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FUZZY DERIVATIONS 

BONIFACE I. EKE, KYOUNG HEE LEE AND JOHN N. MORDESON 

ABSTRACT. We define a fuzzy derivation and prove some of its basic 
properties. We show not only that a fuzzy derivation is a fuzzy linear 
transformation, but also that the Lie commutator of two fuzzy deriva­
tions is a fuzzy derivation. We show that a fuzzy derivation can be 
determined by a fuzzy isomorphism of the algebra of dual numbers. We 
determine the set of D-constants of a fuzzy derivation D. We also study 
properties of fuzzy derivations in their own right, i.e., properties which 
are inherently fuzzy and thus not modifications of crisp results. 

INTRODUCTION 

Zadeh [27] followed by Rosenfeld [24] inspired the study of fuzzy ab­
stract algebra. In this paper, we continue the study by introducing the 
concept of fuzzy derivations. Derivations have been used extensively in 
modern Galois theory, [2,3,4,7,11,12,13,14,17]. A more extensive refer­
ence list can be found in [4]. Classical Galois theory involving fuzzy 
subgroups and fuzzy subfields has been introduced in [18,19]. Hence the 
time is ripe for the introduction of fuzzy derivations in order to begin 
the study of modern Galois theory dealing with certain fuzzy algebraic 
substructures. Also, derivations are closely connected to power series, 
[8,9,10], and consequently have applications in computer science, [8]. Ap­
plications of fuzzy power series to computer science was started in [23]. 
Fuzzy power series subrings have been examined in [5,6]. 

Let A and B be associative and commutative algebras over a field K. 
A derivation d of A into B is a linear transformation of A into B such 
that Vx,y E A, d(xy) = d(x)y + xd(y). Hence it is natural to define a 
fuzzy derivation of A into B as a particular type of fuzzy function. There 
are several definitions of fuzzy function to choose from. We choose the 
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one which is closest to the notion of a crisp function. Our reason for do­
ing so is because it is essential that the composition of two fuzzy deriva­
tions be a fuzzy linear operator so that the Lie commutator of two fuzzy 
derivations is a fuzzy derivation. It is known that the composition of two 
fuzzy functions is not in general a fuzzy function for any definition of 
fuzzy function of current interest other than the one we select, [21]. Our 
purpose is to introduce the basic ideas of a fuzzy derivation. The com­
plications caused by not having the composition of two fuzzy functions 
a fuzzy function can be more easily examined once the basic ideas are 
put forth. A reason for requiring the composition of two fuzzy functions 
to be a fuzzy function is that we will eventually need the set of all fuzzy 
derivations from A into B to be a type of Lie algebra. The notion of 
fuzzy Lie subalgebras has been introduced in [26]. 

In Section 1, we lay down the necessary preliminary results. We also 
show here a difference which arises from our definition of a fuzzy function 
in comparison to that of crisp function, Example 1.11. In Section 2, we 
define a fuzzy derivation and prove some of its basic properties. We show 
not only that a fuzzy derivation is a fuzzy linear transformation, but also 
that the Lie commutator of two fuzzy derivations is a fuzzy derivation, 
Theorem 2.2. We show that a fuzzy derivation can be determined by a 
fuzzy isomorphism of the algebm of dual numbers B ®K T, [14], where 
T = K[x]j < x2 > and x is an indeterminant over K, Theorem 2.3. 
In Section 3, we determine the set of D-constants of a fuzzy derivation 
D, Proposition 3.2. We also study properties of fuzzy derivations in 
their own right, i.e., properties which are inherently fuzzy and thus not 
modifications of crisp results, Theorems 3.7 and 3.10. 

We recall that fuzzy subset of a set X is a function of X into the 
closed interval [0,1]. Let X be a set and f a fuzzy subset of X. Let 
t E [0, 1] and ft = {x E Xlf(x) 2: t}. Then ft is called a level set. 
Let f* = {x E Xlf(x) > 0}. Then f* is called the support of f. f 
is a fuzzy subgroup of a group G if f is fuzzy subset of G such that 
f(xy- 1 ) 2: min{f(x),f(y)} Vx,y E G. 
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1. PRELIMINARY RESULTS 

In the following, we let A and B be associative and commutative 
algebras over the field I<. Consider the following conditions on a fuzzy 
subset T of the Cartesian-cross product A x B: 

(1) Vx E A,::ly E B such that T(x,y) > 0, 

(2) Vy E B) ::lx E A such that T(x, y) > 0, 

(3) Vx E A, Vy1, Y2 E B, T(x, Yl) > 0 and T(x, Y2) > 0 implies Y1 = Y2, 

(4) Vx1,x2 E A,Vy E B,T(x1,y) > 0 and T(x2,y) > 0 implies 
x1 = x2. 

The following definition of fuzzy function has appeared naturally in 
the study of fuzzy graphs and their application to cluster analysis [25] 
and in fuzzy integration [20]. 

Definition 1.1. LetT be a fuzzy subset of Ax B. If condition (3) holds, 
then T is called a fuzzy function of A into B. If conditions (3) and ( 4) 
hold, then Tis called a one-to-one fuzzy function of A into B. 

