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GEOMETRY OF DEGENERATE HYPERSURFACES 

AUREL BEJANCU 

ABSTRACT. In this paper we investigate the geometry of degenerate 
hypersurfaces of semi-Riemannian manifolds. It is found that such hy
persurfaces carry a special type of distribution (the screen distribution) 
which plays an important role in determining the geometry of the hyper
surface. A fundamental existence theorem for degenerate hypersurfaces 
is proved and several results on the degenerate hypersurfaces of Lorentz 
space are obtained. In particular, it is shown that the geometry of de
generate hypersurfaces of Lorentz space mainly reduces to the study 
of the geometry of the Riemannian foliation defined by the canonical 
screen distribution. 

INTRODUCTION 

The geometry of submanifolds in manifolds endowed with some ge
ometrical structures has been intensively studied and several important 
results have been obtained (see [2),[7], [11), [13], [30], [31] and the refer
ences therein). In case the ambient space is a semi- Riemannian manifold, 
degenerate submanifolds have been introduced and investigated ( cf. [3]
[7], [8],[10], [14]-[16],[23]-[25]). The study of a degenerate submanifold 
is essentially different from the one of a non-degenerate submanifold be
cause of the lack of a canonical transversal bundle which has to replace 
the normal bundle from the classical theory of Riemannian submanifolds. 

The purpose of the present paper is to present to the reader the 
author's point of view with respect to the differential geometry of degen
erate hypersurfaces. In the first section we introduce the reader to the 
general theory of semi-Riemannian and degenerate manifolds. In section 
2 we construct the transversal vector bundle (see [4] for the general case), 
give examples and define the induced geometric objects on a degenerate 
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hypersurface. The main ingredient in our study is the screen distribution 
on a degenerate hypersurface. In case the ambient space is either a time
orientable Lorentz manifold or a semi- Euclidean space, we construct a 
canonical screen distribution. In section 3 we present the Gauss- Codazzi 
structure equations and prove the Fundamental Theorem for degenerate 
immersions. Section 4 is devoted to the study of totally geodesic and to
tally umbilical degenerate hypersurfaces. The canonical screen distribu
tion is used in the last section for new results on degenerate hypersurfaces 
of a Lorentz space. Here we show that the study of differential geometry 
of a degenerate hypersurface Min a Lorentz space R~n+Z, mainly reduces 
to the study of differential geometry of the Riemannian foliation defined 
by the canonical screen distribution S(T M). 

1. SEMI-RIEMANNIAN MANIFOLDS 
AND DEGENERATE MANIFOLDS 

Let M be a real (m + 2)-dimensional smooth manifold and g a sym
metric tensor field of type (0,2) on M. Thus g assigns smoothly to each 
point x of M, a symmetric bilinear form !Jx on the tangent space TxM. 
The dimension of the largest subspace Wx C TxM , on which 9x is neg
ative definite is called the index of !Jx on TxM. In the present paper we. 
suppose !Jx is non-degenerate on TxM and the index of 9.r is the same 
for all x E M. Thus each TxM becomes a (m + 2)- dimensional semi
Euclidean space. The tensor field g satisfying the above conditions is 
called a semi-Riemannian (pseudo-Riemannian) metric and M endowed 
with g is called a semi-Riemannian (pseudo-Riemannian) manifold. 

The geometry of semi-Riemannian manifolds and its applications to 
relativity theory is very well presented in [19]. We only introduce here the 
main concepts from the geometry of semi-Riemannian manifolds, which 
are necessary for developing a theory of degenerate hypersurfaces. 

As TxM is a semi-Euclidean space, a tangent vector u E 1~M is said 
to be 

spacclike, if Yx( u, u) > 0 or u = 0, 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



GEOMETRY OF DEGENERATE HYPERSURFACES 3 

timelike, if 9x(u, u) < 0, 

lightlike (null), if 9x(u,u) = 0 and u #- 0. 

We keep the same terminology for vector fields on M and even for vector 

fields on degenerate hypersurfaces. 

Suppose q is the index of M, that is, q is the commou value of the 

index of 9x for any x E M. In case q = 1, M (resp. g ) is called a 

Lorentz manifold (resp. Lorentz metric). In the present paper we suppose 

0 < q < m + 2, that is, g cannot be positive or negative definite. 

Denote by F( M) the algebra of smooth real functions on M and 

by r(T M) the F(M)-module of smooth vector fields on M. Similarly, 

for any vector bundle E over M, denote by f(E) the F(M)-module of 

smooth sections of E. Throughout the paper we keep the above notation 

for any other vector bundle. 

Next, consider a linear connection V on the semi-Riemannian mani

fold (M, g). We say that '\7 is a metric connection (Riemannian connec

tion) if the metric tensor field g is parallel with respect to '\7, i.e., if we 

have 

(1.1) ('\7 x9)(Y, Z) = X (g(Y, Z)) - g('\7 x Y, Z) - g(Y, '\7 x Z) = 0, 

for any X, Y, Z E f(T M). The following result is of great importance for 

the geometry of semi-Riemannian manifolds. 

Theorem 1.1 ([19], p. 61 ). On a semi-Riemannian manifold there 

exists a unique torsion-free metric connection. 

The metric connection from the above theorem is called the Levi

Civita connection and it is given by 

2g('\7 x Y, Z) 

(1.2) 

X(g(Y, Z)) + Y(g(X, Z))- Z(g(X, Y)) + g([X, Y], Z) 

+g([Z, X], Y)- g([Y, Z], X), V X, Y, Z E f(T M). 

In case M is a semi-Riemannian manifold of constant sectional curva

ture cit is denoted by M(c). Then the curvature tensor field R of M(c) 
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is given by 

(1.3) R(X, Y)Z = c(g(Y, Z)X- g(X, Z)Y), V X, Y, Z E r(TM). 

Example 1.1. On Rm+ 2 we consider the semi-Euclidean metric 

q-1 m+l 
(1.4) g(x, y) =- L .TiYi + L xaya, 

i=O a=q 

of index 0 < q < m + 2. Denote by R~+2 the semi-Euclidean space 
(Rm+ 2 ,_ij) with g given by (1.4). The Levi-Civita connectin on H'J'+ 2 is 
defined by 

m+l a 
VxY = L X(YA) 8xA' 

A=O 

(1.5) 

where Y = YA(ajaxA). Finally, the curvature tensor field R of V van
ishes and therefore R~+ 2 is of constant curvature c = 0. 

Example 1.2. In a semi-Euclidean space R'J'+ 2 define the pscudospher·e 
of radius r > 0 by 

and the pseudohyperbolic space of radius r > 0 by 

Both s;"+ 1(r) and H;;_1 1 (r·) are totally umbilical semi- Riemannian sub
manifolds of index q and q - 1 of constant curvature c = 1/r2 and 
c = -1/r2 , respectively. 

Next, suppose M is a real ( m + 1 )-dimensional smooth manifold and g 

is a symmetric tensor field of type (0,2) on M such that 9x is of constant 
index q on 1~M for any x E M. Define the radical subspace of TcM by 
(cf. [1]) 

Rad Tr:M = {v E TxM: g(v,u) = 0, VuE TxM} 
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We say that ( M, g) is an r-degenerate manifold if the mapping Rad T M 
assigns to each x E M the radical subspace Rad TxM defines a smooth 
distribution of rank r > 0 on M. In this case Rad T M is called the 
radical distribution on M . By the above definition we have 

(1.6) g(V, X) = 0, V X E r(T M), V E r(Rad T M). 

