o = —1.

If instead we consider the vector integral

1 /1 dc
———— ll,c_
log(1/q) J, "¢

we obtain (5.6). |
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