Definition 1.2. LetT be a fuzzy subset of Ax B. Define the domain of 
T, written V(T), to be {x E Al::ly E B,T(x,y) > 0}. Define the image 
ofT, written I(T), to be {y E Bl:3x E A, T(x, y) > 0}. If I(T) = B, 
then T is said to map V(T) onto B. 

If T is a fuzzy function of A onto A such that T( x, x) > 0 
Vx E A, then Tis called an identity on A. 

Definition 1.3. Let T be a fuzzy function of A into B. Then T is 
called a fuzzy linear operator of A into B if and only if Vx1, x2 E A, Vy E 

B,VcEI<, 

(i) T(x1 + x2,y) 2: sup{min{T(xl,Yl),T(x2,Y2)}1y = Y1 + Y2}, 

(ii) T(cx1,cy) 2: T(x1,y). 
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We let F£(A, B) denote the set of all fuzzy linear operators of A into 
B. 

If T E F£(A,B), then we letT*= {x E AIT(x,O) > 0}. 

Proposition 1.4. [1] LetT E F£(A, B). Then 

(i) 1J(T) and I(T) are subspaces of A and B, respectively, 

(ii) T(O, 0) > 0, 

(iii) Vx E A,Vy E B,T(x,y) > 0 =* T(-x,-y) > 0, 

(iv) T* is a subspace of A, 

(v) T is one-to-one if and only if T* = {0}. 

Throughout the remainder of the paper, we assume that 1J(T) = A. 

Definition 1.5. Define+ on F£(A, B) by VS, T E F£(A, B), 
(S + T)(x,y) = sup{min{S(x,y1),T(x,y2)} I y = YI + Y2, YbY2 E B} 
V(x, y) E A x B. Define · between I< and F£(A, B) by Vc E I<, c =f. 0, 
and VD E F£(A, B), (cD)(x, y) = D(x, c-1y) and (OD)(x, y) = 0 if y =f. 0 
and (OD)(x, y) = sup{D(x, z)lz E B} if y = 0 V(x, y) E Ax B. 

We note that Vx E A, 3 unique z E B such that D(x, z) > 0 and so 
(OD)(x, 0) = D(x, z). 

Proposition 1.6. [1] Let S, T E F £(A, B) and let c E I<. Then 

(i) (S+T)(x,y) = min{S(x,yi),T(x,y2)} ify = Y1+Y2 1 S(x,yi) > 0, 
and T(x, y2 ) > 0; otherwise (S + T)(x, y) = 0. 

(ii) (cS)(x,cy) = S(x,y) if c =j:. 0. 

Fort E [0, 1], let F£t(A, B) = {D E F£(A, B)ID(A x B) = {0, t}}. 
Let F£*(A, B)= UtE[O,I]F£t(A, B). 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



FUZZY DERIVATIONS 5 

Theorem 1.7. [1] {i) (F£(A,B),+) is a commutative semigroup with 

identity. 

{ii) (F£t(A,B),+) is a commutative group} where t E [0, 1]. 

{iii) (F£*(A, B),+) is a completely regular semigroup. 

Theorem 1.8. [1] F£(A,B),F£t(A,B), andF£*(A,B) are closed un­

der multiplication by elements off{. Furthermore} V S, T E F £(A, B) 

and V c, d E I< J 

{ii) ( cd)S = c( dS) J 

(iii) c(S + T) = cS + cTJ 

(iv) (c + d)S = cS + dSJ 

(iv) 1S = S. 

It is clear that fort E (0, 1], F Lt(A, B) ~£(A, B), where £(A, B) is 

the vector space of all linear transformations of A into B. 

The following result is well known and so we omit its proof. 

Proposition 1.9. Let ( G, *) and (H, *') be groups. Then the following 

statements are equivalent. 

{1) f is a homomorphism of G into H. 

{2) f is a subgroup of ( G X H, ®) and f is a function of G into H. 

Let ( G, *) and (H, *') be groups. Then f is a fuzzy homomorphism 

of G into H iff is a fuzzy function of G into H such that f(x 1 * x2 , y) 2 
sup{min{f(xl, YI), f(x2, Y2)}ly = Y1 *' Y2, Y1, Y2 E H}. 

Proposition 1.10. Let (G, *)and (H, *')be groups. Then statement {2) 

implies statement {1). If G is finite} then statement {1) implies statement 

{2). 

{1) f is a fuzzy homomorphism of G into H. 
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(2) f is a fuzzy subgroup of ( G X H, ®) and f is a fuzzy function of 
G into H. 

Proof. (1) =? (2): f((x, y) ® (u, v)) = f(x * u, y *' v) ~ sup{min{f(x, z), 
f(u, w)}ly *' v = z *' w, z, wE H} 2: min{f(x, y), f(u, v)}. Hence f is a 
fuzzy subsemigroup of G x H. Hence the level sets off are subsemigroups 
of G x H and since G is finite, the level sets off must be subgroups. 
Thus f is a fuzzy subgroup of G x H. 