Moreover, it is easy to see that ( M, g) is r-degenerate if and only if g has 
a constant rank m- r + 1 on M. 

In literature such manifolds have been studied under several names: 
singular Riemannian spaces ([14],[18],[28],[29]), degenerate Riemannian 
manifolds ([12], [20]), degenerate pseudo-Riemannian manifolds ([26]), 
degenerate manifolds ([17]), isotropic spaces ([25]) and lightlike manifolds 
( [7]). 

Now, suppose Rad T M is an integrable distribution. Then there 
exists a coordinate system (U; x 1 , .•. , xm+l) on M such that ( xa), a E 
{1, ... , r} are the coordinates on a leaf M' of Rad T M and xi = ci, 
i E { r + 1, ... , m + 1} are the local equations of M'. As g is r·-degenerate 
on TM, from (1.6) we derive 

Thus the matrix of g with respect to the natural frame field becomes 

( l 7) [ ] = [ Or,r Or,m-r+l ] 
· 9 1 m+l ' Om-r+l,r 9ij(X 1 ···,X ) 

i,j E {r+1, ... ,m+1}. 

In case, with respect to the above coordinate system we have 

( ) 8gij = 0 { } { } 1.8 Bxa , aE 1, ... ,r, i,jE r+1, ... ,m+l, 

we say that M is a Reinhart degenerate manifold. We use the name 
of Reinhart because the class of Riemannian foliations satisfying (1.8) 
(bundle-like metrics) introduced in 1959 by Reinhart (21], were later 
named as Reinhart spaces ( cf. [27]). 
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A vector field X on the degenerate manifold M is said to be a Killing 
vector field if 

(1.9) (Lxg)(Y, Z) = X(g(Y, Z))- g([X, Y], Z)- g([X, Z], Y) = 0 

for any Y, Z E f(T M). A distribution D on M is said to be a Killing 
distribution if each vector field that belongs to b is a Killing vector field. 

An important research matter in the geometry of degenerate mani
folds is the study of the existence of some particular linear connections 
on such manifolds. In this respect we state the following result. 

Theorem 1.2. Let (M,g) be a degenemte manifold. Then the following 
assertions are equivalent: 

(i} ( M, g) is a Reinhart degenemte manifold. 

(ii} Rad T M is a Killing distribution. 

(iii} There exists a torsion-free linear connection \7 on M such that g is 
parallel with respect to \7. 

Proof. (i) =? (ii). Suppose M is a Reinhart degenerate manifold. As Rad 
T M is integrable we may consider a coordinate system (U; x 1 , ••• , xm+l) 
such that any X E f(Rad TM) is locally expressed as X= Xa.(ajaxa.). 
In this way, Lxg = 0 is equivalent to 

for any Y, Z E f(T M). By using (1.6) and taking into account that 
Rad T M is integrable, it is easy to check that when at least one of 
vector fields Y and Z belongs to Rad T M, (1.10) is identically satisfied. 
Now take Y = 8/Bxi and Z = 8/Bxi, i,j E {r+ 1, ... , m+ 1 }, and (1.10) 
follows by using (1.8). Hence Rad T M is a Killing distribution. 

(ii) =? (i). Suppose Rad T M is a Killing distribution, that is, (1.9) 
holds for any X E f(Rad T M) and Y, Z E f(T M). Consider Y E 
f(Rad T M) in (1.9) and by using (1.6) obtain g([X, Y], Z) = 0, for any 
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Z E f(T M). Hence [X, Y] E f(Rad T M), that is, Rad T M is involutive, 
and by Frobenius theorem, it is integrable. Finally, take X = ajaxa E 

f(Rad T M), Y = aj axi and Z = aj axi in (1.9) and obtain (1.8). Hence 
( M, g) is a Reinhart degenerate manifold. 

(iii) ::::} (ii) Suppose there exists a torsion-free linear connection \7 on M 
and g is parallel with respect to \7. Then, by using (1.1), we obtain 

(Lxg)(Y, Z) = g(\lyX, Z) + g(Y, \7 zX) = Y(g(X, Z)) + Z(g(X, Y)) 

-g(X, \lyZ)- g(X, \lzY) = 0, 

for any X E f(Rad T M) andY, Z E f(T M). Hence Rad T M is a Killing 
distribution on M. 

(ii) ::::} (iii). As (ii) is satisfied, from the proof of (ii) ::::} (i) it follows that 
Rad T M is integrable. Consider Rad T M as a ( m + 1 + r )-dimensional 
manifold with local coordinates (xa,xi,ya), where (xa,xi) are the lo
cal coordinates on M induced by the foliation determined by Rad T M 
and (ya) are coordinates on fibres of vector bundle Rad T M. Thus the 
coordinate transformations on Rad T M are given by 

where B$(x) = axajaxf3. Hence we obtain 

Thus there exists a vector bundle N M over M, locally spanned by 
{ajaya}, a E {1, ... ,r}, and transversal to TM, i.e., we have 

(1.11) T(Rad TM)IM = TM EB NM. 

Next, as M is assumed to be paracompact, we consider a Riemannian 
metric G on M and a complementary orthogonal distribution S(T M) to 
RadTM in TM with respect to G. Thus (1.11) becomes 

(1.12) T(Rad T M)IM = S(T M) EB Rad T M EB N M. 
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We should note that N M and Rad T Mare vector bundles of rank rover 
M such that the transition matrices from {a I aycx} to {a I ag/3} and from 
{alaxcx} to {alaxP} are the same. Hence any section N = Na(alaya) 
of N M defines a section N* = N(X (a I ax ex) of Rad T M. Now' denote 
by A, B and C the projection morphisms of T(Rad T M)IM on S(T M), 
Rad T M and N M respectively, and define 

(1.13) g(X, Y) = g(AX, AY) + G(BX, (CY)*) + G(BY, (CX)*), 

for any X, Y E f(T(Rad TM)IM)· It is easy to verify that g is a semi
Riemannian metric on the manifold Rad T M and the degenerate metric g 
is the restriction of g to f(T M). Denote by V the Levi-Civita connection 
on (Rad TM,g) and set 

(1.14) 
.... a 
VxY = VxY + Bcx(X, Y)-a , V X, Y E I'(TM), ycx 

where V x Y E f(T M) and Bcx(X, Y) E :F(M). It follows that V is a 
torsion-free linear connection on M and Ba are symmetric bilinear forms 
on f(T M). Moreover, by using (1.9), (1.13) and (1.14), and taking into 
account that g is parallel with respect to V we obtain 

0 = (Lxg)(Y, Z) = -g(X, VyZ + V zY) = -2Bcx(Y, Z)G (X, a~cx), 

for any X E r(Rad T M) and Y, z E f(T M). Since T > 0 and G is a 
Riemannian metric on the distribution Rad T M we deduce Ba( Y, Z) = 0, 
for a E {1, ... ,r}. It follows VyZ = \7yZ, that is g is parallel with 
respect to V. This completes the proof of the theorem. 

We close this section with some remarks on the assertions of Theorem 
1.2. The equivalence of (ii) and (iii) was first proved in [20) by using the 
theory of G- structures. The class of linear connections from (iii) was first 
considered in [18). The quadratic forms satisfying (1.8) were studied in 
[9) and [22). Finally, we consider the vector bundle T M* = T M I Rad T M 
and the canonical projection p: T M-+ T M*. Then on T M* there exists 
a semi- Riemannian metric g* defined by 

g*(pX, pY) = g(X, Y), V X, Y E f(T M). 
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In [17] was proved the equivalence of (ii) with 

(iv) There exists a unique metric connection V* on T M* such that 

V'XpY- VypX- p([X, Y]) = 0, V X, Y E f(TM). 