( 2) =} ( 1): f (X * U 1 y *1 V) = f ( (X 1 y) @ ( U 1 V)) ~ min { f (X 1 y) 1 f ( U 1 V)} 
and sup{min{f(x, z), f(u, w)}ly *' v = z *' w, z, wE H} = min{f(x, y), 
f(u,v)} if f(x,y) > O,f(u,v) > 0. Thus if f(x,y) > 0 and f(u,v) > 0, 
thenf(x*u,y*'v) ~ sup{min{f(x,z),f(u,w)}IY*'v = z*'w,z,w E H}. 
If either f ( x, y) = 0 or f ( u, v) = 0, then the desired equality holds. 

In the next example, we show that the statement (1) does not imply 
statement (2) in general. 

Example 1.11. Let G = H =< z > be an (additive) infinite cyclic 
group. Define f :< z > x < z >-+ [0, 1] as follows: 

f(O, 0) = 1, f(nz, nz) = 3/4 if n > 0, f(nz, nz) = 1/2 if n < 0, and 
f(nz, mz) = 0 if n f. m. We show that f is a fuzzy homomorphism of 
< z >into < z >, f is a fuzzy subsemigroup of< z > x < z >,but f 
is not a fuzzy subgroup of< z > x < z >. 

Clearly f is a fuzzy function of< z >into< z >. If y = nz+mz, then 
sup{min{f(nz, yt), f(mz, Y2)1Y = YI + Y2, Yb Y2 E H} = min{f(nz, nz), 
f(mz,mz)} ::=;; f(nz + mz,y). (Note min{f(z,z), f(-z,-z)} = 1/2 < 
1 = f(z-z,O).) Ify f. nz+mz, then sup{min{f(nz,yi),J(mz,y2)}1y = 
Y1 + Y2,YbY2 E H}= 0 = f(nz + mz,y). Thus f is an identity and a 
fuzzy isomorphism of < z > onto < z >. 

{ 
f((nz, nz) + (mz, mz)) = f(((n + m)z, (n + m)z)) 
1 if m = -n 

- 3/4 if m > -n 
1/2 if m < -n. 
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rnin{f(nz, nz), f(mz, mz)} 

{ 

1 if m = n = 0 
_ 3/4 if m > -n and m, n > 0 
- 1/2 if m > -nand either m < 0 or n < 0 

1/2 if m < -n since either m < 0 or n < 0. 

Also f((nz, kz) + (mz, lz)) ~ 0 = rnin{f(nz, kz), f(mz, lz)} if either n =/:­

k or m =/:- l. Hence f((nz, kz) + (mz, lz)) ~ rnin{f(nz, kz), f(mz, lz)}V 
(nz, kz), (mz, lm) E< z > x < z >. Thus f is a fuzzy subsernigroup of 
< z > X < z >. Now f(nz, nz) =/:- f( -nz, -nz) if n =/:- 0. Thus f is not 
a fuzzy subgroup of< z > x < z >. 

Proposition 1.12. Let U and V be vector spaces over K. Then T is a 
linear operator of U into V if and only if T is a subspace of U x V and 
T is a function. 

Proposition 1.13. Let U and V be vector spaces over f{. Then T is a 
fuzzy linear operator of U into V if and only if T is a fuzzy subgroup of 
U X V and T is a fuzzy function of U into V. 

Proof. Suppose that Tis a fuzzy linear operator of A into B. Then Tis 
a fuzzy function U into V by definition. Let (x, y), (u, v) E U x V. Then 
T((x,y) E!7 (u,v)) = T(x + u,y + v) ~ sup{min{T(x,w),T(u,z)}ly + 
v = w + z} ~ min{T(x,y),T(u,v)}. Let k E K. Then T(kx,ky) = 
T(k(x, y)) ~ T(x, y). Thus T( -(x, y)) = T( -1(x, y)) = T( -1x, -1y) ~ 
T(x, y). Thus Tis a fuzzy subgroup of U x V. Conversely suppose that 
T is a fuzzy subgroup of U x V and T is a fuzzy function of U into V. 
Then T(x+x',y+y') = T((x,y)EB(x',y')) ~ min{T(x,y),T(x',y')} and 
sup{rnin{T(x, z), T(x', z')} IY+Y' = z+z', z, z' E V} = rnin{T(x, y), T(x', 
y')} if T(x, y) > 0, T(x', y') > 0. Thus if T(x, y) > 0 and T(x', y') > 0, 
then T(x+x',y+y') ~ sup{min{T(x,z),T(x',z')}ly+y' = z+z',z,z' E 
V}. If either T(x, y) = 0 or T(x', y') = 0, then the desired equality holds. 
Let c E K. Then T(cx,xy) = T(c(x,y)) ~ T(x,y). Thus Tis a fuzzy 
linear operator of U into V. 

Proposition 1.14. Let C be an associative and commutative algebm 
over f{. LetT E :F £(A, B) and S E :F £( B, C). Define the composition 
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ofT with S, written SoT, as follows: Vx E A, Vz E C, 

(So T)(x, z) = sup{min{T(x, y), S(y, z)IY E B}. 

Then SoT E F£(A, C). 