It seems to the author that results from the theory of Riemannian foli
ations might be of interest for further research into degenerate manifolds. 
Actually, Vranceanu [29] has already applied his theory of non-holonomic 
spaces to the study of some invariants in the geometry of degenerate man
ifolds. 

2. THE INDUCED GEOMETRIC OBJECTS ON A 

DEGENERATE HYPERSURFACE 

Let (M,g) be a (m + 2)-dimensional semi-Riemannian manifold of 
index 0 < q < m + 2 and M be a hyprsurface of M. Then g induces 
a symmetric tensor field g of type (0,2) on M. Suppose (M, g) is a 
degenerate manifold, that is, Rad T M defines a distribution of rank 
r > 0 on M. As usual, for any x EM define 

and consider the vector bundle 

It is easy to see that M is degenerate if and only if Rad T M = TM l.. 
Therefore, in this case r = 1, and T Ml. (the former normal bundle for 
a non- degenerate hypersurface) becomes a distribution on M and rank 
g = m on M. 

Now suppose M is locally given by the equation 

(2.1) F( 0 m+l) _ 0 X, ... ,X - , 

where F is differentiable on a domain D C Rm+2 and rank 
[F~o, ... 'F~rn+!l = 1. Denote 9AB = g(ajfJxA, ajax8) and consider the 
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gradient vector field of F defined by 

(2.2) d F - -ABp' F' gra - g xA xB, 

where gAB are the entries of the inverse matrix of [gAB]· As grad F is 
normal to M we conclude that M is degenerate if and only if grad F 

at any x E M lies in TxM, i.e., (grad F)x is a null vector with respect 
to g. Thus by using (2.2) we obtain the following characteri2ation for 
degenerate hypersurfaces. 

Theorem 2.1. M is a degenemte hypersurface of M if and only if on 

any coordinate neighborhood U C M on which M is given by (2.1)) F 

satisfies the partial differential equation 

(2.3) -ABp! F' 0 g xA xB = ' 

at any point of M. 

In order to study the geometry of the degenerate hypersurface M we 
need a complementary vector bundle to TM in T M which is going to 
replace T M .L from the classical theory of Riemannian hypersurfaces. To 
this end we consider a complementary vector bundle S(T M) to TM .L in 
T M, i.e., we have 
(2.4) TM = S(TM) l. TM.L. 

Clearly S(T M) is also orthogonal to TM ..L. Throughout the paper l. and 
EB will denote orthogonal direct sum and a direct but not orthogonal sum 
respectively. As M is assumed paracompact, there always exists S(TM). 
Moreover, we show later in this section how to construct a canonical 
distribution on some special degenerate hypersurfaces. Motivated by the 
fact that the lightlike rays on the null cone (see Example 2.1) lie on T M ..L 
and hence fibres of S(T M) are visualized as transversal screens to these 
rays, we call S(T M) a screen distribution. 

It is easy to verify that S(T M) is non-degenerate and therefore we 
have 
(2.5) T MIM = S(T M) l. S(T M).L, 

where S(T M)..L is the orthogonal complementary vector bundle to S(T M) 
in T MIM· Moreover, S(T M).L is a vector bundle of rank 2 and T M.L is a 
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vector sub bundle of S(T M)l_. Consider a complementary vector bundle 
F to TMl_ in S(TM)l_ and take sections V E f(Fiu) and~ E r(TM1t), 
where U is a coordinate neighborhood of M. Note that g(~, V) :f- 0, 
otherwise S(T M)l_ would be degenerate on U. Finally, define the vector 
field 

(2.6) N = 1 {v _ g(V, V) ~} 
g(~,v) 2g(~, V) ' 

on U. By direct calculation, it follows that 

(2.7) g(N, N) = g(N, W) = 0, V WE f(S(T M)lu), 

and 
(2.8) g(N,e) = 1. 

In case we take another coordinate neighborhood U* C M such that 
U n U* :f- ¢>, denote by N* the corresponding vector field given by (2.6). 
Then C = o{ and N* = (1/a)N. Hence we have a line vector bundle 
over M whose sections satisfy (2. 7) and (2.8). Finally, it is easy to check 
that any line bundle satisfying (2. 7) and (2.8) has sections given by (2.6). 
Clearly N is nowhere tangent toM. Therefore we may state the following 
result on which is based the theory of degenerate hypersurfaces. 

Theorem 2.2. Let (M,g,S(TM)) be a degenemte hypersurface of a 
semi-Riemannian manifold (M, g). Then there exists a unique line vector 

bundle tr(T M) over M such that its sections satisfy (2. 7) and (2.8) on 
any coordinate neighborhood. 

By using (1.1 ), (1.2) and Theorem 2.2 we obtain 

(2.9) T MIM = S(T M) ..l (T M ffi tr(T M)) = T M ffi tr(T M). 

The last decomposition in (2.9) is a motivation for us to call tr(T M) 

the transversal vector bundle of M with respect to S(T M). For the 
construction of the transversal vector bundle to a degenerate submanifold 
of arbitrary codimension see [4]. 

Example 2.1. In R1 consider the null cone M given by the equation 
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It is easy to verify that 
3 a 

e = 2: xAa A' 
A==O X 

is a null vector field tangent toM and g(e, X)= 0 for any X E f(T M). 
Hence T M l. = Span { 0. Then consider along M the vector field 

N= -x -+ x-1 ( o a 2:3 
a a ) 

2(x0)2 axo a=l axa . 

By using g from (1.4) in case of Rf we deduce g(N, e) = 1 and g(N, N) = 
0. Hence we may take tr(T M) =Span {N} and obtain 

S(TM) = {x E f(TM): X= t,xa a~a' t,xaxa = 0}. 
In a similar way it follows that the null cone of R';+ 2 is a degenerate 
hypersurface. In this case we have 

m+1 a 
e 2: xAa A' 

A==O X 

1 { q-1 . a m+l a } 
N = - ~ x'-. + ~ xa-

2 .._..q-1 (xi)2 ~ ax• ~ axa ' 
~,==0 ,=0 a-q 

{ 
m+l a q-l m+l } 

S(TM) = X E r(TM): X= E XA a.rA' t;xixi = 0, ~ xaxa = 0 . 

Example 2.2. In R~ consider the hypersurface M given by the equation 

1 x3 = xo + 2(xl + x2)2. 

It is easy to verify that M is a degenerate hypersurface and 

.L , { a ( 1 2) a ( 1 2) a a } 
T M =Span e = axo + X +X axl - X +X ax2 + ax3 . 

Consider 

{ a 1 2 a a ( 1 2) a } 
S(T M) = Span w1 = ax1 - (x +X ) axo' w2 = ax2 + X +X ax3 
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and obtain 

Example 2.3. We cut the unit pseudosphere s;m+1 (1) by the hyper
plane x 0 - x 1 = 0 and obtain a degenerate hypersurface M of Sim+l(l) 
with 

.l { a a } TM =Span axo + axt . 

Consider the screen distribution S(T M) spanned by 

{ w: - 2m +I a i a } 
i-1 -X axi -X ax2m+1 ' iE{2, ... ,2m}. 

Then by using (2.6) we obtain the transversal vector bundle spanned by 

Now, we come back to the general study of a degenerate hypersurface 
(M,g) of (M,.iJ). Denote by V the Levi-Civita connection on M with 
respect to .iJ. Then by using the second decomposition in (2.9) we obtain 

(2.1 0) 

(2.11) 

VxY + B(X, Y)N, and 

-ANX + T(X)N, 

for any X, Y E f(T M). It follows that \7 is a torsion-free linear con
nection on M, but in general g is not parallel with respect to \7. More 
precisely, by using (2.10) and taking into account that V is a metric 
connection, we obtain 

(2.12) (V xg)(Y, Z) B(X, Y)ry(Z) + B(X, Z)ry(Y), 

V X, Y, Z E r(1'M), 

where 
(2.13) ry(X) = g(X, N), V X E f(T M). 
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B is a symmetric bilinear form on f(T'M) which we call the second 
fundamental form of M. The following result is important for the study 
which follows in the paper. 

Proposition 2.1. The second fundamental form of M does not depend 
on the screen distribution on M. 

Proof. Suppose S(T' M) and S(T' M)' are two screen distributions on M 
and B and B' are the corresponding second fundamental forms. Then 
by using (2.10) and (2.8) for both distributions we obtain 

(2.14) B(X, Y) = g('\7 x Y, e) = B'(X, Y), V X, Y E I'(T M), 

which proves our assertion. 

As a consequence of (2.14) we deduce 

(2.15) B(X,e) = 0, V X E f(TM); 

that is, B is degenerate. 

AN from (2.11) is a F( M)-linear operator on f(T' M) which we call 
the shape operator of M. The main property of AN is stated in the next 
proposition. 

Proposition 2.2. The shape operator of a degenerate hypersurface has 
an eigenvalue..\ = 0. 

Proof. From (2.11), taking into account that N is a null vector field, we 
obtain 
(2.16) g(ANX, N) = 0 V X E f(T M). 

Thus AN X has no component in T M l_ which implies rank AN < m + l, 
and we get the assertion. 

Remark 2.1. In general, the 1-form r from (2.11) is not identically zero 
as it is in case of non-degenerate hypersurfaces. For the null cone we 
have r(e) = -1 (see Example 4.3). 

Remark 2.2. We note that both B and T depend on the section e of 
T M l_. Indeed, in case we have e* = o{, it follows N* = (1/ a)N and 
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from (2.10) and (2.11) we get B* = aB and T(X) = T*(X) + X(loga) 
for any X E f(T M). 

As in the case of non-degenerate hypersurfaces we call (2.10) and 
(2.11) the Gauss and Weingarten formulas for the degenerate hypersur
face M. 

Now, according to the decomposition (2.4), we set locally 

(2.17) 

and 
(2.18) 

Y'xY = Y'xY + C(X, Y)e, 

for any X E f(T M) and Y E r(S(T M)). We call C the second fun
damental form of S(T M). From (2.17) we deduce that C is symmetric 
on r(S(TM)) if and only if S(TM) is integrable. A( is a f(S(TM))
valued linear operator on f(T M) and we call it the shape operator of 
S(TM). By using (2.18), (2.10) and (2.15) we obtain£= -T. Hence 
(2.18) becomes 
(2.19) vxe = -Aex- T(X)( 

We have to note that B and AN are not related as in the case of non
degenerate hypersurfaces. More precisely, by using (2.10), (2.11), (2.17) 
and (2.19) we easy obtain 

(2.20) B(X, Y) = g(A(X, Y), V X, Y E f(TM), 

and 

(2.21) C(X,Z) = g(ANX,Z), V X E f(TM), Z E f(S(TM)). 

Take X = e in (2.20) and by using (2.15) we derive 

(2.22) 

We call (2.17) and (2.18) the Gauss and Weingarten formulas for the 
screen distribution S(T M). 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



16 AUREL BEJANCU 

We show here how to construct a screen distribution on a degenerate 
hypersurface of a time-orientable Lorentz manifold. To this end we recall 
(see [19], p. 149) that on a time-orientable Lorentz manifold (M, g) there 
exists a unit timelike vector field which we denote by L. Denote by 1J 
the timelike distribution spanned by L on M and set 

TM = D ..L Di., 

where Dj_ is the spacelike distribution that is complementary orthogonal 
to D. Thus at any point of M, e has the unique decomposition 

(2.23) 

where e- E r(D) and e+ E f(Dj_ ). Suppose e- = aL and define 

(2.24). V = -aL, 

where a is a differentiable function on U C M. It is easy to check that 
Vis nowhere tangent toM. Indeed g(V, 0 = a2 of. 0 at any point of M, 
otherwise e- = 0 which together with (2.23) implies e = 0, and this is 
a contradiction. As L is globally defined on M we obtain a line bundle 
S'pan{V} over M. We consider the vector bundle J{ = TMj_(J) Span{V} 
and claim that it is non-degenerate. In fact, suppose there exists a point 
x E M and a vector Xx E Kx such that 

From the first equality it follows Xx E TxM. As TxM n I<x = TxMj_ 
we deduce that Xx is colinear with ex, and hence g(Vx,Xx) of. 0, which 
contradicts the above second equality. Finally, denote by S(TM) the 
orthogonal complementary vector bundle to I< in T MIM· As S(T M) is 
ortogonal to TMj_, S(TM) nTMj_ = {0} and it is of rank m, it follows 
that S(TM) is a distribution on M and TM = S(TM) ..L TMj_. Hence 
S(T M) is a screen distribution on M which from now on we call the 
canonical screen distribution on M. By using (2.6) and (2.24) we obtain 

(2.25). 
1 1 

N = -(V +-e). 
a2 2 
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We call the vector bundle spanned by N the canonical transversal bundle 
of M. 

Theorem 2.3. Let M be a tirne-orientable Lorentz manifold such that 
the tirnelike distribution D is parallel with respect to V. Then the canon
ical screen distribution on M is integrable. 

Proof. Let X, Y E f(S(TM)). Then by using (2.25) and taking into 
account that V is a metric connection we derive 

.iJ([X, Y], N) 
1 1 ~ ~ 

-~.iJ([X, Y], L) = --g(\7 x Y- \ly X, L) 
a a 

1 ~ ~ 
~{g(Y, \lxL)- g(X, \lyL)} = 0. 
a· 

Due to (2.8) we conclude that [X, Y] has no component with respect to 
(. Hence [X, Y] E f(S(T M)), that is, S(T M) is integrable. 

The above canonical screen distribution has been constructed (see [3]) 
for any degenerate hypersurface M of R';;'+2 , q > 1, in the following way. 
Suppose M is locally given by the equations 

A fA( 0 m) X= U, ... ,U , AE{O, ... ,m+1}. 

Then T M j_ is spanned by 

where DA are the determinants 

ar ajA-l ajA+1 ajm+1 

DA = 
au0 au0 au0 au0 

ajo a1A-1 aJA+1 ajm+l 

aum aum aum aum 

Then locally on U C M we consider the vector field 

q-1 a 
V = :~.) -1)i~1 Di-.' 

i=O ax' 
(2.26) 
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which is nowhere tangent toM. Moreover, we show that all vector fields 
V span a line bundle H over M. Then it is proved that the comple
mentary orthogonal vector bundle to the non-degenerate vector bundle 
I< = H EB T Ml. is a screen distribution on M. This is the canonical 
distribution on M. 

Remark 2.3. In general, the canonical screen distribution on a degen
erate hypersurface of R';+2 with q > 1 is not integrable. In R~ consider 
M from Example 2.2 and conclude that the canonical screen distribution 
is spanned by {WI, W2}· But [WI, W2] = 8j8x0 +8/8x3 , which does not 
lie in f(S(TM)). 