Proof. By [16), it follows that (So T)(x1 + x2, z) 2: sup{min{(S o 
T)(x1, zi), (So T)(x2, z2)}lz = z1 + z2, z1, z2 E C} Vx1, x2 E A. Let k E 
I<, k =J 0. Then (So T)(kx, kz) = sup{min{T(kx, y), S(y, kz)IY E B} = 
sup{min{T(x, k-1y), S(k-1y, z)IY E B} = sup{min{T(x, y'), S(y', z)ly' E 
B} = (So T)(x, z). Let k = 0. By Definition 1.3, T(O, 0) = T(Ox, Oy) 2: 
T(x,y)Vx E A,Vy E Band similarly, S(O,O) 2: S(y,z) Vy E B,Vz E C. 
Thus (So T)(Ox,Oz) = (So T)(O,O) = sup{min{T(O,y),S(y,O)}Iy E 
B} = min{T(O, 0), S(O, 0)} 2: min{T(x, y), S(y, z)}Vy E B. Hence (So 
T)(Ox, Oz) 2: sup{min{T(x, y), S(y, z)}ly E B} = (So T)(x, z). Thus 
SoTEF£(A,C). 

Remark 1.15. Let T E F£(A, B) and S E F£(B, C). Then we note 
that (SoT)(x, z) = min{T(x, y), S(y, z)} if :3y E B such that T(x, y) > 0 
and S(y,z) > 0 since such a y is unique if it exists and (SoT)(x,z) = 0 
otherwise. LetT E F£(A, B) and S E F£(A, B). Then (S + T)(x, y) = 
min{S(x, yi), T(x, Y2)} if :Jy1, Y2 E B such that S(x, YI) > 0, T(x, Y2) > 
0, andy= y1 + y2; and (S + T)(x,y) = 0 otherwise by Proposition 1.6. 

2. FUZZY DERIVATIONS 

In the remainder of the paper, we assume that I< ~ A and that A is 
a subalgebra of B. 

Definition 2.1. Let DE F£(A, B). Then Dis called a fuzzy derivation 
if Vx1, x2 E A, Vy E B, D(x1x2, y) 2: sup{min{D(xb YI), D(x2, Y2)}iy = 
X2Y1 + X1Y2, YI, Y2 E B}. Let F D(A, B) = {D E F£(A, B)ID is a fuzzy 
derivation } . 

It is easy to verify that FD(A, B) is a "subspace" of F£(A, B) over 
I<, i.e., FD(A,B) is closed under addition and scalar multiplication by 
elements from I<. Of course, FD(A, B) inherits the properties of Theo­
rem 1.7 (i) and Theorem 1.8. 
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For D, D' E .TD(A, A), we let DD' denote DoD'. By DD' -
D'D, we mean the fuzzy subset DD' + (-(D'D)) of Ax A. Then 

(DD'- D'D)(x,y) = min{DD'(x,yi),D'D(x,y2)} if y = YI- Y2 and 

DD'(x, YI) > 0 and D' D(x, y2) > 0 for some Yll y2 E A; otherwise 

(DD'- D' D)(x, y) = 0. 

Theorem 2.2. Let D, D' E .FD(A, A). Then DD'- D' DE FV(A, A). 

Proof. By Proposition 1.14, we know that DD',D'D E F£(A,A). 
By Theorems 1.7 and 1.8, we know that DD' - D'D E F£(A, A). 
Hence it suffices to show that Vxi,x2,y E A, (DD'- D'D)(xix2,y) ~ 

sup{ min{( DD' - D' D)(xb YI), (DD' - D' D)(x2, Y2)}iy = X2YI + 

XIY2, YI, Y2 E A}. We apply Remark 1.15 in what follows. 

Now (DD' - D' D)(xix2, y) = min{DD'(x1x2, ri), D' D(xix2, r2)} 

(where y = ri - r2, DD'(xix2, ri) > 0, and D' D(xix2, r2) > 
0) = min{min{D'(xix2, w), D(w, ri)}, min{D(xix2, z), D'(z, r2)}} 

(where D'(xix2, w) > 0, D(w, ri) > 0, D(xix2, z) > 0, and 

D'(z, r2) > 0) ~ min{min{min{D'(x2, w2), D'(xb WI)}, D( w, ri)}, 

min{min{D(x2, z2), D(xi, zi)}, D'(z, r 2)}}} (where w = xiw2+x2w1, z = 
xiz2+x2zi,D'(x2,w2) > 0, D'(xi,wi)} > 0, D(w,ri) > 0, D(x2,z2) > 0, 

D(xb zi) > 0, D'(z, r2) > 0) = min{min{min{D'(x2, w2), D'(xb wi)}, 

D(x1w2 + x2wi, ri)}, min{min{D(x2, z2), D(x1, zi)}, D'(xiz2 + 

x2z1, r2)}}} ~ min{min{min{D'(x2, w2), D'(xi, wi)}, min{D(xi w2, a), 
D(x2w1, b)}}, min{min{D(x2, z2), D(xi, zi)}, min{D'(xiz2, c), 

D'(x2z1, d)}} }(where ri =a+ b, r 2 = c+ d)~ min{min{min{D'(x2, w2), 

D'(xb wi)}, min{min{D(xb zi), D( w2, u2)}, min{D(x2, z2), D( WI, ui)} }, 

min{min{D(x2, z2), D(xt, zi)}, min{min{D'(xi, wi), D'(z2, v2)}, 

min{D'(x2, w2), D'( Zt, v1)}} }, (where a= w2z1 + xiu2, b = wiz2 + x2u1, 

c = z2w1+x1v2, d = ziw2+vix2) = min{min{min{D'(xb wi), D(wi, ui)}, 

min{D(x1, zi), D'(zi, vi)}}, min{min{D'(x2, w2), D( w2, u2)}, 

min{D(x2, z2), D'(z2, v2)}}} = min{min{DD'(xb ui), D' D(x1, vi)}, 

min{DD'(x2, u2), D' D(x2, v2)}} = min{DD' - D' D)(x1, si), (DD' -
D' D)(x2, s2)} = sup{min{(DD'- D' D)( xi, YI), (DD'- D' D)(x2, Y2)}i 

y = X2YI + XIY2 E A}, where (DD' - D' D')(xi, si) > 0, (DD' - D' 
D')(x2, s2) > 0, si = ui - Vt, and s2 = u2- v2. 
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We let K[x] denote a polynomial ring over the field K. Let T = 
K[x]/ < x2 >. Then T = K[t], where t is the coset x+ < x2 >. Thus 
t2 = 0. Form the tensor product B®KT. Then Vz E B®KT, 3yo, YI E B 
such that z = Yo® 1 + YI ® t. Now (Yo® 1 + YI ® t)(zo ® 1 + zi ® t) = 
yozo ® 1 + (yozi + Yizo) ® t, where Yo, YI, zo, zi E B. B ®K Tis called the 
algebra of dual numbers over B. Let D be a fuzzy derivation of A into 
B. Defines: Ax (B ®K T) --t [0, 1] by Vx, x' E A and Vy E B, 

s(x,x' + yt) = { ~(x,y) if x = x' and D(x,y) > 0, 
otherwise. 

We now show that sis a fuzzy (algebra) isomorphism of A into B ®K T. 
In the following, xi,x2,x E A and YI,y2,y E B. We write x + yt for 
X@ 1 + y (i9 t. 

s(x,x + yt) > O,s(x',x' + y't) > 0, and x = x' {::} D(x,y) > 0 and 
D(x',y') > 0 and x = x' =? x = x' andy= y' {::} x + yt = x' + y't. Thus 
sis single-valued. Suppose that s(x, x + yt) > 0, s(x', x' + y't) > 0, and 
x + yt = x' + y't. Then x = x' and y = y'. Hence s is one-to-one. 

Now s(xi + x 2,xi + x2 + yt) = D(xi + x 2,y) :2: sup{min{D(xi,YI), 
D(x2, Y2)}ly = YI + Y2, YI, Y2 E B} =sup{ min{ s(xi, XI+ Yit), s(x2, x2 + 
Y2t)}ly = YI + Y2, YbY2 E B} = sup{min{s(x1,xi + Yit), s(x2,x2 + 
Y2t)}lxi + x2 + yt =XI+ Yit + x2 + Y2t, YI, Y2 E B}. Also s(xix2, XIX2 + 
yt) = D(xix2,y) :2: sup{min{D(xi,YI),D(x2,Y2)}1y = X2YI +xiy2,Yb 
Y2 E B} = sup{min{s(xi,XI + Yit),s(x2,x2 + Y2t)}ly = X2YI + 
XIY2, YbY2 E B} = sup{min{s(xi,xi +yit), s(x2,x2+Y2t)}lxix2+yt = 

(xi+ Yit)(x2 + Y2t), Yb Y2 E B} since xix2 + yt = (xi + Yit)(x2 + Y2t) 
{::} y = X2YI + XIY2· 

Let k E K. Suppose k -:f. 0. Then s(kx, k(x + yt)) = D(kx, ky) = 
D(x,y) = s(x,x+yt). Suppose k = 0. Then s(Ox,O(x+yt)) = D(O,O) :2: 
D(x, y) = s(x, x + yt). 
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Define 1r: (B 0K T) x B--+ [0, 1] by Vx, x', y E B, 

1r(x + yt, x') = { ~(x', x + yt) 
if x (j: A and x = x' 
if x E A and x = x' 
if x-=/=- x'. 

11 

Let x EA. Then (1ros)(x,x') = sup{min{s(x,z),1r(z,x')}lz E B0K 

T} = min{ s(x, x + yt), 1r(x + yt, x')} = s(x, x + yt) = 1r(x + yt, x) = 

D(x, y), where D(x, y) > 0 and x = x'. If x-=/=- x', then (1r o s)(x, x') = 0. 

That is, Vx E A, (1ros)(x,x') > 0 if and only if x = x' and (1ros)(x,x) = 

s(x, x + yt) = 1r(x + yt, x) = D(x, y) when D(x, y) > 0. Thus 1r o sis an 

identity on A. 

Conversely, let s be any fuzzy homomorphism of A into B 0K T 
such that 1r o s is an identity on A. Define D : A x B --+ [0, 1] 

by V(x,y) E Ax B, D(x,y) = s(x,x + yt). Then D is single­

valued since s is. Now D(xi + x2, y) ·= s(xi + x2, xi + x2 + yt) ;::: 

sup{min{s(x~,xi + Yit), s(x2,x2 + Y2t)}l y = YI + Y2,YI,Y2 E B} 
= sup{min{s(xi,xl +yit),s(x2,x2+Y2t)lxi +x2+Yt =XI +yit+x2+Y2i, 

Y1, Y2 E B} = sup{min D(x~, YI), D(x2, Y2)}ly = YI + Y2, y~, Y2 E B}. Let 

k E K. Suppose k -=/=- 0. Then D(kx, ky) = s(kx, k(x + yt)) = s(x, x + 

yt) = D(x,y)). Suppose k = 0. Then D(Ox,Oy) = s(Ox,O(x + yt));::: 

s(x, x + yt) = D(x, y). 