3. THE GAUSS-CODAZZI EQUATIONS AND THE FUNDAMENTAL 

THEOREM FOR DEGENERATE HYPERSURFACES 

Let M be a degenerate hypersurface of a semi-Riemannian manifold 
(M,g). Denote by R and R the curvature tensor fields of V and V 
respectively. Then by using (2.10) and (2.11) we obtain 

(3.1) R(X, Y)Z = R(X, Y)Z + B(X, Z)ANY- B(Y, Z)ANX + 

{ (V x B)(Y, Z)- (Vv B)(X, Z) + r(X)B(Y, Z)- r(Y)B(X, Z)}N, 

for any X, Y, Z E f(T M), where we set 

(3.2) (VxB)(Y,Z) = X(B(Y,Z))- B(VxY,Z)- B(Y, VxZ). 

Taking the components of R(X, Y)Z with respect to S(T M), T Ml. and 
tr(T M), by direct calculations we obtain the following result. 

Theorem 3.1. (cf. [6]). Let (M,g,S(TM)) be a degenemte hypersur
face of the semi-Riemannian manifold (M, g). Then the Gauss- Codazzi 
equations of M are given by: 

(3.3) g(R(X, Y)Z, W) = g((R(X, Y)Z, W) + B(X, Z)C(Y, W) 

(3.4) g(R(X, Y)Z, e) 

-B(Y, Z)C(X, W), 

(V x B)(Y, Z)- (Vv B)(X, Z) 

+r(X)B(Y, Z)- r(Y)B(X, Z), 
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(3.5) g(R(X, Y)W, N) g(R(X, Y)W, N) 

(\7 xC)(Y, W)- (\lyC)(X, W) 

+T(Y)C(X, W)- T(X)C(Y, W), 

(3.6) g(R(X, Y)~,N) g(R(X, Y)~, N) = C(Y, A(X)- C(X, A(Y) 

-2dT(X, Y), 

for any X, Y, Z E f(T M) and WE f(S(T M)), where we set 

(3.7) (VxC)(Y, W) = X(C(Y, W))- C(\lxY, W)- C(Y, VxW), 

and 

(3.8) 
1 

dT(X, Y) = 2{X( T(Y))- Y( T(X))- T([X, Y]) }. 

19 

As in the case of Riemannian manifolds we define the Ricci tensor of 
the induced connection \7 on (M,g,S(TM)) by 

Ric (X, Y) =trace { Z -t R(X, Z)Y}, V X, Y E f(T M). 

Consider the local frame field {W;, 0 on U C M, where {W;}, i E 

{ 1' ... ' m} is an orthonormal basis of r ( s ( T M) IU). Then we deduce 

m 

(3.9) Ric (X, Y) = L E;g(R(X, W;)Y, W;) + g(R(x, OY, N), 
i=l 

where f; = -1 or+ 1 according as W; is timelike or spacelike respectively. 
By using the Bianchi first identity with respect to \7 and taking account 
of (3.3) in (3.9) we obtain 

m 

(3.10) Ric (X, Y)- Ric (Y, X) - L c:;{ C(X, W;)B(Y, W;) 
i=l 

-C(Y, W;)B(X, W;)} 

+g(R(X, Y)~, N). 

On the other hand, by direct calculation, using (2.20) and (2.21 ), we 
deduce 

m 

(3.11) C(Y,A(X) = LE;B(X, W;)C(Y, W;). 
i=l 
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Finally, by using (3.11) and (3.6) in (3.10) we obtain 

Ric (X, Y) - Ric(Y, X) = -2dr(X, Y), V X, Y E f(T M). 

Hence we may state the following important result. 

Theorem 3.2. Let (M,g, S(T M)) be a degenemte hypersurface of(M, g). 
Then the Ricci tensor of the induced connection V is symmetric if and 
only if on each U C M there exists a closed 1- form r, i.e., dr = 0 on 
U. 

In particular, for a degenerate hypersurface of a 4-dimensional Lorentz 
manifold, Theorem 3.2 was proved in [15]. 

Next, we want to present a Fundamental Theorem for degenerate 
hypersurfaces, that is, to find geometrical conditions for the existence of 
an immersion of a degenerate manifold in a semi-Euclidean space. To 
this end we start with a !-degenerate ( m + 1 )-dimensional manifold M 
of index q - 1, m > 0, q > 0. Suppose there exists a line vector bundle 
F over M such that E = T M EB F is a semi- Riemannian vector bundle 
with a semi-Riemannian metric g satisfying the condition 

(C1 ) g(X, Y) = g(X, Y), g(Z, V) = g(V, V') = 0, 

for any X, Y E f(T M), Z E f(S(T M)) and V, V' E f(F). Since g is 
non-degenerate onE we have g(U, V) -/=- 0 for any non-zero vector fields 
U E f(Rad TM) and V E f(F). 

Furthermore, we suppose there exists a torsion-free linear connection 
V' on M and a linear connection V" on vector bundle F, satisfying 

(C 2 ) g(V'xU, V) + g(U, V'{r V) = X(g(U, V)), 

for any X E f(T M), U E f(Rad T M) and V E f(F). Consider a screen 
distribution S(T M) on M, i.e., we have 

(3.12) TM = S(TM) l_ Rad TM. 

Hence we may set 

*I * 
(3.13) V'xW =Vx W+ h' (X, W), VX E r(TM), WE r(S(TM)), 
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and 

* *" (3.11) V'xU = - A' (U, X)+ \1 x U, \:1 X E f(T M), U E f(Rad T M), 

* I * * 
where \1 x W and A' (U, X) belong to I'(S(T M)) while h' (X, W) and 
*" *' *" \1 x U belong to f(Rad T M). It is easy to verify that \1 and \1 are 

linear connections on vector bundles S(T M) and Rad T M respectively, 
* * 

and h' and A' are F(M)-bilinear forms on I'(TM) x f(S(TM)) and on 
r(Rad TM) X r(TM), respectively. With respect to these geometric 
objects we suppose the following conditions are satisfied: 

* * * 
(C3) A' (U, U) = 0, g( A' (U, X), Y) = g(A' (U, Y), X), 

* 
(C4) (\l~g)(W, W') = (\l~g)(U, U) = 0, (\l~g)(W, U) = g(A' (U, X), W) 

* * 
(C 5 ) (V~ A')(U, Y) = (\1~ A')(U, X), 

for any X, Y E r(T M), W, W' E f(S(T M)) and U E r(Rad TM), where 
we put 

* *' * * *" * (V'x A')(U,Y) ="Vx (A' (U,Y))- A' (Vx U,Y)- A' (U,V'xY). 

Finally, denote by R' the curvature tensor of \1' and suppose the 
following conditions are fulfilled: 

* * * * 
(C6) g(R'(X, Y)Z, W) = g(A' (h' (X, W), Y)- A' (h' (Y, W), X), Z), 

(C7) .§(R'(X, Y)Z, V) = 0, 

for any X, Y, Z E r(T M), WE f(S(T M)) and V E f(F). In what follows 
we denote by g the semi-Euclidean metric on R'J'+ 2 given by (1.4). 