Also D(x~,x2,y) = s(xix2,xix2 + yt) ;::: sup{min{s(xi,xi + Yit), 

s(x2, x2 + Y2t)} lxix2 + yt = (xi+ yit)(x2 + Y2t), y~, Y2 E B} = sup{ min{ 

s(x~, XI+ Yii), s(x2, x2 + Y2t)}ly = X2YI + XIY2, YI, Y2 E B} =sup{ min{ 

D(x~, YI), D(x2, Y2)}ly = X2YI + XIY2, Yll Y2 E B} since XIX2 + yt = 

(xi+ Y1t)(x2 + Y2t) {:::} y = X2Y1 + XIY2· Hence D is a fuzzy derivation of 

A. into B. 

We have proved the following result. 

Theorem 2.3. Let A be a subalgebra of B and let D be a fuzzy deriva­
tion of A into B. If s is defined as in equation (*), then s is a fuzzy 

isomorphism of A into the algebra of dual numbers B 0K T over B such 

that 1ros is an identity on A. Conversely, for any fuzzy homomorphisms 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



12 B.I. EKE, K.H. LEE AND J.N. MORDESON 

of A into B 0K T satisfying this condition} there exist a fuzzy derivation 
D of A into B such that s is defined as in equation (*) In terms of D. 

3. PROPERTIES OF FUZZY DERIVATIONS 

Definition 3.1. Let D he a fuzzy derivation of A into B. Then c E A 
is called a D- constant if D( c, 0) > 0. 

Proposition 3.2. Let D be a fuzzy derivation of A into B. Then the 
set C of all D-constants is a subalgebra of A. 

Proof. We have that c E A is a D-constant if and only if s( c, c) > 0. 
Now 0 E C and soC -=f ¢. Let c,d E C. Then s(c-d,c­
d) ~ sup{min{s(c,yl),s(-d,y2)}1c- d = Y1 + Y2, Yl,Y2 E B} 
~ min{s(c,c),s(-d,-d)} > 0 by Proposition 1.4 (iii). Thus c- dE C. 
Also s(cd,cd) ~ sup{min{s(c,yl),s(d,y2)}icd = Y1Y2, Yl,Y2 E B} ~ 
min{s(c,c),s(d,d)} > 0. Hence cd E C. Let k E I<. Then s(kc,kc) = 
s(c,c) > 0 if k -=f 0 and s(kc,kc) = s(O,O) ~ s(c,c) > 0 if k = 0. Thus 
kc E C. 

Proposition 3.3. Let D be a fuzzy derivation of A into B. Let Ct = { c E 
CID(c,O) ~ t} and At= {a E Al3b E B,D(a,b) ~ t} Vt E [O,D(O,O)]. 
Then Ct and At are subalgebras of AVt E [0, D(O, 0)]. 

Proof. 0 E Ct and so Ct -=f 0. Let c, d E Ct. Then s( c + d, c + d) > 
sup{min{s(c,yl),s(d,y2)}1c+ d = Y1 + Y2,Yl,Y2 E B} ~ min{s(c,c), 
s(d,d)} ~ t. Thusc+d E Ct. Alsos(cd,cd) ~ sup{min{s(c,y1),s(d,y2)}1 
cd = Y1Y2, Yb Y2 E B} ~ min{ s( c, c), s( d, d)} ~ t. Hence cd E Ct. Let 
k E I<. Then s(kc,kc) = s(c,c) ~ t if k -=f 0 and s(kc,kc) = s(O,O) ~ 
s(c,c) ~ t if k = 0. Thus kc E Ct. Hence -c = -lc E Ct. A similar 
argument shows that At is a subalgebra of A. 

Proposition 3.4. Let D be a fuzzy derivation of A into B. Then Va E 
A, Vb E BJ and Vn E NJ D(a, b) > 0 implies D(an, nan-lb) > 0. 

Proof. We prove the result by induction on n. The case n = 1 is the 
hypothesis. Suppose the result is true for n = k ~ 1. Let n = k + 1. 
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We have D( ak+l, (k+ 1 )akb) ~ sup{min{ D( a, y1 ), D( a\ y2)}l(k+ 1 )akb = 
ay2 + akyt} ~ min{D(a, b), D(ak, kak- 1b)} > 0. Hence the desired result 
is true by induction. 

Proposition 3.5. Let D be a fuzzy derivation of A into B. Then 

D(1, 0) > 0. 

Proof. 3 b E B such that D(1, b) > 0 and so s(1, 1 + bt) > 0. Thus 

s(1, (1 + bt)(1 + bt)) ~min{ s(1, 1 + bt), s(1, 1 + bt)} > 0. Thus 1 + bt = 
(1 + bt)(1 + bt). Hence b = b + b. Thus b = 0. Therefore D(1, 0) = 
s(1, 1) > 0. 