Theorem 3.3 (Fundamental Theorem for Degenerate Hypersur
faces). Let (M,g, S(TM)) be a 1-degenemte simply connected (m + 1)
dimensional manifold of index q- 1, endowed with the vector bundle F 

*I * 
and geometric objects g, \1', V", h and, A' satisfying conditions ( C1} -
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( C7). Then there exists a degenemte isometric immersion 

f: (M,g,S(TM)) -t (R;'+ 2 ,g), 

z.e., g(f*X, f*Y) = g(X, Y), V X, Y E f(T M) 

and a vector bundle isomorphism J: F -t tr(T f M), such that 

* * * 
f*(A' (U, X)) =A1• U(!*X), f*(h' (X, W)) = C(!*X, f* W)J*e, 

for any X, Y E f(T M), U E f(Rad T M), WE f(S(T M)) and V E f(F), 
where tr(T f M) is the transversal vector bundle of M with respect to 

* f*(S(TM)), and \7,T,A and Care geometric objects induced on JM by 
the Gauss and Weingarten formulas with respect to the immersion f. 

* 
Proof. First, by using A' define the F( M)-bilinear form 

* 
(3.15) h' : f(T M) x f(T M) -t f(F); g(h'(X, Y), U) = g(A' ( U, X), Y), 

for any X, Y E r(T M) and U E r(Rad T M). Note that based on the 
last two equalities in condition (Ct), h' is well defined. Due to (C3 ) we 
see that h' is symmetric and satisfies 

(3.16) h'(X, U) = 0, VX E r(TM). 

*' Next, by means of h, and using (3.12), we define 

A' : f(F) x f(T M) -t r(T M) by 
* 

(3.17) g(A'(V, X), W) = g(h' (X, W), V); g(A'(V, X), V') = 0, 

for any X E f(T M), W E f(S(T M)) and V, V' E f(F). These two 
geometric objects enable us to define the differential operator V by 

(3.18) V x Y = \7~Y + h'(X, Y), V X, Y E f(T M), 

and 

(3.19) VxV = -A'(V,X) + \7~V, v X E r(TM), v E r(F). 
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It is easy to verify that V is a linear connection on E. Moreover, by 
using (3.18) we deduce 

(3.20) (V x9)(Y, Z) = ('v~g)(Y, Z)- g(h'(X, Y), Z)- _ij(h'(X, Z), Y), 

for any X, Y, Z E f(T M). By using (C4 ), (Ct), (3.15) and (3.16) in the 
right hand side of (3.20) we infer 

(V x9)(Y, Z) = 0. 

On the other hand, by using (CI), (3.13) and (23.17) we obtain 

(V x9)(W, V) = 0, V WE f(S(T M)), V E r(F). 

Conditions (CI) and (C 2 ) yield 

(V x9)(U, V) = 0, VUE r(Rad T M), V E f(F). 

Finally, by using (C 1 ), (3.19) and the second relation in (3.17) we obtain 

(V x9)(V, V') = 0, V V, V' E f(F). 

Summing up, due to the above equalities, we conclude that Vis a metric 
connection on E. 

Next, by using (3.15), we deduce 

* * 
(3.21) h'(X, A' (U, Y)) = h'(Y, A' (U, X)), V X, Y E f(T M), 

U E f(Rad T M). 

Then, taking into account that Vis a metric connection and using (3.13) 
(3.15), (3.18), (319) and (3.21), we see that (C5 ) is equivalent to 

(3.22) (V~h')(Y, Z) = (V~h')(X, Z), V X, Y, Z E f(TM), 

where we set 

(V~h')(Y, Z) = V~(h'(Y, Z))- h'(V~Y, Z)- h'(Y, V~Z). 
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Moreover, by using (3.15), we see that (C6 ) is equivalent to 

* 
(3.23) g(R'(X, Y)Z, W) = g(h'(Y, Z), h' (X, W)) 

* 
-g(h'(X, Z), h' (Y, W)), 

By using (3.18), (3.19), (C7), (3.22) and (3.23) and performing some 
calculations similar to those for the Gauss-Codazzi equations we conclude 
that the curvature tensor R of V vanishes identically. Now, consider a 

0 0 

point u EM and orthonormal vectors {Wo, ... , W m+I} from the fibre Eu 
0 0 0 0 

such that {Wo, ... , Wq-d and {Wq, ... , W m+d are timelike and space-
like, respectively. Since M is simply connected and R vanishes, there 

0 0 

exist unique global extensions {W0 , ... , W m+d parallel with respect to 
V. These global sections are pointwise orthonormal and have the same 

0 0 

causal character as {W0 , ... , W m+d since g is parallel with respect to 
V7. 

In the present proof we use the range of indices:A,B, ... E { 0, ... , m + 
1};a,{3, ... E {O, ... ,m};i,j, ... E {O, ... ,q-1};a,b ... E {q, ... ,m+1}. 

Now we consider a coordinate system (U; u 0 , ... , um) around u E M 
and set f) I fJuCi = s~ WA. Hence the local components of the degenerate 
metric g on M are given by 

(3.24) ( 
f) f) ) q-1 . . m+l 

9a.(3 = g ~ Ci, ~ (3 =- 2:: s~s~ + 2:: s~s~. 
UU UU l=O a=q 

Taking into account that {WA} are parallel with respect to V we obtain 

(3.25) v a _!!_ = as~ WA. 
au/3 fJua. fJuf3 

By using (3.18) and (3.25) we derive 

as~ ast 
fJuf3 fJua.· 

(3.26) 

Thus the 1-forms wA S ~ du a are closed and therefore they are exact 
on U, that is, there exist smooth functions JA such that wA = dJA or, 
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equivalently, 

Define f : U ___,. R;;'+ 2 by f = (1°, ... , jm+ 1 ) and note that 

Then, by using (3.24), we deduce 

That is, f is a degenerate immersion of U in R;;'+2 . As a consequence, 
U = f(U) becomes a degenerate hypersurface of R';;'+ 2 . 

Next, define the isomorphism of vector bundles (linear isometry be
tween fibres) 

<I> : TU E8 P1u -t T R';+ 21u, <I>(WA) = EA, 

where {EA} is the canonical orthonormal frame field on U. Note that <I> 

carries isometrically TU onto TU. Indeed 

Moreover, the radical distribution and the screen distribution are pre
served by <I>. 

The Levi-Civita connection on Rr;'+ 2 with respect tog is denoted by 

V. Then taking into account that {WA} and { EA} are parallel with 
respect to V and V respectively, we infer 

<I>(VxY) = VJ.xf*Y and <I>(VxV) = VJ.x<I>V, 

for any X, Y E f(TU) and V E f(Fiu). By using (3.18), (3.19) and 
the Gauss and Weingarten formulas for the degenerate hypersurface U 
of R"'+2 we deduce 

q ' 
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and 

Moreover, from (3.13) and (3.14), we obtain 

* * * 
f*(A' (U,X)) =A1.u f*X, f*(h' (X, W)) = C(f*X,f*W)f*( 

It is easy to check that all these local immersions are determined up to 
an isometry of Rr,:+ 2 • 

Now, denote by Tr(TU) the transversal vector bundle of U with re
spect to the screen distribution S(TU) = f*(s(TU)). It follows that 
tr(TU) = 4>(Fiu). Thus we have a vector bundle isomorphism f!u : 
F1u ~ tr(TU) which is the restriction of 4> to FlU· 

Therefore we constructed both f and f on U C M satisfying the 
relations in the theorem. 

Finally, since M is simply connected, the local degenerate immersions 
will be glued together as in the case of non-degenerate hypersurfaces, and 
give us the global degenerate isometric immersion f : M ~ nr,:+2 . More
over, S(TU) and S(TU*) coincide on U n U* since they are restrictions 
of S(T M) to coordinate neighborhoods U and U* respectively. Hence 
S(TU) and S(TU*) coincide on z1 n U* and thus we obtain a screen dis
tribution S(T f M) off M. Since tr(T f M) is unique and coincides locally 
with tr(TU), there exists a global isomorphism f : F ~ tr(Tf M) which, 
together with f, satisfy the relations of the theorem. This completes the 
proof of the theorem. 