Proposition 3.6. Let D be a fuzzy derivation of A into B. Let A 

be a field. Then \Ia E A, \/b E B, and \In E N, D(a, b) > 0 implies 

D(a-n, -na-n- 1 b) > 0, where a E A, a-/:- 0. 

Proof. Let n = 1. Then s(a, a+ bt) = D(a, b) > 0. There exists 

z E B such that s(a-1, a- 1 + zt) > 0. Hence s(1, (a+ bt)(a-1 + zt)) ~ 
min{s(a,a + bt),s(a-I,a-1 + zt)} > 0. Thus 1 = (a+ bt)(a-1 + zt). 

Hence az + ba- 1 = 0. Thus z = -a-2 b. Hence D( a- 1 , -a-2 b) > 0. 

Suppose the result is true for n = k ~ 1. Let n = k + 1. We 
have D( a-k-I, ( -k-1 )a-k-2 b) ~ sup{min{ D( a-1, y1), D(a-k, Y2)} I( -k-

1)a-k-2b = a- 1 y2 + a-kyt} 2:: min{D(a-1, -a-2b), D(a-k, -ka-k-1 b)} > 
0. Hence the desired result is true by induction. 

Theorem 3. 7. Let D be a fuzzy function from A into B. \It E 

[0, D(O, 0)], define the function Dt of At into B as follows: \/(a, b) E 

At X B, Dt (a) = b if D( a, b) > 0. Then the following conditions are 

equivalent. 

(1) D is a fuzzy derivation of A into B; 

(2) D(O, 0) 2:: D(a, b)\/(a, b) E Ax B and Dt is a derivation of At 

into B \It E [O,D(O,O)]. 

Proof. (1) =? (2): It follows easily that Dt is a linear transformation of 

A into B. By Definition 1.3 (ii), D(O,O) ~ D(a,b) \/(a,b) E Ax B. 
Let a 1 , a2 E At. There exists b~, b2 E B such that D( at, b1 ) > 0 and 
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D(a2, b2) > 0. Let b = a1b2 + a2b1. Then D(a1a2, b)~ min{D(a1 , bt), 
D(a2, b2)} > 0. Since a1a2 E At by Proposition 3.3, Dt(ata2) = a1b2 + 
a2b1. Since at, a2 EAt, Dt(ai) = bi, i = 1, 2. Thus Dt(ata2) = atDt(a2)+ 
a2Dt(at)· 

(2) =? (1): Let at, a2 E A. Then :lb1 , b2 E B such that D(ai, bi) > 0 
fori= 1,2. Let D(ai,bi) = Si fori= 1,2. Lett= min{s1 ,s2}. 
Then Dt is a derivation since s 1 , s2 :::; D(O, 0). Now a 1 , a2 E At and 
so a1a2 E At. Also Dt(ata2) = a1Dt(a2) + a2Dt(at)· By the defini­
tion of Dt, D(a1a2, a1Dt(a2) + a2Dt(a1)) > 0. Also by the definition 
of Dt, Dt(ai) = bi, i = 1, 2. Now a~, a2 E Ar implies a1a2 E Ar, Vr E 
[0, D(O, 0)). Thus D(a1a2, a1Dt(a2) + a2Dt(at)) ~ min{D(a~, bt), D(a2, 
b2)}. One can also show that D is a fuzzy linear operator. Thus D is a 
fuzzy derivation of A into B. 

From Theorem 3. 7, we see that a fuzzy derivation D of A into B 
induces, in a natural way, a crisp derivation of A into B, namely D0 . 

Corollary 3.8. Define the function f of F.C(A, B) into .C(A, B) by for 
all T E F.C(A, B), f(T)(a) = b if T(a, b) > 0. Then f preserves addi­
tion and scalar multiplication. In fact, f maps FD(A, B) onto D(A, B), 
where D(A, B) is the subspace of .C(A, B) of all derivations of A into B. 

Proof. That f actually maps F.C(A, B) into .C(A, B) follows easily. By 
Theorem 3.7, f maps FD(A, B) into D(A, B). Let DoE D(A, B). Define 
D by V(a,b) E Ax B, D(a,b) = 1 if D0 (a) = band D(a,b) = 0 
otherwise. Then clearly D E FD(A, B) and f(D) = D0 . Hence f 
maps FD(A, B) onto D(A, B). In a similar manner, we see that f maps 
F.C(A, B) onto .C(A, B). Hence it remains to show that f preserves 
addition and scalar multiplication. Let T, T' E F.C(A, B). Then f(T + 
T')(a) = b {::} (T + T')(a, b) > 0 {::} min{T(a, b1), T'(a, b2)} > 0, where 
b = bt + b2 {::} T(a, bt) > 0, T'(a, b2) > 0, where b = bt + b2 {::} f(T)(a) = 
bt and f(T')(a) = b2, where b = b1 + b2 {::} (f(T) + f(T'))(a) = b, where 
b = bt +b2. Therefore f(T+T') = f(T)+ f(T'). Let k E /{, k =J 0. Then 
f(kT)(a) = b {::} (kT)(a, b) > 0 {::} T(a, k-1b) > 0 {::} f(T)(a) = k-1b {::} 
k(f(T))(a) = b. Thus f(kT) = kf(T). Suppose that k = 0. Then 
f(OT)(a) = b {::} f(8)(a) = b {::} 8(a, b) > 0 {::} b = 0 {::} Of(T)(a) = b, 
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where 8(a, b) = 1 if b = 0 and 8(a, b) = 0 otherwise. Thus f(OT) = 
Of(T). 