4. SPECIAL CLASSES OF DEGENERATE HYPERSURFACES 

It is the purpose of this section to introduce and study some important 
classes of degenerate hypersurfaces and give examples. 

Let (M, g, S(T M)) be a degenerate hypersurfaceof a semi-Riemannian 
manifold (M,g). If any geodesic of M with respect to an induced con
nection V' is a geodesic of M with respect to the Levi-Civita connection 
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'V, we say that M is totally geodesic. The theorem which follows shows 
that the definition does not depend on the screen distribution. 

Theorem 4.1. Let (M, g, S(T M)) be a degenemte hypersurface of(M, g). 
Then the following assertions are equivalent: 

(i) M is totally geodesic. 

(ii) The second fundamental form of M vanishes identically on M. 

(i'ii) The shape opemtor· of S(T M) vanishes identically on M. 

(iv) There exists a unique torsion-free metr·ic connection 'V induced by 
'V. 

(v) TM j_ is a parallel distribution with respect to 'V. 

(vi) T M j_ is a Killing distribution on M. 

(vii) M is a Reinhart degenemle manifold. 

The equivalence of conditions (i) through (vi) is proved in [6], and due 
to Theorem 1.2 we see that (vii) is equivalent with (vi). 

Example 4.1. For the sake of simplicity of calculations we consider 
rn = 1 in Example 2.3. Hence the degenerate surface is obtained by 
cuting Sf(l) with the plane x 0 - x 1 = 0. Denote by 'V' and V the 
Levi-Civita connections on Rf and Sf( 1) respectively. Then we have 

'V~Y = VxY + h(X, Y)N' = 'VxY + B(X, Y)N + h(X, Y)N', 

for any X, Y E f(T M), where his the second fundamental form of Sf(l) 
in Rf and N' is the position vector field on Sr(l ). Since B(X, 0 = 
0 for any X E r(T M) we only need to calculate B(W1 , W1 ), where 
W _ 3 a 2 a Th t 

1 - X ox2 - X ox3 • US We Se 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



28 AUREL BEJANCU 

o 2 a o, 3 a } ( ) ~ A a +2x X ax2 + 2x X OX3 + h Wb Wl ~X axA. 
A=O 

Using (1.5) for V' we obtain a = x0 , f3 = 0, B(W1, W1 ) = 0 and 
h(W1 , W1 ) = -1. Thus M is a totally geodesic degenerate surface of 
8{(1) and the unique induced metric connection on M is given by 

"Vw1 W1 = x0~, "Vw1e = VeW1 = 0. 

In a similar way can be proved that any degenerate great hypersphere of 
sr ( r) is totally geodesic. 

Example 4.2. A hyperplane M x 0 

degenerate in R-;'+2 if and only if 

q-1 m+l 

1 + L ( c;) 2 = L ( Ca) 2. 

i=l a=q 

In this case T M _i is spanned by 

a q-1 a m+l a 
e = a 0 - L Ci-a, i + L Ca a a ' 

X i=l X a=q X 

and therefore V xe = 0 for any X E f(T M), where '\7 is the Levi-Civita 
connection on R'J'+ 2 . Hence M is totally geodesic in R-;'+ 2 • 

Next, we say that a degenerate hypersurface M of (M,g) is totally 
umbilical if there exists locally on each U C M a function p such that 

B(X, Y) = pg(X, Y), \1 X, Y E l'(T M). 

According to Proposition 2.1 the definition does not depend on the screen 
distribution. Therefore, due to (2.15), M is totally umbilical if and only 
if there exists a function p such that 

(4.1) B(X, Y) = pg(X, Y), \1 X, Y E f(S(T M)), 

where S(T M) is a screen distribution on M. By using (2.20) and ( 4.1) 
it follows that M is totally umbilical if and only if the shape operator of 
a screen distribution S(T M) satisfies 

* ( 4.2) A€ X= pX, , V X E f(S(TM)). 
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Theorem 4.2 ([6]). Let (M,g, S(TM)) be a totally umbilical degen
erate hypcrsurface of a (m + 2)-dimensional semi-Riemannian manifold 
of constant curvature (M(c),g). then p satisfies the partial differential 
equation 

e(p) + pr(O- p2 = o, 
and the curvature tensor of M is given by 

R(X, Y)Z = c{g(Y, Z)X- g(X, Z)Y} + p{g(Y, Z)ANX- g(X, Z)ANY}, 

for any X, Y, Z E f(T M1u). Moreover, if m > 1 then p satisfies the 
partial differential equations 

X(p) + pr(X) = 0, V X E f(S(TU)iu). 

The above necessary conditions for M to be totally umbilical seems 
to be very strong conditions on the geometry of M. That is why we need 
to prove the existence of totally umbilical submanifolds. 

Example 4.3. Suppose M is the null cone of R';+ 2 • Then, based on 
Example 2.1, e is the position vector field, and it is globally defined on 
M. Thus, by using (2.10), (2.15) and (1.5), we obtain 

(4.3) vxe = flxe = x, vx E r(TM). 

Next, by using (2.19) in ( 4.3), we deduce 

( 4.4) A(X + r(X)e +X= 0, V X E f(TM). 

Hence for any X E f(S(TM)) from (4.4) we derive 

(4.5) r(X) = 0, 

and 
* Ae X= -X, 

that is, M is totally umbilical and p = -1 with respect to the above e. 
Moreover, from ( 4.4) and (2.22) we obtain r(e) = -1. Hence Theorem 
3.2 implies the following important result for the geometry of the null 
cone. 
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Theorem 4.3. The Ricci tensor of the induced connection \7 on the null 

cone of R';+ 2 is symmetric. 

By using the general theory we developed in the previous sections for 
degenerate hypersurfaces, we may obtain new results on the geometry of 

the null cone. The next theorems support this assertion. 

Theorem 4.4. On the null cone M of R';+ 2 there exists a foliation of 

codimension 1. 

Proof. We prove that the screen distribution presented in Example 2.1 
is integrable. First, by using (1.5) and N from Example 2.1, we obtain 

1 m+l 

(4.6) g(Y, VxN) = 22.:q-l( i)2 L xAyA, 
t=O X A=O 

where X= XA(ajaxA) andy= yA(ajaxA) belong to r(S(T M)). As 

V is a torsion - free metric connection we deduce 

g([X, Y], N) = g(X, Vy N) - g(Y, v X N) = 0, 

for any X, Y E f(S(T M)). Hence [X, Y] E f(S(T M)), and this com
pletes the proof. 

Theorem 4.5. Let M be the null cone of R';+2 J m > 0 . Then AN~ = 0 
and any other eigenvector .field Y =/= a~ is either spacelike or· timelike 

according as the corresponding eigenfunction is negative or positive! re

spectively. 

Proof. Take X E r(S(TM)). By using (1.5), (2.10) and (2.15) we obtain 

(4.7) 
_ Aax8 a 

\7€X = \7€X =X axA axB. 

Differentiating 

i=O a=q 

with respect to xi and xb, respectively, we easily obtain 

q-1 i A a xi t; X X axA = 0, 
m+I axa 
L xaxA a A = 0. 
a=q X 
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Thus, taking account of (4.7), we deduce that VeX E f(S(TM)) and 
(2.17) implies 
( 4.8) c(e, x) = o. 
This, combined with (2.16) and (2.21 ), yields ANe = 0. Now, denote by 
P the projection morphism ofT M on S(T M) and use (2.4) to obtain 

(4.9) Y = PY + 1J(Y)e, VY E r(T M). 

Then by using ( 4.9), (2.21 ), ( 4.8), (2.11) and ( 4.6) we infer 

g(ANY, Y) g(ANPY + 1J(Y)ANe, PY) = g(ANPY, PY) 
1 m+l 

---::-- '"""{(P X)A} 2 < 0 
22:;,:~(x') 2 ~0 ' 

(4.10) 

for any Y =/= a( If Y is an eigenvector field and ,\ is the eigenfunction, 
i.e., ANY= .\Y, we can use (4.10) to deduce 

.\g(Y, Y) < 0, 

which proves the theorem. 

Furthermore, as c = 0 and p = -1 for the null cone M of R~+2 , , we 
derive from Theorem 4.2 that 

(4.11) R(X,Y)Z=g(X,Z)ANY-g(Y,Z)ANX, VX,Y,ZEf(TM). 

In particular, we obtain the following result. 

Theorem 4.6. Let M be the null cone of the Lorentz space R7_'+ 2 • Then 
we have 

(ii) The curvature tensor of the induced connection on M is given by 

R(X, Y)Z = ( l ) {g(Y, Z)P X - g(X, Z)PY}, V X, Y, Z E f(T M). 
2 xO 2 
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Proof. Consider X, Y E r(S(T M)) and, by using (2.11) and ( 4.6), obtain 

since X 0 = Y 0 = 0. Thus by Theorem 4.5 we have the assertion (i). 
Finally, taking into account of (4.11) and assertion (i), we derive the 
formula in assertion (ii). 

Theorem 4. 7. a degenemte surface M of a 3-dimensional Lorentz man
ifold M is either totally umbilical or totally geodesic. 

Proof. Let U be a coordinate neighborhood of M and S(TM) be a 
screen distribution spanned by W on U. If M is not totally geodesic, 
define p = B(W, W)jg(W, W) and (4.1) is satisfied. Hence M is totally 
umbilical. 

It is interesting to investigate the existence of some other totally um
bilical degenerate hypersurfaces of semi-Euclidean spaces. In this respect 
the author succeeded in determining all totally umbilical degenerate hy
persurfaces of R~ (cf. [5]). 

5. DEGENERATE IIYPERSURFACES OF LORENTZ SPACES 

Let M be a degenerate hypersurface of the Lorentz space R'{'+ 2 given 
by the equation 
(5.1) F(x0 , ... ,xm+l)=O, 

where F is differentiable on a domain D C Rm+ 2 and rank [F~o ... F~=+ 1 ] = 
1 on M. Moreover, according to (2.3), the partial derivatives of first order 
ofF satisfy 

m+l 
(5.2) (F~o) 2 = L (F~a) 2 . 

a=l 

Thus f'::o =f. 0 on M, which enables us to consider T M l. spanned by 

(5.3) 
a 1 m+l a 

e---+-"" F'-- 8x° F' L..J xa axa. 
x 0 a=l 
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Consider the transversal vector bundle spanned by 

(5.4) 

X= XA(ajaxA) belongs to r(S(TM)) if and only if 

m+l 

(5.5) X 0 = 0 and "'"' XaF'' - 0 ~ .r·a- . 

a=l 

Remark 5.1. As R';'+ 2 is a time-orientable Lorentz manifolds with L = 

a;ax0 , comparing (2.25) with (5.4) we see that the above distribution is 
just the canonical screen distribution on M. 

By using (1.5) and (5.4) we obtain 

(5.6) 

for any X, Y E r(TM). Since B is symmetric, by using (2.6) we derive 

g([X, Y], N) g(VxY- VyX,N) 

(5.7) g(X, VyN)- g(Y, VxN) = 0 

and 

(5.8) 
- - 1 

g(\leX,N) = g(\leX,N) = -.iJ(X, \leN)= 2,B(~,X) = 0, 

for a.ny X, Y E f(S(T M)). In view of (5.7) we may state the following 
result. 

Theorem 5.1. The canonical screen distribntion of a dcgcncmte hyper
snrface M of Rf[1+ 2 is integrable. 

Taking account of (2.11) and (2.21) in (5.6) we see that the funda
mental forms of M and S(T M) are related by 

(5.9) B(X, Y) = 2C(X, Y), V X, Y E f(T M). 
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In a similar way, from (5.8) we deduce 

( 5.10) C(C X)= 0, V X E f(S(TM)). 

Next, using (2.11) and (5.6), and taking account of (2.15), we derive 

(5.11) 
- 1 

T(X) = g(VxN,O = -2B(CX) = 0. 

lienee, due to Theorem 3.2 and (5.11) we state the following result. 

Theorem 5.2. The Ricci tensor of the induced connection on any de
genemte hypersurface M of R'{'+2 is symmetric. 

Taking account of (5.9)- (5.11) we see that the Gauss-Corlazzi equa
tions of (3.3) - (3.6) become 

(5.12) 

(5.1:)) 

(5.14) 

g(R(X, Y)Z, PW) 

(V X B)(Y, Z) 
g(R(X, Y)Z, N) 

2{C(PY, PZ)C(P X, PY) 

-C(P X, PZ)C(PY, PW)}, 

(VyB)(X, :0), 

0, 

for any X, Y, Z, W E f(T M), where P is the projection morphism of 
TM on the canonical screen distribution. Thus, by (5.12) and (5.14), we 
deduce that the curvature tensor of a degenerate hypersurface of R'{'+ 2 

is given by 

(5.15) R(X,Y)Z = 2{C(PY,PZ)PX- C(PX,PZ)PY}. 

Now, suppose M is a totally umbilical degenerate hypersurface of 
R7'+ 2 • Then by using (4.1), (5.9) and (5.15) we deduce the following 
result. 

Theorem 5.3. The curvature tensor of a totally umbilical degenemtc 
hypersurface of R'{'+2 is given by 

R(X, Y)Z = p{g(PY,PZ)PX- g(PX,PZ)PY}. 

Now, suppose M* is a leaf of the canonical screen distribution and 
R* is the curvature tensor field of the induced connection on M* by V. 
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Then by direct calculations, using (2.17), (3.5), (5.11 ), (2.20) and (S.9), 
we obtain 

(5.16) g(R(X, Y)Z, W) g(R*(X, Y)Z, W) + 2{C(X, Z)C(Y, W) 

-C(Y, Z)C(X, W)}, 

for any X, Y, Z, W E f(T M*). Comparing (5.16) with (5.15) we conclude 

(5.17) R(X, Y)Z = ~ H*(P X, PY)P Z, V X, Y, Z E r(T M) 

Finally, taking account of (2.10), (2.17) and U.i.9) we deduce 

(5.18) B*(X, Y) = B(X, Y) (~e + N), 
for any X, Y E f(T M*), where B* is the second fundamental form of M* 
as a non-degenerate submanifold of codimension two in R''{1+2 • Based on 
(5.17) and (5.18) we may state the following important result. 

Theorem 5.4. A dcgenemte hypersurface M of lt{'+ 2 is 

(i} flat 

(ii} totally umbilical 

(iii} totally geodesic 

if and only if, any leaf of the canonical screen distribution is immersed 
as a non-degenemte submanifold of codimension two in R''{'+2 • 

Thus, as a final conclusion we may say that the differential geometry 
of a degenerate hypersurface of a Lorentz space is intimately related to 
the geometry of an arbitrary leaf of the canonical screen distribution. In 
particular, if M is a degenerate Monge hypersurfacc of R{, the results of 
this section are included in [7]. 
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