Suppose that A and B are fields. Define .\(a) = D(a, b), where 

D(a, b) > 0. Then the level set At = At. Define !(a) = D(a, 0). Then 

1(a) > 0 if and only if a E C. Thus 1* = C. Also the level set It =Ct. 

D(-a,-b) = D(-1(a,b)) ~ D(a,b) = D(-1(-a,-b)) ~ D(-a,-b). 
Thus D(-a,-b) = D(a,b). By Proposition 3.6, D(c,O) > 0 implies 

D( c-I, 0) > 0. Hence C is a field. 

By Proposition 3.5, D(k, 0) = D(k(1, 0)) ~ D(1, 0) > 0, where k E 

I<. Hence I< ~ C. In fact, D(k, 0) = D(1, 0) Vk E I<, k =1- 0, since 

D(1,0) = D(k-1 k,O) = D(k-1 (k,O)) ~ D(k,O). Thus 1 is a constant on 

I<\ {0}. 

Suppose that A has characteristic p > 0. By Proposition 3.4, 

D(aP, 0) > 0 Va E A since D(a, b) > 0 for some bE B. Hence AP ~C. 

We now show that if A and B are fields, it is not necessarily the case 

that the At of Proposition 3.3 are fields. 

Example 3.9. Let A = B = I<(x), where I< is a field and x is an 

indeterminate over I<. Let P denote the set of all elements of I<[x] with 

0 constant term. If u E A, we let u' denote the formal derivative of u 
with respect to x. Define the fuzzy subset D of A x B as follows: 

D(O,O) = 1,D(u,u') = 3/4 ifu E P\{0}, D(u,v) = 1/2 ifu E A\P 
and v = u', and D( u, v) = 0 otherwise. Then D(k, 0) = 1/2 Vk E I<\ {0}. 
We see that P is an algebra over ]{, but ]{ CJ: P. Let u, v E A. If 

u + v tf:_ P, then either u tf:_ P or v tf:_ P and so D( u + v, ( u + v )') = 1/2 = 
min{D(u, u'), D(v, v')} since (u+v)' = u' +v'. If uv tf:_ P, then either u tf:_ 

P or v tj:_ P and so D(uv, (uv)') = 1/2 = {D(u, u'), D(v, v')} since (uv)' = 
uv'+vu'. Ifu+v E P, then D(u+v,(u+v)') ~ min{D(u,u'),D(v,v')}. 
If uv E P, then D(uv,(uv)') ~ min{D(u,u'),D(v,v')}. We also have 

that D(u,u') = D(-u,(-u)') since u E P if and only if -u E P and 
(-u)' = -u'. Let k E I<\{0}. Then ku E P if and only if u E P. Hence 

D(ku, ku') = D(u, u') . Thus Dis a fuzzy derivation of A into B. Now 

A3; 4 = P and so I< CJ: A3; 4 . A3 ; 4 is not a subfield of A. 
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Theorem 3.10. Suppose that A and B are fields. Let D be a fuzzy 

derivation of A into B. Let a= sup{D(a,b)l(a,b) E Ax B\{(0,0)}. 

Then conditions (i), (ii), and (iii) are equivalent. If A/ K is algebmic, 

then all four conditions are equivalent. 

(i) K ~ Ct \It E [O,a]; 

(ii) K ~ At \It E [0, a]; 

(iii) D(1,0) ~ D(a,b) V(a,b) E Ax B\{(0,0)}; 

(iv) Ct and At are intermediate fields of A/ }{\It E [0, a]. 

Proof. (i) => (ii): Immediate since Ct ~ ANtE [0, a]. 

(ii) =>(iii): Let (a, b) E Ax B\{(0,0)} and let D((a,b)) = t. Since 

K ~At, 1 E At. Thus D(1, 0) ~ t. 

(iii)=> (i): Since D(k,O) = D(1,0) Vk E K\{0}, D(k,O) ~ D(a,b) 

V(a, b) E A x B{(O, 0)} and Vk E K and so D(k, 0) ~ D(c, 0) Vk E K 

and Vc E C. Thus K ~ Ct \It E [0, a], i.e., (i) holds. 

(iv) => (i): Immediate. 

(i) => (iv): Suppose that A/ K is algebraic. Then since and Ct and At 

are rings containing I<, we have that Ct and At are fields. 

Since It = Ct and At =ANtE [0, D(O, 0)], we have that 1 and A are 

fuzzy subalgebras of A. If D(1,0) ~ D(a,b) V(a,b) E Ax B\{(0,0)} 

and A/ K is an algebraic field extension, then Theorem 3.10 shows that 

It and At are intermediate fields of A/ K Vt E [0, a]. Thus Theorem 3.10 

gives the property needed to bring fuzzy derivation theory to the study 

of fields, namely that D(1,0) ~ D(a,b) V(a,b) E Ax B\{(0,0)}. 
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